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Abstract

In this paper, we will use the Krasnosel'skii fixed point theorem to investigate a
discrete fractional boundary value problem of the form
“AVy(t)=Ah(t+v-Dfyt+v-1),y(v-2)=W(y),y(v +b)= D(y), where 1 <v <2,
t € [0,bly,, T :[0,00) = [0, 00) is a continuous function,

h:lv-1,v+b-1ly,, — [0,00), ¥,®:R"*> — R are given functionals, where ¥, @
are linear functionals, and A is a positive parameter.
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1 Introduction

The theory of fractional differential equations and their applications has received inten-
sive attention. However, the theory of fraction difference equations is still limited. But in
the last few years, a number of papers on fractional difference equations have appeared
[1-13]. Among them, Atici and Eloe [1] introduced and developed properties of discrete
fractional calculus. In [2], Atici and Eloe studied a two-point boundary valve problem for a
finite fractional difference equation. They obtained sufficient conditions for the existence

of solutions for the following boundary value problem:
—A"y(t) :f(t+ v—Ly(t+v —1)), yv=2)=0=y(v+b+1),

where ¢t € [0,b + 1]y, 1<v <2,and f: [v—1,v + b]y, ; Xx R — R is a continuous func-
tion. Goodrich [3] deduced uniqueness theorems by means of the Lipschitz condition
and deduced the existence of one or more positive solutions by using the cone theoretic
techniques for this same boundary value problem. He showed that many of the classical
existence and uniqueness theorems for second-order discrete boundary value problems
extend to the fraction-order case. In [4], Goodrich obtained the existence of positive solu-
tions to another boundary value problem. Goodrich [5] also considered a pair of discrete
fractional boundary value problem of the form

—A"y(8) = Ma (¢ + vy = DA (e + v = 1), 32 + 12 - 1)),
—A"y,(t) = hpas(t + vy — 1)f2(yl(t +v = 1),y + vy — 1))
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yi(v —2) = ¥i(n), y2(va —2) = Wy (y2),
y1(v1 + b) = D1(n1), Y2(v2 + b) = Da(y2),

where ¢ € [0,b]y,, A > 0, a; : R — [0,00), v; € (1,2] for each i = 1,2. W;, ®; : R**> — R are
given functionals, and f; : [0, 00) x [0, 00) — [0, 00) is continuous for each admissible i.

Extensive literature exists on boundary value problems of fractional difference equations
[9-13]. Ferreiraa [9] provided sufficient conditions for the existence and uniqueness of so-
lution to some discrete fractional boundary value problems of order less than 1. Goodrich
[11-13] studied a v order (1 < v < 2) discrete fractional three-point boundary value prob-
lem and semipositone discrete fractional boundary value problems.

In this paper, we consider the following boundary value problems of fractional difference
equation with nonlocal conditions:

—A"y(t) = Ah(t+v - 1)f (y(t +v - 1)), 1)
y(v-2)=V¥(y), (2)
y(v +Db) = D(y), (3)

where ¢ € [0,b]n,, 1 <v <2,f:[0,00) = [0,00) is a continuous function. & : [v —1,v + b —
1, , = [0,00), ¥, D : R?*3 — Rare given linear functionals and X is a positive parameter.
The boundary conditions (2)-(3) are generally called nonlocal conditions. Our analysis
relies on the Krasnosel’kill fixed-point theorem to get the main results of problem (1)-(3).

The paper will be organized as follows. In Section 2, we will present basic definitions and
demonstrate some lemmas in order to prove our main results. In Section 3, we establish
some results for the existence of solutions to problem (1)-(3), and we provide an example

to illustrate our main results.

2 Preliminaries
Let us first recall some basic lemmas which plays an important role in our discussions.

Definition 2.1 [1] We define

W _ rE+1) ’
rit+1-v)

for any ¢ and v for which the right-hand side is defined. We also appeal to the convention
that if £ + 1 - v is a pole of the Gamma function and £ + 1 is not a pole, then £ = 0.

Definition 2.2 [1] The vth fractional sum of a function f defined on the set N, := {a,a +
1,...}, for v > 0, is defined to be

t—v

1

(V 1)
r'(v) J6)

ATf(t) = AT f(ta) =

s=a

wheret e {a+v,a+v+1,...} ==N,,,. We also define the vth fractional difference, where
v>0and0 <N -1<v <N,tobe

Af(e) = ANA"Nf(r)

where t € N,,.
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Lemma 2.1 [1] Let t and v be any numbers for which t©) and t"=V are defined. Then
A = D,

Lemma 2.2 [1] Let 0 <N -1<v <N. Then
ATAVY(E) = y(8) + etV + ootV g ot

forsomec; e R,withl <i<N.

