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Abstract

A nonlinear mathematical model of differential equations with piecewise constant
arguments is proposed. This model is analyzed by using the theory of both
differential and difference equations to show the spread of HIV in a homogeneous
population. Because of the solution of this differential equations being established in
a certain subinterval, solutions will be analyzed as a system of difference equations.
After that, results will be considered for differential equations as well. The population
of the model is divided into three subclasses, which are the HIV negative class, the HIV
positive class that do not know they are infected and the HIV positive class that know
they are infected. As an application of the model we took the spread of HIV in India
into consideration.
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1 Introduction

Sexually transmitted diseases such as HIV are overwhelmingly observed in some popu-
lations. Countries are dealing with the growing impact of the epidemics on the youngest
and most productive population groups; increasing numbers in children and adolescents;
worsening situation among the poor and marginalized populations; a continuous aggra-
vation of the existent health problems (such as tuberculosis); and above all, the diversion
of resources from other health, welfare, and educational priorities. It is very important
to understand how the transmission process of the infectious diseases works in order to
avoid ulterior spread of these epidemics [1]. So mathematical models for transmission dy-
namics in HIV play an important role in better understanding of epidemiological patterns
for disease control as they provide short and long term prediction for HIV and AIDS in-
cidence [2].

The first mathematical model used for the explicit study of a sexually transmitted dis-
ease was a one sex model that was constructed by Cooke and Yorke in 1973 [1, 3].
A two sex model developed specifically for gonorrhea was formulated by Lajmanovich
and Yorke in 1976 [4]. One STD (sexually transmitted disease) that many people are wor-
ried about getting is HIV. Mathematical modeling of the HIV epidemic has been stud-
ied by various authors recently [5-12]. In 1994, Velasco-Hernandez and Hsieh analyzed
the HIV epidemic in a male population [13]. In 2004, Bachar and Dorfmatr considered
the mathematical model where the population was divided into three sub populations
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[14]. Expanding [14], Naresh has studied the effect of contact tracing on reducing the
spread of HIV/AIDS in a homogeneous population with constant immigration of suscep-
tibles.

Changes in population involved in a HIV transmission model can take place by dis-
crete steps and continuous processes. In discrete models, difference equations reflect the
change over the whole time step, whereas in continuous models, differential equations
are developed to explore the changes in one variable with a decreasingly small change
in another variable [1]. Because HIV population dynamics involves both continuous and
discrete time arguments, for this type of problems, a different point of view came up and
Buseenberg and Cooke used piecewise constant arguments to construct the mathemati-
cal modeling of biological structures in 1983. By taking into account the work of Naresh
[2] we have constructed a new mathematical model. We added new terms and took into
consideration both discrete time and continuous time. This model is analyzed by using
the theory of both differential and difference equations to show the spread of HIV/AIDS
in a homogeneous population. Because of the solution of these differential equations es-
tablished in a certain subinterval, the solutions will be analyzed as a difference equations
system. Furthermore, these results will be considered for differential equations, as well.
So our mathematical model that is named a differential equation systems with piecewise

constant arguments is as follows:

& = SOr1(p1 - eaS() - Bula([[E1]) - BoLa([121])),
D = L6 (1 - ol (8) + P11 — e0)S(IEN]) - y ([1£1]) - 04 ([1£]])

+ Ba(1— &)L (D), (L.1)
%2 = L(O)r3(1— ash(t) + BoeaS([IE]]) + v L([1E1]) + 0L ([1E]])

+ BresSEDL 1)

In the equations above, ¢ is the time and [|£|] is the exact value of £ for £ > 0. The model
monitors three populations; susceptibles S(¢), HIV positives that do not know they are
infected I1(¢), HIV positives that know they are infected I5(¢). The susceptibles are com-
posed of individuals that have not contracted the infection but may get infected through
contacts (sexual, blood transfusion etc.) with infectives. r; is the population growth rate of
the susceptible population. The deaths (of natural causes) are given at a rate «;. p; is the
rate of susceptible population per year. The susceptibles are lost from their class following
contacts with the infectives [; and I, at a rate $; and B,, respectively. I; are populations
that are HIV positive but do not know it, because disease symptoms have not yet appeared
in this class. This population is generated by the HIV infection of susceptibles. r; is the
population growth rate of the population /;. The deaths (of natural causes) are given at
a rate . The population of this class decreases and becomes aware after screening at a
rate 6. y is the rate of individuals in class I; that detect the infection by tracing contacts
with class I>. Following the contacts of class S and I;, class S becomes aware of the in-
fection and this class is detected further which has the rate of ;. And also, following the
contacts of class S and I, class S becomes aware of the infection and is detected further
with the rate of &,. r3 is the population growth rate of the population I;. The deaths (of

