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1 Introduction and main result

The question of boundedness of all solutions of
£+ V'(x,t)=0, (1.1)

initiated by Littlewood [1], has been the subject of numerous studies. Morris [2] has shown
that when V'(x, t) = &% — p(t), where p(t) is continuous, all solutions are bounded. Levi [3]
considered (1.1), where the potential V satisfies a superquadratic growth and has a singu-
larity. The author reached a similar conclusion as in [1]. In [4], Liu has proved boundedness

of all the solutions of the following equation with an asymmetric nonlinearity
x" +axt - Bx = p(t),

where x* = max{x, 0}, x~ = max{-x, 0}, «, 8 > 0. For this case, all the solutions of the un-

perturbed equation
X" +axt - Bx =0, 1.2)

have a common period T(1/+/a +1/ +/b), which means that (1.2) is isochronous.
In [5], Bonheure et al. study the following equation, which is a perturbation of the

isochronous oscillator:

x"+ V'(x) +g(x) - pt) =0, 1.3)
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where V(x), defined on (a, +00), has a repulsive singularity and satisfies

2V 2
lim () = m—, lim V(x) = +o00,
n—+oo X 4 n—a,

m is a positive integer, a € (-00,0). The perturbation g(x) — p(¢) satisfies the Lazer-

Landsman condition

4g" > meaxp*(G),

where the function g(x) is smooth and bounded, lim,_, - g(x) = g*, p.(0) = foznp(t +
0)| sin(mt/2)|dt and p(t) = p(¢ + 27r). The authors assume that all solutions of the unper-
turbed equation

X"+ V' (x)=0 (1.4)

are 27 /m, which means that (1.4) is an isochronous oscillator with period 27 /m. The au-
thors proved the existence of 27 -periodic solutions of (1.3). We refer for more details on
the isochronous system to [5] and the references therein.

Recently, Liu [6] studied the quasi-periodic solutions and boundedness of all solutions
of the isochronous oscillators equation (1.3) where V(x) has a singularity, the nonlinearity
g(x) is a bounded perturbation, and p(t) is 27 -periodic. Moreover, the following assump-
tions hold:

(1) V(0)=V'(0)=0, V"(x) >0 for x # 0 and lim,_,,, V(x) = +00, a € (—00,0), and V(x)

is defined on (a, +00).

(2) The function

_ Vi)
V(%)

Wi(x):

is smooth in (-1, 00) and the limit lim,_,_; W (x) exists. Furthermore, the following
estimates hold: for each 1 < k < 6 there is a constant ¢ such that

W) <col+x),  |Wx)| <co, forxe[-1,00).
(3) The positive function V is smooth and, for 0 < k <6,
|+ 2 VEw)| < ¢y V),

where ¢ is a positive constant.
(4) Forx>0,let ®(x) = V(x) — éxz; the function ® satisfies

lim x*®*(x) =0,
x—+00

for every positive integer k. By the results in [5], the auxiliary autonomous system
%"+ V'(x) = 0 is an isochronous system with period T = 27.
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(5) The function g is bounded on the interval [-1, +00) and g(x) > 0 for x > 0. Moreover,

the following inequalities hold:

k
lim (1+x)* %g(x) =0.

X—>+00

(6) If limit lim,_, ;00 g(x) = g* exists and p*(0) = foh p(t +0)|sin(¢/2)| dt, the following
condition of Lazer-Landesman type holds:

4¢" > mgaxp*(@).

Liu first reduced the system to a normal form and then applied a variant of Moser’s
twist theorem of invariant curves to prove the existence of quasi-periodic solution and
the boundedness of all solutions. This result relies on the fact that the nonlinearity can
guarantee the twist condition of the KAM theorem. The assumptions (5) and (6) satisfy the
Lazer-Landesman condition which plays a key role in the boundedness problem. In fact,
it has been shown by Alonso and Ortega [7] that, when the Lazer-Landesman condition
cannot be satisfied, the solutions with large initial conditions are unbounded either in the
past or in the future.

We observe thatin [5, 6], the perturbation g(x) — p(£) is smooth and bounded, so a natural
question is to find sufficient conditions on g(x) and p(¢) such that all solutions of (1.3) are
bounded when the perturbation is unbounded. The purpose of this paper is to deal with
this problem. We can refer to more papers on the Littlewood Problem on unbounded
perturbation such as [8, 9].

