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Abstract

In this study, sliding velocity, pole lines, hodograph, and acceleration poles of
two-parameter Lorentzian homothetic motions at V(A, i) positions are obtained. By
defining two-parameter Lorentzian homothetic motion along a curve in Lorentzian
space L3, the theorems related to this motion and characterizations of the trajectory
surface are given.
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1 Introduction

To investigate the geometry of the motion of a line or a point in the motion of space is im-
portant in the study of space kinematics or spatial mechanisms or in physics. The geome-
try of such a motion of a point or line has a number of applications in geometric modeling
and model-bored manufacturing of mechanical products or in the design of robotic mo-
tion. These are specifically used to generate geometric models of shell-type objects and
thick surfaces [1-3].

Muller has introduced one- and two-parameter planar motions and obtained the re-
lations between absolute, relative, sliding velocity, and pole curves of these motions [4].
Moreover, two-parameter motions in three-dimensional space are defined by [5] and [6].
Lorentzian metric in three-dimensional Minkowski space L? is indefinite. In the theory of
relativity, the geometry of indefinite metric is very crucial. Thus, by taking a Lorentzian
plane L? instead of an Euclidean plane E?, Ergin [7] has introduced one-parameter pla-
nar motion in the Lorentzian plane. In [8] all one-parameter motions obtained from two-
parameter motion on the Lorentzian plane are investigated.

In this paper, firstly we introduce two-parameter homothetic motions in a Lorentzian
plane L2 and we calculate the pole points obtained from Lorentzian homothetic motion.
Additionally, we give some theorems and corollaries as regards these pole points. Simi-
larly, we calculate the acceleration poles of Lorentzian homothetic motions. By consid-
ering the above mentioned, we define two-parameter homothetic motion along a curve
in Lorentzian space L3 and we give the equation of the trajectory surfaces formed by
Lorentzian homothetic motions. Finally, we obtain the parametrizations of the trajectory
surfaces and give some examples for these trajectory surfaces.
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2 Two-parameter homothetic motions in Lorentzian plane

The Lorentzian homothetic motion is examined by
Y=hAX+C (2.1)

for h(X, u) # const. Also, there can be given some special results of (A, ) = (0,0) and
h(%, ).

Definition 2.1 In a Lorentzian plane, general two-parameter homothetic motion is de-
fined by

H - {cheu, w0 sheu,m} ﬂ . [a(x,m] 02)
2 shO(A, u) chO(,pm) ||y b(x, )

where (y1,7,) and (x,y) are coordinate functions of the fixed L'? plane and moving L?
planes, respectively. If A and p in C* are given by the differential functions of the time
parameter £, then homothetic motions M; are obtained and called homothetic motions
M obtained from homothetic motions Mj; on the Lorentzian plane.

Here, at the initial time (X, u) = (0,0) and 6(0,0) = a(0,0) = (0, 0) = (0,0), the coordi-
nate systems of the moving L? and fixed L' planes are congruent.

Theorem 2.1 The equation of the pole points of Lorentzian homothetic motions M ob-

tained from Lorentzian homothetic motions My on a moving plane is

(haf ch + hash® — hb6 shé — ibch6)x,

+ (hab sh + hach® — hbd ch6 — hbsh)y, =0, (2.3)
when |h| # |h6).
Proof By differentiating equation (2.2) with respect to ¢ and simplifying it, we obtain

_ —haf sh® — hach® + hb ch® + hbsho

Yp = 2 _ 1262 ’
) . .. .. (2.4)
B ha6 ch6 + hash6 — hb6 sh6 — hbcho
Ip = W2 _ 262 ’

After some routine calculations, the equation of the pole points (2.3) is obtained. The
pole points of Lorentzian homothetic motions M; obtained from Lorentzian homothetic

motions Mj; on a moving plane are given by

» (b6 —ha hif - hb
(e, p) = 2 — 1202 2 _ 1202
at the position of (A, ) = (0,0) and the equation of the pole points is

(haf — hb)x, — (hb6 — ha)y, = 0. (2.6)
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The pole points of Lorentzian homothetic motions M; obtained from Lorentzian homo-
thetic motions Mj; on a moving plane at the position of (A, ) = (0, 0) give the following
results. a