natural causes) are given at a rate «s.
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2 Local and global asymptotic stability analysis

In this section, the local and global behavior of the nonlinear system (1.1) under spe-
cific conditions is investigated. To show the consistence of the population classes with
the model constructed in Section 2, the data of [2] is used. Examples show the spread of
the population over the time.

2.1 Equilibrium point of the model (1.1)
Fort € [n,n+1] every equation in system (1.1) is a Bernoulli differential equation as follows:

8 _r(pr - Bla(n) = B2l (m)S(8) = —aun S(2)’,
D ry(1+ P11~ £1)S(n) — y Lo (n) — O11(n) + B2(1 — £2)S(m)Lr () L1 (2)
= —aara i (8)%,

D2 —r3(1+ BreaS(n) + yIi(n) + 0L () + PrerS(m) ()L (6) = —asrsly(6)2.

2.1)

Solving (2.1) for t € [n,n + 1) and letting ¢ go to n + 1 where n=0,1,2,3,..., we obtain a
system of difference equations as follows:

_ S(mth

Sn+1)= (Ur~a1S(m))e 11+ S(n)’
_ L(mUy

hn+1) = (Up—anhy (n))e 22 van [y ()’ (2.2)
_ L(mUs

Iz(}’l + 1) =1

Uz-a3l(n))e"3W3 +azly(n)’

where

Uy = p1 — Budi(n) — Balr(n),
Uy =1+ B1(1—£1)S(n) — yIr(n) — 0L (n) + B2(1 - £2)S(m) L (n),
U3 =1+ ,32825(1’1) + )/11(1’1) + 9[1(1’1) + ,31815(?1)11(1’1).

It is obvious that (2.3) must hold:

p1— Pil(n) — BoLr(n) #0,
1+ Bi(1 = £0)S(n) — y Io(1) — 0L (1) + Bo(1 — £2)S(m)n(11) #0, (2.3)
1+ BoerS(n) + yI1(n) + 0L(n) + Bre1S(n)1(n) # 0.

System (2.2) is a system of difference equations. Hence, to explain the global behavior of
system (2.1) we must consider the solution of (2.1), that is, the difference equations system
(2.2). Firstly, we need to obtain the equilibrium points of this system (2.2), which are also
the critical points of system (2.1). We have

Bl (n) + Bala(n) + a1 S(n) = p1,
Li(n)(ay +0) + yIr(n) — B1(1 - £1)S(n) — Ba(1 — £3)S(n)]2(n) =1, (2.4)
azly(n) — BaeaS(n) — (v + 0)1(n) — Pre1S(n)1(n) = 1.

From (2.4) we can write

Li(n)(oy +0) + yL(n) — pr(1 - £1)S(n) — B2 (1 — £2)S(n) L2 (n)

= a3y (n) = Ba&aS(n) — (v + O)L1(n) — PrerS(m)Li (). (25)
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Simplifying this, we get

(02 +20 + Y)L + (y —ag)ly + (Bre2 — (1 —€1)B1)S

+ (Breih — B2(1 - £2))S = 0. (2.6)

Substituting in (2.6) the expression

B - A== il 27)
B2
we obtain
((Baloz +26 +y) = By — as))ly(m) + pa(y — 3))
+ (Ba(Baga — 1 + Prer) — an(y — a3) + Bafrerh) S(n)
— Bao(1 - &) (p1 — 1 S(n) — Bify)S(n) = 0. (2.8)

To find the positive equilibrium point of (2.2), we have some assumptions in view of the
demographic data in [2].