Motivated by the papers [5, 6], we consider the following equation:
®"+ V'(x) + p(t)g(x) = Fe(x, 8), (1.5)

where 0 < & < 1. We suppose that (1)-(4) hold; moreover, we have

(5') F(x,t) € C"5(S! x R) and

. F(x,1)
lim =

x—>+00 |x|%x

0, F(x,t +2m) = F(x,£).

(6') p(t) =p(t+2m)and

m gt) =1, G(x) = /xg(s) ds,
0

x—>+00 |x|¥

where 0 < < 1.
(7’) We mention a condition similar to the Lazer-Landesman condition: fOZ” sin% X

| sin %|°‘p(t0 +6)do > 0.

Our main result is the following theorem.

Theorem 1 Suppose the assumptions (1)-(4) and (5')-(7') hold, then (1.5) has infinitely
many quasi-periodic solutions and all the solutions of (1.5) are bounded.
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The main idea of our proof is acquired from [6]. The proof of Theorem 1 is based on
the small twist theorem due to Ortega [10]. It mainly consists of two steps. The first one
is to transform (1.5) into a perturbation a integrable Hamilton system. The second one is
to show that the Poincaré map of the equivalent system satisfies Ortega’s twist theorem,
then the desired result can be obtained.

2 The proof of the theorem
2.1 Action-angle variables
Observe that (1.5) is equivalent to the following Hamiltonian system:

oH
T ox’

. 9H
Y=oy (2.1)
X

/

with the Hamiltonian function
1,
H(x,y,t) = Ey + Vi(x) + p(t)G(x) — F(x, ).

In order to introduce action and angle variables, we first consider the auxiliary au-

tonomous equation:
K=y y=-V), (2.2)
which is an integrable Hamiltonian system with Hamiltonian function

1
Hi(x,y,t) = Eyz + V(x).

The closed curves Hj(x,y,t) = h > 0 are just the integral curves of (2.2).

Denote by T'(%) the time period of the integral curve I'y, of (2.2) defined by H;(x,y,¢) = h
and by [ the area enclosed by the closed curve I'y, for every / > 0. Let -1 < —«, < B, be
such that V(-ay) = V(By) = h. Then by assumption (1), we have

lim (ap) =1, hlim (Bn) = +o0.

h—+00

It is easy to see that

B
I(h):/h,/2(h—V(s))ds, Vh>O0.

Let us denote

Bn 1

T+(h) = A mdS

0 1
" (h) = —— s,
I-h /ah v

By assumption (4), we know that the auxiliary autonomous equation is isochronous and
we have the periodic T'(h) = T_(h) + T, (h) = 2, which yields I(/) = 27 h. Moreover, similar
to the estimate in [5, 6], we have

1

HTOm|<c. —,
[T h)| < 7

k>0, (2.3)
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and

1
HTOm|<c. —, k=>o0. 2.4
\HT®(h)| < N/ > (2.4)

We now carry out the standard reduction to the action-angle variables. For this purpose,
we define the generating function S(x,I) = [.+/2(h — V(s))ds, where C is the part of the
closed curve I'j, connecting the point on the y-axis and the point (x, ).

We define the well-known map (6,1) — (x,y) by

as as

= ;I’ 0=— ’I;
y=- ) a7 D

which is symplectic, since

dx ANdy=dx A (Sycdx + Sy dl) = Sy dx N dl,

do Ndl = (S]xdx+511d1) ANdl = S]xd/\dl.
From the above discussion, we easily get
x 1 .

—— s, fy>o0,

0= S Norroero ke n=

o - ——L

& f_ah A/ 2(h(xy)-V(s))

B
I(x,y) :/ ,/Z(h(x,y) - V(s)) ds.

In the new variables (6, ), the system (2.1) becomes

ds, ify<0,

. 0H )
9 =, I=-—"—", (2.5)
ol 30
where
H(0,1,8) =1+ 21 p(t)G(x(0,1)) — 2 F(x(6,1), £). (2.6)

2.2 New action and angle variables
Now we are concerned with the Hamiltonian system (2.5) with the Hamiltonian function
H(0,1,t) given by (2.6). Note that

1d6 - Hdt = —(Hdt - 1d0).
This means that if one can solve I from (2.6) as a function of H (6 and ¢ as parameters),

then

dH ol dt ol

— =——(t,H,0), — =——(t,H,0 2.7

do 8t( ) do oH ( ) @7
is also a Hamiltonian system with Hamiltonian function I and now the action, angle, and
time variables are H, ¢, and 9.