Lemma2.3 [4] Letl<v <2,andh:[v-1,v+b-1]n, , — R begiven. The unique solution
of the FBVP

~A"y(t)=g(t+v-1), y(v-2)=0=y(v+b)

is given by

b
y(t) = Z G(t,s)g(s+v 1),

s=0

where G: [v —2,v + D]y, , X [0,b]n, — R is defined by

D ebos 0D (t—s-1DD, 0<s<t-v+1<b
G(t,s) = (v+b)-1) ’ = = (4)
’ F(l)) M O<t—-v+l<s<bd
(v+b)(v-1) ’ - - ="
Lemma 2.4 [4] The Green function G(t,s) given in Lemma 2.3 satisfies:
(i) G(t,s) =0, foreach (t,s) € [v—2,v + b]y, , X [0,b]ny;
(i) maXee(v-2,v+bly, G(t,s) = G(s + v —1,5) for each s € [0, b]n,; and
(iii) there exists a number y € (0,1) such that

min  G(t,s) >y max G(t,s)=yG(s+v-15s),

v%h <t< 3(\)4+b) te[v-2,v+bly,_,
fors € [0,b]n,.

Theorem 2.1 Letf :[0,00) — [0,00), and ¥, d € C([v -2,v + by, _,,R) be given. A func-
tion y(t) is a solution of the discrete FBVP (1)-(3) if and only if y(t) is a fixed point of the

operator
b
Ty(t) :=a()¥(y) + B(t)DP(y) + A Z G(t,s)h(s +v — l)f(y(s +v— 1)), (5)
s=0
where
SRR S YOS NS S )
alt) = F(v—l)[t ot } (6)
-1
B() = CE Ik (7)

and G(t,s) is as given in Lemma 2.3.
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Proof From Lemma 2.2, we find that a general solution to problem (1)-(3) is
y(t) = =AMkt +v - 1)f(y(t +v— 1)) + otV 4 etV
From the boundary condition (2), we get

y(v—2)=-AT"Ah(t+v - 1)f(y(t +v— 1)) lecvoz + 1 (v =2) D 4 ¢y (v = 2)02

t—v

1

="Tw) Z(t —s—1)" k(s +v - Df(y(s+v=1)) vz + (v = 1)
s=0

=cl'(v-1)

= \IJ()/)’

SO

U(y)
rv-1)

Cy =
On the other hand, applying the boundary condition (3) to y(¢) implies that

y(v +b)=-A"T"Ah(t+v - l)f(y(t +v-— 1))|t=v+b +a(+b)" V(v + b)Y

o~

=V

= _ﬁ t-s-D"h(s +v = 1)f (ys+v = 1)) levsp

s=0
rer(v 4 DY 4 ri% v+ B
_ ®(y).
Namely
a(+b)" " = d(y) - rx(i)n (v+b)"?
S D s 4w .
"TO) ;"f s =1 Ihdls +v =1f (s + v =) ecvars

SO

() U(y)(v +b)-2
a= W+b)® D T-1(v+b)D

b
1 .
+ W;(Hly—s—n( 1)Ah(s+v—1)f(y(s+u_1))
() W(y)

Tw+b) D T h+2)Q(v-1)

b
+ W ;(v +bh—s-1)"Dah(s+v —l)f(y(s +v —1)),
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Finally, we get
y(t) = F(l ) Z(t s—1)0 1)Jz(s+v—l)f(y(s+v—1))
N ( o) V() )t(“”
Ww+b) D Bb+2)T(v-1)

(v-1)
W Z(V +b—s-1D)"Vah(s + v -1)f (y(s + v -1))

\Ij(y) t(,,_z)
'v-1)

-1 £v-2) 0D
) \Il(y)<_ (b+2)T(v-1) * r'(v- 1)) +20)- (v + b)vD
A Dwrb-s-1)0D  (-s-1)0D
mn < rMe+nHeD T

+

§

b (v-1) (v-1)
£ v+b-—s-1
. Z ( )

YORWAI=Y kh(s+v—1)f(y(s+v—1))

s=t—v+l

b
=W(ya(t) + Py)BE) + 1 Z G(t,s)h(s+v — l)f(y(s +v - 1)).

s=0

Consequently, we see that y(¢) is a solution of (1)-(3) if and only if y(¢) is a fixed point

of (5), as desired.