(1) /31 = 3,32:
(if) Bo < /e,
(111) &1 =&y,

(iv) &1 # (1 - &),
v) (1 —e)(ay +20 -2y +3a3) > 3(az — y),
(vi) a3 >y,
(vii) &1 = &2 <0.75,
(viii) 6 > y.
Thus, the equilibrium points of system (2.2) are X = (S, 1;,1,). Here

32/32(3—481)+1£_< 3pi(az —y) P b 4 ) (2.9)
ar(l—e1) o1 \oeal-e)(oar +20 -2y +3a3)  fo(l—e1))’ '
s _ piles—y)
L= Ba(az +20 — 2y + 3az)’ (210)
- ailws—y)-(B-4a)B; 3pi(as —y)er
DETT ) T R en(e + 20 -2y + 3ay) (210
and
. (o2 + 260 = 2y + 3az)(ay (a3 — ) — B3 (3 — 4€1)) (2.12)

Bo((1—e1)(ar +20 — 2y +3a3) - 3(az — )

The Jacobian matrix for the equilibrium points is (2.13). This gives the linearizing equa-

tions of system (2.2),

an 4 43
JX)=|an ax axs]|, (2.13)

a3 dz ass
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where
3 -nl _ 1 -nlh _ 1
ay = e, ay = 3l 71 e ), a; = 7’32(6 ),
(03} (23]
g = (BB2(1—&1) + o1 - &2)r) (1 — e 2t2)
21 @ )

(0 +az)et2— 0 (-7 + Bo(1 - £2)S)(1 — e212)
ﬂzz = a23 = )
Oy (25

_ (B2g2 +3Ba(1 — &) [)(1 — e7315)
o3 ’
—r3 U
s = (y +6+3B615)1—e® 3)’ s = e 305,
o3

The characteristic equation is

3 2
A% —(an + ax + azz)A” — (azdos + arpda + azd13 — andr — A1ds3 — dradss) A
— (ananass + asidindsz + dizddss

— anasdss — A12a21433 — dz1di3das) = 0. (2.14)

2.2 Local and global stability of the positive equilibrium
In this part, the local and global stability of system (2.2) will be analyzed. For the proof of

Theorem 2.1, Theorem 2.2, and Theorem 2.3, it is assumed that conditions (i)-(viii) hold.

Theorem 2.1 Let X = (S,1,,1,) the positive equilibrium point of system (2.2) and assume
that

(o2 +26 =2y + 3as)(oa(as — ¥) — B3 (3 — 4e1))
Ba((L —e1)(o2 + 20 =2y + 3arz) — 3(az — )
(o2 +260 =2y +3a3) (a1 (1 — &1)(2 — ¥) + Baer(oz + ) — 36183 (3 — 4¢1))
3B2e1((1 - &1)(0r + 20 = 2y + 3a3) — 3(or3 — ¥)) '

<pr1<

Furthermore, suppose that

o036
pas \/3(1 —e)(aody — asly)’ (2.15)

If

— 1

U, > — In(K), (2.16)
n

1. /3(- S — 1 (8

—1n< ( y+/3281_)+a2><1,[2<—1n( +a2)’ (2.17)

r 3(—y + Bre1S) + 6 r 0

— 1 0 +3pB61S + 3

U3>—ln<y+ +3hae1 +_a3) (2.18)
3 Y +60+366S
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where

I< _ (12,322(82 +3(1—82)11) +0110(39
10203 + Pacia(e2 + 3(1— e2)E1) + 3203 (3(1 — &1) + (1 — £2)12) — a1 (¥ + 0 + 3B261S)(—y + fa(1 - £2)S)’

then the positive equilibrium point of system (2.2) is locally asymptotically stable.