Page 5 of 15
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(2.8)

Let
R(O,1,t) =27 p(£)G(x(6,1)) — 27 F (x(6, 1), t).
In order to estimate R, we need the estimate on the functions x(Z,9). For this purpose,

we introduce the following lemma proved in [3, 6].

Lemma 1l There is a constant C such that

d
% ccl+x)<CVI for0<k<e.

I*
oIk
By (5), (2.8), and Lemma 1, we can directly get the following lemma.

Lemma 2 The following estimates hold:

a+l

ak+R(O,1,t)
oIk ot

fork+1<6.
Using (2.6), we have

oH oR
=1+ ——1,

— =1+ as I — +o0.
ol ol
Hence, by the implicit function theorem, there exists a function R; = Ry(¢, H,6) such that

I=H-R\(t,H,0).
(2.9)

The function R; is defined implicitly by

Ri(t,H,0) =R(0,H — Ry, t).
Now we give the estimates of R;(t, H,0). By a direct computation, we have the following

RHD| < 5 for k+1<6.

k
Lemma3 |H"—, /=7
Proof Case m = 0. By (2.9), Lemma 2 and noticing that ? — las ] — +00, we have

|[R\(t,H,0)| = |R(t, H-Ry,0)| < C- [H-R\|F <C-|H|T.

Case m = 1. Taking derivatives on both sides of (2.9) with respect to H, we have

oR, 1 1
= 1

ﬁ_;li'ﬁ
a1

By Lemma 2, we have

aR —l+a —l+a
— | <C-I"2 <C-H
al | — -
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Since

R >1 asH — +00,

oH

we have

R,
oH

Lo

’H <C-H>

We suppose that

H (2.10)

m ale(H, t; 9) a+l
— | <H:?
oH™ -

holds where m = k — 1. We will prove that (2.10) also holds when m = k,1 < k <6.

By direct calculation, we have

Ry D i ?;;fa%(H—Rl) co B (H = Ry)

k oR
aH 1+W

: (2.11)

wherel<n<kj+ - +j,=k1<ji,....ju<k.
By (2.10), we have

o

37(H —Ry) , (2.12)

oH°

d(H - Ry)
oH

<c.}

wherel<o <k-1.
By (2.11), (2.12), and Lemma 2, we have

kR, k
dHk

ot+1_/<
’

<C- SC'HT

KR [ 3(H - R)\*
Ik dH

Ik
then we proved that (2.10) holds when m = k. Thus we proved Lemma 3. O
Set
Ry(¢,H,0)=R(0,H,t) - Ry(t,H,0)
= —/01 %(Q,H—sRl,t)Rl ds.
By similarity to the proofs of Lemmas 2 and 3, we have the following.
Lemma 4 The following estimates hold:

o

%R, (¢,H,6)
oHk ot!

fork+1<6.
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Remark 1 By the proofs and estimates of R, R;, R,, we can easily see that R; is the main
(twist) term of R and R, is the small term of R.

Now the new Hamiltonian function I = I(t, H, ) is written in the form

1= H—R1(0,H,t) +R2(t,H,9)
=H - 27p(t)G(x(0,H)) + 21 F (x(0, H), t) + Ry.

The system (2.7) is of the form
g = 3 =1-2m 320, H)(gx(0, H)p(t) - F(x(0, H), 1)) + 52 (£, H,6), (2.13)
o =5 =2mp (OG0, H) — 27 Fa0,1),0) ~ 2 (¢, H, 0.
Introduce a new action variable p € [1,2] and a parameter € > 0 by H = € 2p. Then H >
14 0 <€ « 1. Under this transformation, the system (2.13) is changed into the form

4t =1 -2 220,672 p)(g(0, € 2p)p(t) — Fu(x(0,€72p), 1)) + 22(t,e72p, 0), (2.14)
2 =21 e’p ()G x(0,€72p)) — 2w € F,(x(0,1),t) - €2 22 (¢, 6’2,0,0)
which is also a Hamiltonian system, with the new Hamiltonian function
-2 -2 -2 -2 -2 Ry -2
(¢, p,0;€) = p—2me p(t)G(x(G,e ,0)) +2me F(x(@,e ,0), t) +et—= (t,e ,0,6).

at

Obviously, if € <« 1, the solution (£(6, %, o), 0(6,to, po)) of (2.14) with the initial date
(to, po) € R x [1,2] is defined in the interval 6 € [0,27] and p(0, £y, po) € [%,3]. So the
Poincaré map of (2.14) is well defined in the domain R x [1,2].