Corollary 2.1 If0(A, i) = const, then the pole points lie on the line
(I’l#b}\ - hkbﬂ)xp + (l’l)Jl,L - h,ﬂx)}’p = ﬂkbﬂ - (l,,,b)“ (27)
Corollary 2.2 Ifh(x, 1) # 0 is a constant, then the pole points lie on the line
1
(a,ﬂ)\ - aké)ﬂ)xp - (b,ﬂ)\ — b)\gﬂ)yp = z((l}hbﬂ - (lﬂb)\). (28)
Corollary 2.3 Ifh(x, ) = 1, then the pole points lie on the line
(a,ﬁ)\ - a,\Q,L)xp - (b,ﬁ)\ - bkeu)yp = d)hbﬂ - ﬂ/Lb)u [8] (29)

Theorem 2.2 The equation of the pole points of Lorentzian homothetic motions M ob-

tained from Lorentzian homothetic motions My on a fixed plane is
(haf — hb)x, — (hb6 — ha)y, = a(hab — hb) — b(hbb — ha), (2.10)
at the position of A = u = 0 and when A #|hb)|.

Proof By taking P(x,,7,) in equation (2.1), we have the pole points

(2.11)

Bz 5 (1B —hha Wb —hnb
(% p) = 2 _ 262 ta, 02 _ 262 +

and the equation of the pole points (2.10) is obtained. The pole points of Lorentzian ho-
mothetic motions M; obtained from Lorentzian homothetic motions Mj; on a fixed plane
at the position of (1, ) = (0, 0) give the following results. O

Corollary 2.4 On the fixed plane 6(X, i) = const, the pole points lie on the line
(I’l#b}\ - hAbM)J_Cp + (hkﬂu - ]’l“ﬂ)\)}_/p = h(dAb# — ﬂubx). (212)

Corollary 2.5 As a special case in Corollary 2.4, if h(:, i) = 1, the pole points of the fixed
and moving planes are congruent.

Corollary 2.6 Ifh(x, i) # 0 is constant, the pole points of fixed planes lie on the line equa-
tion (2.9) [8].

Corollary 2.7 As a special case in Corollary 2.2, if h(A, ) = 1, the pole points of moving
planes are congurent to pole lines of fixed plane in Corollary 2.6.

If the pole points of Lorentzian homothetic motions M; obtained from Lorentzian ho-
mothetic motions My are chosen y axis, then x, = 0 at the position of A = 4 = 0. Hence,
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we have

a

J’p:_%-

Therefore, there is a relation between the pole lines of the fixed plane and the pole lines

of a moving plane as follows:
Yp = Myp-
Now, we investigate the sliding velocity \_/J)r = (y1,72) of any points B(x,y) at the position
of A = u = 0. Equation (2.2) is derived with respect to ¢ and with the position of A = u =0,

we have

ylzhx+héy+d,

. . . (2.13)
Y2 = hy + hOx + b.
Thus, the sliding velocity is obtained as follows:
Vi = (hx + hOy + a,hy + hbx + b). (2.14)

Theorem 2.3 In Lorentzian homothetic motions M; obtained from Lorentzian homothetic
motions My, let y-axis be the pole axis at the position of A = u = 0. Then, the relation
between the pole ray going from the pole point P(x,,y,) to the point B(x,y) and the sliding
velocity \_/} of the point B(x,y) is

(V;, PB), = h(x* - ) - 2by - = (2.15)

Proof By reason of the fact that the pole axis is an y-axis, we have (x,,y,) = (0, —%) and
PB-= (v, y+ %) from equation (2.5). Then it is seen that
(1_/},ITZ§)L = <(hx +hBy + a, hy + hbx + b), (x,y + %>>
L
ab

= h(x* = 9%) = 2by - —.
(" =) =26y - O

Corollary 2.8 Ifh(x, () is a constant never vanishing and the pole axis is the y-axis, then
the pole ray and the sliding velocity \—/} are perpendicular [8].

Theorem 2.4 The length of the sliding velocity vector of Lorentzian homothetic motions

M obtained from Lorentzian homothetic motion My is

- . O
Vil =/ |2 — h262||PB]|, (2.16)

at the position of each (A, ).


http://www.advancesindifferenceequations.com/content/2014/1/42

Celik et al. Advances in Difference Equations 2014, 2014:42 Page 5 of 20
http://www.advancesindifferenceequations.com/content/2014/1/42

_
Proof Substituting the differentiation of C given in equation (2.1) into V;, we get

= ((1ch6 + h6 sh6)(x - x,) + (sh6 + h6 chO)(y - y,)
77 \(sh + hé ch0)(x - x,) + (rch® + K shO)(y - y,) |

Then, the length of the sliding velocity vector \_/} is obtained. O
— L=
Corollary 2.9 Ifh(k, p) =1, then we obtain || V¢ |, = 10| PB||, [8].