Proof To prove Theorem 2.1, we have used the Schur-Cohn criteria (see [15]) to obtain

conditions for the local asymptotic stability of the positive equilibrium points of system
(2.2). We have

(i) p1=1-(an +axn +ass) — (anas + a12a + dsi1di13 — andsn — A11d13 — A22d33)
— (anaxnass + ananars + a3ads; — andaass — a1ad1ds3 — A31413422)
>0,
(ii) (-1)°p(-1) =1+ (ay +az + ass)
— (az2a23 + arnas + aziai3 — andas — Andss — A dsz)
+ (ananass + a3 + a13ax az;
— anaznds — A12a21433 — A31413422)
>0,
2
(i) 1- (—(ﬂnﬂzzﬂss T dz1dinds3 + d13d24d3; — A1d3daz — A12421433 — ﬂalﬂlgﬂzz))
> ‘—(ﬂ32ﬂ23 +ady + azdi3 — andy — andiz — dxdss)
- (—(ﬂuﬂnﬂsg + d31di2ds3 + di3dndsz — dndsrdss

— ad12421433 — ﬂ31413ﬂ22)) (—(ﬂu tdxn+t 6133)) |
Considering (i) and (ii) together, we get
2 —2(azazs + a1zan + azaiz — anda — anass — dpdsz) > 0. (2.19)
By simplifying (2.17), we obtain
a3dr3 + dpdn + azidiz <1+ andn + dndss + axndss. (2.20)

Computations for (2.18) lead to the inequality

(a1(y +6 +3B2e15) (v + Ba(l — £2)S) = B3B3 (3(1 — &1) + (1 — &2) 1)
— o3B3 (g2 + 31— e2)1)) + Bz B3 (31— &1) + (1 - £2)) o
+ 2B (82 +3(L—&2)11))e " + (=an(y + 60 +3B2615) (= + Ba(l - £2)S)
+30385 (3(L— 1) + (1 - £2)1)e 22 + (—au(y + 6 + 3B261S) (—y + Ba(1 - &2)S)
+ a2 B (82 +3(L - &x)f1))e 3B

+a1(y +0 +3Bre1S)(=y + Pa(1 - £5)S))e 223U
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+ (—3013,322 (3(1 —&g)+(1- 82)12))e_rlu1 e 2t

+ (~02B3 (62 + 3(1 — &2)11) )e 1t 3L

<oz —onosfe M — oqas0e 3B 1+ oyas (0 + a)e 2R e 3
+oqas(0 +an)e e 22 4 g gz e 33, (2.21)
where we will have
a0z + oz By (61 + 31— e)f;) > 0. (2.22)
Since &1 < 1, we will also have
ora3(0 + ay) + 30{3522 (3(1 —g)+(1- 81)12) > 0. (2.23)
Furthermore, the inequality
(y +60+ 3/32815)(—)/ + Br(1 - 81)5) < (0 +az)az (2.24)
holds for
By By (2.25)
3621 Pa(l-¢1)
where 3a3 > op. By considering both (2.9) and (2.25), we get
(a2 +260 =2y + 3a3)(a1(1 — &1) (o2 — ¥) + e €1 (o3 + ) — 36183 (3 — 4ey))
i< . (2.26)

3B261((1 — &1)(0r2 + 20 — 2y + 3a3) — 3(a3 — ¥))
Taking in view (2.12) and (2.26), we obtain

(o2 + 26 — 2y + 3a3) (1 (o3 — ¥) — B3(3 — 4¢1))
B2((1 - e1)(r2 + 260 — 2y + 3a3) - 3(a3 — ¥))
(02 +260 = 2y +3a3) (o (1 - 1)(a2 — ¥) + Bese1(a3 + ¥) — 38155 (3 — 4e1))
3pre1((1 —e1)(err +26 =2y + 3a3) — 3(e3 — ¥))

<p1< ,
since 0 > y. Additionally, from (2.21), we will have

—a1(y +0 +3B2618) (=Y + o1 - £2)S) < =30385 (3(1 — &1) + (1 — £2)]) (2.27)
and

—ay(y +0 + 3/92815)(—)/ + B2 (1 - 82)5) <ayfa (82 +3(1 - 82)11) — o036, (2.28)

Taking in view (2.27) and (2.28), we get

3383 (3(1— 1) + (L - &2)D) > 2 B3 (&2 + 3(1 — £2)11) + Btz (2.29)
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From (2.29), we get
B3 (9as(1 - £1) — azer) + 385 (1 — 1) (s — a3 ly) — Oy, (2.30)

where 3a3 > a; and

Oaqas
&>/“LwM%h—%&f (2.31)