Lemma 5 ([6, Lemma 5.1]) The Poincaré map of (2.14) has the intersection property.

The proof is similar to the corresponding one in [6].
For convenience we introduce the notation O(1) and ox(1). We say a function f(t, p,
0,¢€) € Or(1) if f is smooth in (¢, p) and for k + ky <k,

f(tr :0’0’6)

ak1+/<2
- < C’
‘ atk gpk: -

for some constant C > 0 which is independent of the arguments ¢, p, 0, €.
Similarly, we say f(t, p, 0, €) € 0x(1) if f is smooth in (¢, p) and for k; + ky <k,

ky+ko

Btkl 8pk2f(t )0)9 E)

im
e—>0
uniformly in (¢, p, 0).

2.3 Poincaré map and twist theorems

We will use Ortega’s small twist theorem to prove that the Poincaré map P has an invariant
closed curve, if € is sufficiently small. The earlier result was due to Moser [11-13]. Later,
Orgeta [10] improved the previous results. Let us first recall the theorem in [10].
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Lemma 6 (Ortega’s Theorem) Let A = St x [a, b] be a finite cylinder with universal cover
A =R X [a,b]. The coordinate in A is denoted by (t,v). Consider the map

f:A—>SxR.

We assume that the map has the intersection property. Suppose that f : A - R x R,
(to,v0) = (11, 1) is a lift of f and it has the form

71 = Tg + 2N7 + 801(70, Vo) + 8£1(70, Vo),

- (2.15)
V1 = Vg + 812 (7o, vo) + 882(70, Vo),

where N is an integer, § € (0,1) is a parameter. The functions b, ly, g1, and g, satisfy

al
LeCYA),  hL(tov0)>0, —(t0,0)>0,  ¥(to,v0) €A,
dvo (2.16)

12('¢ ')»5’1(': '16)’§2(" '¢E) € CS(A)

In addition, we assume that there is a function I : A — R satisfying

ol
I e C%A), B—(ro, Vo) >0, V(to,v0) €A (2.17)
Vo
and
ol ol
L(to, v0) - — (70, Vo) + la(T0, Vo) - —(T0,v0) =0, V(70,10) € A. (2.18)
810 avo

Moreover, suppose that there are two numbers & and b such that a <a < b < b and

(@) < In(@) < I(@) < Ly(B) < Iy (B) < L,y (b) (2.19)
where
Iy (r) = maxI(po, o), 1u(r) = minI(po, 7o)
pest pest

Then there exist € >0 and A > 0 such that, if § < A and

||§1('y ) 6) ||C5(A) + ”gZ() ) 6) ” CS(A) <E€,
the mapping f has an invariant curve in T 4. The constant € is independent of §.

We make the ansatz that the solution of (2.14) with the initial condition (£(0), p(0)) =
(to, po) is of the form

t=ty+0 +€"%(to, po,0;€), p = po + €7y (to, po, b5 €).
Then the Poincaré map of (2.14) is

Pty =to+2m + €7 (t, po, 2775 €), p1 = po + €7 y(to, po, 275 €). (2.20)
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The functions X; and X, satisfy

1 =2me [V 05 (9,672 p) (g(x)p(t) - Fu(x(6, €72 p), 1)) df
+ €9 -1 [f 3[\’2 (9 6_2p)d9,

0 BH (2.21)
¥y = 2mwe®t! fo G(x(0,€72p))p'(t) — Fi(x(8,€72p), 1) db
10 9R -2
- [y 520,e7%p)do,
where t =ty + 6 + €%, p = pg + €7*%,. By Lemmas 1 and 3, we know that
|21 + 3] < C  for6 €[0,27]. (2.22)
Moreover we can prove that
1, 2p € Og(1). (2.23)

Lemma 7 The following estimates hold:
G(x(0,€7%p)) - G(x(0,€ % po)) € € **O6(1),
a ad
g(x(@,e’zp))—x —g(x(0, 6_2,00))8—;_; € €2204(1).