Lemma 2.5 Thefunction a(t) is strictly decreasingint, fort € [v-2,v +b]y,_,. In addition,
minte[\,_zywb]NH a(t) =0, and MaXee[v-2,v+bly, a(t) = 1. On the other hand, the function
B(¢) is strictly increasing in t, for t € [v-2,v + by, _,. In addition, minte[v_z,wb]Nv_z B() =0,

and MaXse[v-2,v+bly, _, ) =1

Proof Note that for every t € [v —2,v + b]y, ,,

t(v 2) t(\) 1)
Aa(t) = At<r(v _1) - (b+ Z)F(V _1)>

-1 2)t=3) 1 -
- F(v—1)<(”_ - )b+2)
<0.

So, the first claim about «(£) holds. On the other hand,

(v -2)0-2 (v —2)0D
V=2 = Ty T GrarooD ”
W+ (v 4 b)Y
Frv-1 (b+2)C(v-1)

Frv+b+1) Frv+b+1)

a(v+b)=

)Ah(s +v=1f (y(s+v-1))

- F(v+b+1—v+2)F(v—1)_F(v+h+1—v+1)(b+2)[‘(v—1)

Page 5 of 12
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_ T+b+1) Frv+b+1)
"T(B+3)I(v-1) TB+2)b+2)(v-1)
=0.
It follows that
max at) =1, min a(t) =0.
te[v—2,v+b]Nv_2 te[u—z,wbh\;w2

In a similar way, it may be shown that B(¢) satisfies the properties given in the statement
of this lemma. We omit the details. O

Corollary 2.1 Let I = [bj’T" 3(1’;”)]. There are constants My, Mg € (0,1) such that

minge; a(t) = My ||lae|l, minges B(t) = Mgl BIl, where || - || is the usual maximum norm.

Lemma 2.6 [14] Let E be a Banach space, and let I C E be a cone in E. Assume the
bounded sets 21, Q2 are open subsets of E with 0 € Q; C Q1 C Qy, and let

S’Cﬂ(ﬁz\ﬂl)—)’(:

be a completely continuous operator such that either
@) ISull < llull, u € KN, [ISull > llull, u € KN 0Qs; or
(2) 1ISull = llull, w € KN o, ISull < (lull, u € KN IRw.
Then S has a fixed point in K N (2 \ 1).

3 Main results
In the sequel, we let

b
o:=2 max G(t,s)h(s+v-1), 8
telv-2v+bly, _, ; (& )h( ) ®
(3 )
T:= min Z G(t,s)h(s+v -1), 9)

te[v-2,v+b]y, .
v s:[bfTv—lﬁl]

¥ = min{y, My, Mg}, (10)

where y is the number given in Lemma 2.4(iii). Observe that ¥ € (0,1). We now present
the conditions on ¥, @, and f that we presume in the sequel:

(S1) Timy .o 12 = 00, lim,, oo 12 = c0.

(52) Tim, .o 22 =0, lim, o &2 = 0.

(S3) limy_,of ) - 1,0<l<o0.

(S4) lim,_, o f0) _ L,0<L<oo.

(G1) The functionals W, ® are linear. In particular, we assume that

< = |Q\<

v+b v+b
Vo)=Y vyl PO)= Y dicviay(k),
i=v-2 k=v-2

for Ci—v+2s dk—v+2 eR.
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(G2) We have both Z;ff_z Civi2G(i,s) > 0 and Z,Zf_z di_v+2G(k,s) > 0, for each
s €[0,b]y,, and

v+b v+b
E Cive2 + E dioviz < <
i=v-2 k=v-2

(G3) Each of W(w), ¥(B), P(@), P(B) is nonnegative.
First, we let B represent all maps from [v — 2,v,b]y, _, into R, and equipped with the
maximum norm | - . Clearly, B is a Banach space. We define the cone X C B by

- {reBhw =0, min 0 =7yl w0)=0,00)=0}. an

te[bfTU, 3(u4+b) ]

Lemma 3.1 Assume that (G1)-(G3) hold, and let T be the operator defined in (5). Then
T:K— K.