Finally, from (2.21) we consider
(a1(y +6 +3B261) (v + Bo(1 — £2)S) = B3B3 (3(1 — &1) + (1 — £2)12)
- 0[2,3%(82 + 3(1 - 82)11)) + (30[3,3%(3(1 - 81) + (1 - 82)12)

+ O[2ﬁ22 (82 + 3(1 - 82)11))6_“”1

<1003 — 0[10[396_””1, (232)
where we obtain
— 1
u, > — In(K), (2.33)
n

where

o B3(e2 +3(1 - &2)[h) + 36

K = .
o003 + Baaa (€2 + 3(1— &2)11) + 3B3a3(3B(1 — 1) + (1 — £2)12) — o (¥ + 6 + 3B2619) (- + Ba(1 - £2)5)

Considering the condition (iii), we investigate
1-¢} > |-c —acsl, (2.34)
where

C1 = dnands3z + a3 ainds3 + di13adsr — andsraz3 — a12a1433 — as a3 + da,
Cy = aszpda3z + dipdo) + d31di3 — di1da — A1ds3 — d24as33,

€3 =dn +d +dass;
(2.34) can be written as

ala—c)—c<ala+c3)+cy<1. (2.35)
In this case, we must only show the condition for the inequality

alcr+c3)+cy<0+1, (2.36)
where ¢; < 0. For

<1 (2.37)

Page 8 of 17
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we must show

a3pdn3 + drpds + azaiz <1+ andx + andss + arndss.
So we must only investigate the conditions for the inequality

andzeass + dzidindsz + di13d a3 < di11dsadz3 + d12d1433 + dzdi3d
and

—a114220433 — 431412423 — A13A21432

< —andspd3 — apadsz — azdizdy + di + dap + ass.
By adding (2.39) and (2.40) side by side we get

ayl +ady +dsz > 0,

which holds for
— 1. 6
Uy <—1In * 0[2'
ry 0

Page9of 17

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

Furthermore, if the following conditions hold, then the inequality (2.39) is available.

If

appal3 < ai3aly,

then we obtain

— 1
Uy >—1In
ry

(3(—)/ + BoerS) + o + 9)
3~y +peaS)+0 )

where —y + 8,618 > 0.
If

a13as3y < 12433
we have

— 1
Uz >—1n
rs3

Y +60 +36618 + 303
Y +0+3p61S

Considering (2.42), (2.44), and (2.46), we obtain

1 3(—)/ + 52815) + ) — 1 0+ oy
—1In <Uy<—1In R
) 3(=y + Br&1S) + 0 r 0
and we get
— 1 Y +60 +3P2618 + 303
L[g > —1In .
r3 Yy + 0+ 3,32815

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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For the inequality

A22a33 < A32423 (2.49)

let us use (2.47) and (2.48). Also, we can write

3(-y + BrerS) + 6

-l 2.50
0+ (65 < GXp( & 2) < 3(—)/ + ,32815) + 0y + [ ( )
and
— 3 S+6
exp(-r3ls) < v +3pers + . (2.51)
Yy + 362618 + 303 + 0
Using (2.50) and (2.51) in the following, we obtain
(0 + 0[2) exp(—rzﬁz) -0 —
andzz = exp(-r3l3)
(&%)
Py (6 +a2) 3<§(y_f§2‘2?>iff+e -0 Y +3p61S+6
(63} y + 3}32815 +6 + 30[3
_ 3(y +3B2e1S +0)(—y + B261S)
(3(—)/ + /32815) + 0y + 9)()/ + 3/32815 +0 + 30[3)
_ (#0436 - HEGLE)\ (v + Bad) - FREEED)
a3 (25
p (y +0 +3B2615)(1 — exp(-r3U3)) ( (=y + Bo(1 — £1)S)(1 — exp(-r2U>))
o3 (25
= a3z2d33.
This completes the proof. d

Theorem 2.2 Let {S(n),11(n), I,(n)}:°,, be a positive solution of system (2.2). The following
Statements are true.

@) If

p1— Puli(n) — Bolyr(n) — a1 S(n) > 0,
1-h(n)(ay +0) — yIr(n)p1(1 — £1)S(n) B2 (1 — £2)S(n) () > O, (2.52)
1-azly(n) + Brsa + (y + 0)1(n) + Pre1S(n)11(n) > 0,

then the solution of system (2.2) increases monotonically.