Proof We only consider x > 0, since the case x < 0 can be proved similarly.
Let

A(E =0, po,0) = G{x(0, 20)) ~ G{x(6, " 200))

1
- / g(x(0,€2po +5€779%,))
0

0x

aH(Ge 0o + S€ 1“22) ey ds.

By (6), Lemma 2 and (2.21), we have

NIR

At ———0,00,0)| < C- (€ 2p0 + s € 2p0 +5€174%, %6_1’“22
| | =C (e o) (€7 )

H

<C- (e p0+se1"‘):2) 2 ¢l

IA
Q

Taking the derivative with respect to py in both sides of A(t — ——, po,0), we have

A 1 gx 1+sel™@222 o 92 1+sea22
— = f |:g/(x)_ 9po hadd —1 azz +g(X) 9p0 1—0122
0

900 oH €2 BH €2
dx 0%
rg) e ds
OH 9pg
Similar to the estimates of |A| and noticing |A| < C - €72%, we have

0A o
— | < C-e7".
dpo

Page 10 of 15
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n . .
%pﬁ , n > 2. By direct calculation, we have

Now we will estimate

A L 9%k PR 9%k
_ f 8 9 7o ds, (224)
0

ap” 8p):fk1 ’ ap):/kz ’ ap):fk3

d

where ® = €7 17%%,, Yjy=1,n>2,k=1,2,...,n,[ = 1,2,3. For estimating a’;ﬁ, we need

the estimates of xy and g(x).

We firstly give the estimates of x. By direct calculation, we get

xy  _0Fglx) 91w %W
dpn T OHK  9ph  dpi’

(2.25)

- —1— > . .
where W = €72 + s¢ 1“%,n21,k+l1+---+zk=n.

. g B>
Since W = €72 + se7! “d(a—pz),wehave

W w\*
V<C-e? 0 <C- il , T>1 (2.26)
ap* ap

By (2.25) and (2.26), we have

0"xy <C. 9"g(x)
ap" dH"

(\Il)n < C. E1+2n . (6—2)11 -C-e. (2'27)

We now give the estimates of g(x). By (6'), (2.26), (2.27), and Lemma 1, we have

ag(x)
ap

gx)<C-€, =gd@)ay¥ <C-e"™.e.e*<C-e

We suppose that the following inequality holds:

n-1
0" gl _
apn—l -

C-e% n>1 (2.28)

By direct calculation, we have

3"g(x) - Vig(x) xy BV
pr T aph dp2  dpis’

(2.29)

where j; > 0, j1 + j» +j3 = n— 1. By the estimates of ¥ (2.26), the estimates of xy; (2.27) and

(2.28), (2.29), we have

C-el™®.e.e?2=C-e“ (2.30)

IA

Since we have the estimates of ¥, xp, and g(x), now we can give the estimates of %::ﬁ. By
(2.26), (2.27), (2.30), and (2.24), we have the estimate of A:

9"A 1 0Tng(x) 0Ykxy YD
dp" 2/0 dpZin ’ dpTik2 ' 9p ks 5
<C.-e%.¢.el@

— 6—2017
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which means that
G(x(@,e_zp)) - G(x(@,e_zpo)) € e 04(1).

The estimates for 2% (0, €72 p)g(x(60, € 2p)) — 22(0, €72 po)g(x(6, € 2 po)) follow from a simi-
lar argument, and we omit it here. Thus Lemma 7 is proved. O

Now we turn to giving an asymptotic expression of the Poincaré map of (2.13), that is,
we study the behavior of the functions ¥; and ¥, at 6 = 27 as € — 0.

In order to estimate X; and X, we introduce the following definition and lemma. Let
©®, (1) be the subset of the interval [0,27] such that 6 € ©,(I), x(8,1) > 0 and ©_(I) satis-
fies 6 € ®_(I), x(0,1) < 0. By (2.3) and (2.4), similar to the computation in [6], there is a
function n € €0¢(1) such that T_(k) = T_(%) = 21(to, po, Bo; €). By the definition of ®, and

©®_, we have
measure ®_ =27, measure ®, =2 — 27. (2.31)

Moreover we will use the following lemma.