Proof For every y € IC, by (G1), we show first that

v+b v+b
\IJ(Ty)—ch w2 (Ty) (i Zc, V+2ZGLS)\.]’IS+\)— )f( (s+v—1))
i=v-2 i=v-2
v+b  v+b v+b  v+b
+ Z Z Ci—v+2cj—v+2y(j)a(i) + Z Z Ci—v+2dk—u+2y(k),3(i)
i=v-2j=v-2 i=v-2 k=v-2

b
=V <Z G(&,)Ah(s +v —1)f (y(s + v - 1))) +W(a)W(y) + ¥(B)D(y).

s=0

By assumptions (G2) and (G3) together with the nonnegativity of f(y) and the fact that
y € K, we can get W(Ty) > 0:

v+b v+b
= Z Arv+2(Ty)(k Z di_ U+22Gk s)Ah(s +v — )f(y(s+v—1))
k=v-2 k=v-2
vib  v+b v+b  v+b
+ Z Z dk—u+ZCl—v+2_y(l)(x(k) + Z Z dk—u+2di—v+2y(i),3(k)
k=v-2[=v-2 k=v-2i=v-2

b
= (Z G(t,s) h(s+v — l)f(y(s +v-— 1))) + O(a) W (y) + D(B)D(y).

s=0

It also shows that ®(7y) > 0.
On the other hand, it follows from both Lemma 2.4 and Corollary 2.1 that

min  (Ty)(¢) > min A Z G(t,s)h(s +v — l)f( S+V— 1))

te[h+v 3(v+b] te [b+u 3v+

+ min  oc@¥@»)+ min  BE)P(y)

’3(v+b)] te[bﬂ) (v+h

b
>y  max A Z G(&,8)h(s + v —1)f (y(s + v - 1))

te[u—Z,v+b]NU72 o
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+ Mol W (y) + Mg || Bl 2 ()
b

>y AY Gt s)h( - -1
>y . %% SZ(; S)h(s+v )f(y(s +v ))
+ )7||a||\11(y) + VB2 ()
= YIITyll.
Hence
min (Ty)(¢) = ¥ Ty .
te[hw 3(‘)4*'
Finally, for every y € K,
b
(Ty)(2) BOY@) + )P (y) + Z ts)h(s+v—1)f(y(s+v—1)) > 0.
s=0
So, we conclude that T : K — I, and the proof is complete. O

Lemma 3.2 Suppose that conditions (G1)-(G3) hold, and there exist two different positive

numbers a, b such that

Org;lgaf(y Ai (12)
min f(y) > z 5 (13)

yb<y<b

Then, problem (1)-(3) has at least one positive solution'’y € K such that min{a, b} < ||y| <

max{a, b}.

Proof Let Q,:={y € K:|y|l <a}. Then, for any y € £ N 32, we have
b

(T)(®) = ()W) + BOPY) + 1 Y G(t,)h(s + v —1)f (y(s + v —1))

s=0

b
W)+ DO) +1 D Glt,h(s +v -1)%

s=0
v+b v+b - 4
Z Ci- V+2y(i) + Z dk—v+2y(k) + )\,5 . E
i=v k=v-2
v+b v+b 4
=< ( Civs2 + Z dk_v+2>||y|| + 5
-2 k=v-2
a 61
< — —_
— 2 2
= lyll,

thatis, || Ty|| < ||y|| for y € 92, N K.
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On the other hand, we let 2, := {y € K: ||y|| < b}. For any y € KL N 92, we have

b
(D)) = a(®)¥(y) + B(E)D(y) + A Z G(t,s)h(s +v — l)f(y(s +v - 1))
s=0
[W—\Hl]
=h Y GEs)h(s+v-1Df (ys+v-1)
s:[l%—vﬂ]
[@—\Hl] b
> A Z G(t,s)h(s +v - I)H
s:[bfT”—wl]
> AT - —
AT
=yl

thatis, || 7y|| > ||y|| for y € K N 3L2,. By means of Lemma 2.6, there exists y € K such that
Ty =Y. O

Theorem 3.1 Suppose that conditions (S1), and (G1)-(G3) hold. Then, for every A € (0, 1*),
problem (1)-(3) has at least two positive solutions, where

1 r

A= —sup—m——.
O r>0 maxogysrf(y)

(14)