(ii) If

p1 > p1— Puli(n) — Balr(n) > o1 S(n),
1>1+ B1(1—&1)S(n) — 011(n) — y L(n) + B2 (1 — £2)S(n)15(n) (2.53)
> azll(n)r

1>1+ Bre3S(n) + (v + 6)11(n) + Pre1S(m)11(n) > asly(n),

Page 10 of 17
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then

1 1
0<S(n)<‘ﬂ, O0<h(n)<— and 0<L(n)<—. (2.54)
(05} o a3

Proof The proof will be left to the readers. d

Theorem 2.3 Let system (2.2) be written as follows:

S(t+1) =f(S®), L(®), 1(¢)),
F(S(),1(0), () = { Lt +1) = g(S(8), 1 (8), (), (2.55)
L(t+1) = h(S(), L(2), 12 (),

where the first order partial derivatives of the functions f, g, and h with regard to S(t), I,(¢),
Iy(t) are continuous in I C R* and f,g,h:V C R*> — I CR*. If

p1- B - Bl < 20 (2.56)
3811
and
2
1+ Bi(1— £0)S(n) — y I(n) — 01y () + Bo (1 — £2)S(m) () < % (2.57)

then (2.55) has no 2-cycle in I, where oy > 3B, aa > 6.

Proof Let the initial values be as follows:

%(0) = (5(0), 11(0),12(0)),x(1) = (S(1), 1 (1), [2(1)) € V,
¥(0) = (5(0),41(0),12(0)), (1) = (S(1), 1 (1), L(1)) € V, (2.58)
2(0) = (5(0),11(0), 12(0)), z(1) = (S(1), 1 (1), (1)) € V,

S(£(8(0),1:(0), 1(0))) = f (x(1)) = x(0),
2(g(5(0),1,(0),15(0))) = g(y(1)) = ¥(0), (2.59)
h(h(S8(0), 11(0), 12(0))) = h(z(1)) = x(0).

In this case, we must have

x(1) 9 x(1) 9
/ <1+—f)d57’0, / <1+—f)d117’0,
x(0) N x(0) oh
x(1) a
/ (1 + —f> dl, #0,
x(0) ol

to find that S(¢ + 1) = f(S(¢), [1(¢), I>(¢)) has no 2-cycle in I. In view of Theorem 2.2, the
following results can be obtained.
(1) £(S@®),11(8), I>(2)) has no cycle in I, since for o > 38, we obtain

(2.60)

&) >0, 1+ o ) >0, 1+ )
aS oh ol

1+

>0, (2.61)
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where
oy — Bl < 2L 2 (2.62)
- - << —. .
b 111 pry) 3Bor1 By
(2) Similarly, (¢ + 1) = g(S(¢), L1(¢), I(¢)) has no cycle in I, since for oy > 6, we get
d b )
1,80 o 1, %80 g 8k (2.63)
aS ol 0l
where
20
1+ Bi(1 - &1)S(n) — yI(n) — OL(n) + Bo(1 — £2)S(n)r(n) < r—; (2.64)
2

(3) Finally, Ir(¢ + 1) = h(S(2), 11(¢), I(¢)) has no cycle in I, since (2.62) and (2.64) hold,
and we have
dh(x) dh(x) dh(x)

>0, 1+ >0, 1+
a9S ol ol

1+

>0. (2.65)

This completes the proof. d

Some additional assumptions of (2.55) are needed to verify global asymptotic stability
for the positive equilibrium point ¥ = (S, 1, 15).
Let f, g, h be continuous functions and
i frAXBxC—A,
ii. g:tAxBxC—B,
ili. h:AxBxC— C.

Corollary 2.1 Let us have a positive equilibrium point of system (2.2). If Theorems 2.1-2.3
hold, then the positive equilibrium point of system (2.2) is globally asymptotically stable.

Example
We considered the health system in India in view of the information of [2]. The unit of
parameters is in units of per year:

p1=2,000, y =0.00001, &1 =¢6=0.01,
0 =0.015, ap = 0.0748, r € [0.001,0.01],

oy =0.0919, ry =11, a3 =0.092, r3 = 0.001ry.