Lemma 8 ([6, Lemma 4.1]) For 6 € ©.(l), the function x has the following expression:

x(0,1) = 2\/Zsin<€ - T_—(h)> + \/ZX(G - T_—(h)J),
b4 2 4 b4 4

and

6
lim
I—+o0
k=1

153 (8—k (x(@,l) - 2\/Zsin(€ - —T_(h)>>>’ =0
oIk bid 2 4

Now we can give the estimates of X; and X,.

Lemma 9

o

a-1 2 0
1 (to, po,27;€) = —2"‘”71%,002 / sin 3 p(to +0)do + 06(1),
0

sin —
2

o

P (to+0)do + o0g(1).

2w
1 atl
2o (to, po, 25€) = =227 2 p,? sin 2
0

a+l

sin —
2
Proof Firstly we consider ;. By Lemmas 4, 7, and (2.21), we have

%1 (to, po, 275 €)

oH

oH
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+ El_a 06(1)

= —27re°"1f® 38—;;(9,6’2p0)(g(x(6,e’zp))p(to +0) = F(x(0,€ o), t)) db

_Zne“‘I/(; z?TQ_C[(9,6’2,00)(g(x(@,e‘z,o))p(l,‘o +0) = F(x(0,€ o), t)) db

+ €7 04(1).

By Lemma 1, we know that when x € ®_

x((@,e_zpo)) € O4(1), 2?79—61 (9,6_2,00) € €204(1). (2.32)

By (2.32) and (6'), we have

ox

3H (9, 6_2,00) (|x|°‘p(t0 +0) - Fx(x(Q, 6_2,00), t)) do

1 (to, po, 275 €) = —27re°“1/
@)
+ €7 04(1).

By Lemma 8, we have

€ 0
%1 (to, po, 215 €) = —Zne"“l/ [ sin(— _ E)]
0, LA/ PoTT 2 4

. |:2<€1\/gsin(g - Z)):rp(to +0)do +€%04(1)

S| 0 ¢
_ oy 0 f sin Dlto +0)d + 06(1)
(O

sin —
2

o

a+l 152 %4 2 . 0 .
=-2""72 p, sin 3 sin 3 plto +0)do + 06(1).
0

Now we consider X:
2w 2w
¥y = 2716‘“1/ G(x(0,€7%p))p (t)do - 2716"‘”[ Fi(x(0,€%p),t) do
0 0

2w
— et /(; % (9, 6_2,0) do.

By (6'), Lemmas 4 and 7, and noticing that

F(x,t
lim M:0,

x—>+o0 |g|et]

we have

2
3y = 2716‘“1/ |x(9,e_2,00)|ax(9,6_2po)p’(to +0) +06(1)
0

= 2716‘”1/ |x(9,6’2p0)‘ax(G,e’z,oo)p/(to +0)
o,

+2mett / |%(0,€7200)|“x(0, €% p0)p (to + 0) + 06(1).
.
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By Lemmas 1, 8, and (2.32)

¥, = 2wet ‘x(&,e_zpo) ’ax(e,e_zpo)p’(to +0)+06(1)
o,

0
:2716‘“1/ <2€_1 /@Sin(——ﬁ)>
0, T 2 4
o
-|2¢e7! /@sin Q—E
T 2 4

P (6)dO + 06(1)
atl

l-a . 0
=227 p? sin —
0, 2

2
1o ol . 0
= 2277 p? / sin —
0 2

sin 3 P(to +0)do +06(1)

o

P to+0)do + og(1).

sin —
2

Let

o

plto +0)do,

o el 2w 0
W (Zo, po) = —2(“17717,002 sin 2
0

2
la il .
Walto,p0) = 277 T [ sing
0

sin —
2

o

Pt +0)do.

sin —
2

Then there are two functions ¢; and ¢, such that the Poincaré map of (2.14), given by
(2.20), is of the form

P: ti=to+2m +€ " Wi(to, p0) + € “p1,  p1=po +e€ “Walto, po) + €' o,

where ¢1, ¢2 € 0¢ (1)
Note that p(¢) > 0,

oy,
U, <0, — > 0.
dpo
Let
_a+l
Po >

- fOZH sin %] sin &|*p(to + 0) de’

Then

oL oL
—— Wi(to, po) + — Wa(£o, o) = 0.
dto 9p0
The other assumptions of Ortega’s theorem are easily verified. Hence, there is an invari-
ant curve of P in the annulus (¢, po) € S! x [1.2], which implies the boundedness of our

original equation (1.5). Then Theorem 1 is proved. O
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