Proof Define function ¢g(r) = . In view of the continuity of the function f(y),

r
o maxo<y<rf(y)
we have ¢g(r) € C((0, 00), (0,00)). From limyﬁo% = 00, we see that lim,_, ¢ ﬁ =0, that

is,

r
of (1) = o maxoeyer /) 1) >0,

SO

limg(r) = 0.

r—0

By lim,_, o @ = 00, we see further that lim,_, o, g(r) = 0. Thus, there exists ry > 0 such

that g(ry) = max,o g(r) = A*. For any A € (0, 1*), by means of the intermediate value theo-
rem, there exist two points /, [, (0 < /; < rg < Iy < 00) such that g(};) = g(l) = 1. Thus, we

have

l
SO == yelohl f@)f%, yel0,h).

On the other hand, in view of (S1), we see that there exist di, dy (0 <di <l <rg <l <
d> < 00) such that

fo) _ 1

R

y my y € (O!dl] ) [d27’ OO)
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That is,

d - d -
f(y)zi, y € ldiy,di); f(y)zﬁ, y € [d7, ds).

An application of Lemma 3.2 leads to two distinct solutions of (1)-(3) which satisfy d; <
il < bl < 1y2l < do. O

Theorem 3.2 Suppose (S2) and (G1)-(G3) hold. Then for any A > 1**, equations (1)-(3)
have at least two positive solutions. Here

ol T (15)
= —1n .
T r>0 minyrfysrf(y)
The proof is similar to Theorem 3.1 and hence is omitted.
Theorem 3.3 Assume that (S3), (S4) and (G1)-(G3) hold. For each A satisfying
1
— <A< —, (16)
ytL ol
or
1 1
= < A< -, (17)
ytl oL

equations (1)-(3) have a positive solution.

Proof Suppose (16) holds. Let n > 0 be such that

1 1
<is<

yt(L-n) o(l+n)

Note that [ > 0. There exists H; > 0 such that f(y) < ([ + n)y for 0 <y < H;. So, fory e K
and ||y|| = Hy, we have

b
(D)) = a®)¥(y) + B(E)D(y) + A Z G(t,s)h(s +v — l)f(y(s +v - 1))
s=0
b
<VU(y)+d@y) +A(l+n) Z G(t,8)h(s+v —1)y(s+v—1)
s=0
v+b v+b b
=Y oy @+ Y iy ®) + 2+ ) Y Gl (s + v~ Dyls +v—1)
i=v-2 k=v-2 s=0
v+b v+b .
< (Z Civiat Y dk_m)nyn + 20+ m)- Sl
i=v-2 k=v-2
JH B
-2 2
= |lyll.

Thatis, [ 7yll < |lyll for y € K and ||y|| = H;.
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Next, since L > 0, there exists a H, > 0 such that f(y) > (L — n)y for y > yH,. Let H, =
max{2H;, H,}. Then, for y € K with ||y|| = H,,

b
(Ty)(2) = a(OW(y) + BE)DP(Y) + 4 ZG(t,s)h(s +v— l)f(y(s +v-— 1))

s=0

b

> A Z G(t,s)h(s +v — l)f(y(s +V-— 1))

s=0

[3(b4+u) —v+1]

> ML -n) Z G, )h(s+v-1y(s+v-1)

s:[bfT”—vﬂ]

LY

=ML-nFIl Y, Ge)his+v-1)

s=[l%—v+1]
> ML=Vl

= lyll,

thatis, | Tyl > |lyll for y € K and ||y|| = H>.
In view of Lemma 2.6, we see that equations (1)-(3) have a positive solution. The other

case is similarly proved. O

Example 3.1 Consider the following boundary value problems:

A%y(t):—k<y (t+%)+y2(t+%>>, (18)
7 B 1 13 1 53 (19)
(1) =2(30) - 2(30)

S

213\ 1 (83 1 (/73 0)
70 ) 730"\10) 1007\ 10 )
whereb:ZO,v:%,andwetake
1
FO) =y7 +57,

() = 1 13 1 53 () = 1 83 1 73

“12\10) " 25'\10) ~30”\10/) " 1007\ 10 )’

f:10,+00) x [0, +00) — [0, +00), and y is defined on the time scale {—%, %, e %},f and
¥, ¢ satisfy conditions of Theorem 3.1.

A computation shows that A* ~ 5.33 x 1073, Then, for every A € (0, A*), problem (18)-
(20) has at least two positive solutions.
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