Considering the condition ; < ,/ %i;ly), we obtain 8, = 0.048, B; = 0.144. Initial values
are selected as S(0) = 10,000, 1;(0) = 5,000, 15(0) = 1,000 in Figure 1.

The health system in India has been considered in view of the information of [2]. Fig-
ures 1-8 show the variation of classes for different values of the parameters. In Figures 1-8,
blue graph denotes susceptible class (S(£)), red graph denotes HIV positives that do not
know they are infected (/;(¢)), green graph denotes HIV positives that know they are in-

fected. The B, value taken in Figure 1is B, = 0.048. In Figure 2, we have only changed the
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Figure 1 The graph of populations (t, populations).
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Figure 2 The graph of populations (t, populations), 8, = 0.3, §; =0.144.

variable S, = 0.3. And also in Figure 3, we have changed 8, = 0.3, $; = 0.9. In this case,
one can say that 8, is an important parameter for the spread of the populations over the
time ¢. Considering Figure 1, it is seen that after 75 years an important increase of the [;
class and decrease of the S class will happen for the selected values in system (2.2). When
Figures 1 and 2 are compared, one can see that in the same years the /; class increases
more in Figure 2 and that the S class decreases more in Figure 2. In Figure 3, for g, = 0.3
and B; = 0.9 after 25 years an important increase of class I; and decrease of class S will
happen. In that case it is said that as the value of 8, (per capita contact rate for susceptibles
with unaware infectives (I;)) increases, the I; class decreases in earlier years.

In Figures 4-6 the variation of populations for different values of 6 and k is shown. It is
seen that as infected persons, i.e. the unaware HIV infectives become aware about their
infection, detect by a rate 6, we may trace out the other infectives which have had the

sexual contacts in the past by contact tracing by a rate y, which results in the decrease of
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Figure 4 The graph of populations (t, populations), y =0.

the number of unaware infectives. It is seen that as the rate of & and k become zero (see
Figure 6) i.e. the infectives who do not know that they are infected will continue main-
taining sexual relationships in the community which will ultimately increase the infective
populations.

In Figure 1 due to immigration, the susceptible population increases continuously, there-
fore, infection becomes more endemic and always persists in the population (see also Fig-
ure 7). In Figure 8 the distribution of population with time is shown in different classes
without immigration. It is seen that in the absence of immigration into the community,
the susceptible population decreases continuously as the population is closed, which re-
sults in an increase in the infective population first and then it decreases as all infectives
will develop AIDS will die out by disease-induced deaths. Thus the total population will

be eradicating after some time.
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Figure 5 The graph of populations (t, populations), 6 = 0.
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Figure 6 The graph of populations (t, populations), y =0, 6 = 0.

Thus, on changing the behavior and increasing the awareness about the HIV infection

in the population the infection can be slowed down and may be kept under control.

Discussion

In this paper, a mathematical model with piecewise constant arguments is proposed to
investigate the impact of the parameters (e.g. contact tracing, screening) on the spread
of HIV in a population with variable size structure. The model is analyzed using Schur-
Cohn criteria on difference equations and numerical simulation. The equilibrium point
is found to be locally asymptotically stable and globally asymptotically stable under cer-
tain conditions. It is observed that if the aware HIV infectives, detected by screening and
contact tracing, do not take part in spreading the disease, HIV infection reduces signifi-
cantly. It is also found that the disease becomes more endemic due to immigration and the
endemicity of the disease decreases when the infectives become aware of their infection
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Figure 7 The graph of populations (t, populations), p; = 4,000.

500 600 700 800

Figure 8 The graph of populations (t, populations), p; = 0.

after screening and contact tracing and do not take part in sexual interaction, whereas it
increases in the absence of contact tracing. In the absence of screening and contact trac-
ing, the infected people continue to spread the disease without taking any precaution due
to unawareness of their infection.

Finally from the analysis, it may be speculated that the most effective way to reduce the
infection rate and prevalence level is to educate the people about the HIV and make them
aware of the consequences of practicing non-safe sex or any other kind of risky behavior.
If the population presents a positive attitude toward preventive procedures, the disease

may tend to vanish, even for relatively small random screening rates.
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