Theorem 2.5 For all Lorentzian homothetic motions M; obtained from Lorentzian homo-

thetic motions My, let  be angle between the pole ray going from the pole point P to the
_

point B and the sliding velocity vector Vy. Then we have the relation

Jichf + hO sho
ch (b, pt) = — L (2.17)

| 2 _ h29’2|
at the position of each (A, 11).

Proof There is the following relation between the pole ray PB= (x — %,y — ¥p) and sliding
velocity vector \—/}:

(PB,V}) = (.ch® + hf) sh0) | PB|1%.

On the other hand,

- — = =
(PB, Vi) = =IIVFIILIPBllL chyr (&, ).

From the equality of the last two equations, we obtain equation (2.17). g

Corollary 2.10 Ifh(x, 1) # 0 is constant, then we obtain
WO ) = % +00uw), 6=2%kr(k=0,1,..) [8].

Definition 2.2 When the sliding velocity vectors of a fixed point are carried to the initial
point, without changing the directions, then the locus of the end points of these vectors
is a curve called a hodograph.

Now we investigate any (x,y) points of the locus of the hodographs in all Lorentzian
homothetic motions M; obtained from Lorentzian homothetic motion M, according to
the position of A and . For this let 1> — A2 = 1. By taking the derivatives with respect to ¢
of equation (2.2), we have

91 = (hyech6 + hyysh6 + h6, xsh6 + hb;ych6 + a)h
+ (hyxch® + h,ysho + h6,xshé + hb,ych6 +a, ),
. (2.18)
¥ = (hyxsh6 + h ych6 + hB,xch6 + ho, yshO + by)A

+ (h,xsh€ + hyych6 + ho,xchb + h6, ysho + b,) .
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Let us investigate the solution of the last equation system by taking (1, 1) = (0, 0) for sim-
plicity. From equation (2.18), we find

detA = h(ac2 —yz)(hwu —hu6,) + hx(a, 0, — a,6,) — hy(b,6,, — b,.6,)
+ x(h)\bﬂ - hub)\) _y(hkﬂ;L - huﬂk) + (l)\bu - Ilu_b)L,
that is,

[hzx2 (Qf - 93) +9° (hi - hi) +2hxy(h,0;, — h,0,,) + 2hx(b,0), — b,6,,)
+2y(.by. — hyby) + (b5 - bi)]y% +[#? (15 - hi) + Iy (07 - 95)
+ ZI/L?CJ/(I’Z)LG)L - h,ﬁ“) + 296(1’1)\61)L — hll-all) + Zhy(ﬂﬁx - ﬂp.ep,) + (ﬂi - ﬂi)]y%
- 2[h(x2 +y2)(hA9,\ —h,0,)+ xy(hi - hi +h? (6’)\2 - 95)) + hx(a)6; — a,.6,)
+hy(b,6, — b,0,) + x(h, b, — h,b,) +y(h,a;, — hya,)+a, b, — zzﬂbu]jzljlz

= (det A)2. (2.19)

Finally, if we find the values of A and / and substitute these values into the equation /1? —
A2 =1, and the following theorem is found.

Theorem 2.6 In all Lorentzian homothetic motions M; obtained from Lorentzian homo-
thetic motions My, the locus of the hodograph is a hyperbola at the position of . = i = 0.

Proof Setting A = = 0 in equation (2.19) and taking into consideration the general conic
form, we can say that

Ax* + 2Bxy + Cy* + 2Dx + 2Ey + F = 0

and
2
det A B _ h(x2 -'-‘)12)(]/1)\9)L - h,ﬂﬂ) + hx(m@u - Ll,LQ)L) + hy(bw” - b;tek) <0
B C —y(h)hﬂu - h,,’(l)L) + x(h;‘b,t - h;tbk) + (leb# - (l,,’b)h) '
That is, the locus of the hodograph is a hyperbola. 0

3 The acceleration pole of the homothetic motions

Now we will investigate the locus of the points which have zero sliding acceleration. So,
we need to solve the equation (hA + hA + 2A)X + C = 0. The solution of this equation
gives the coordinates of the acceleration pole points. From this we get

G(=hchO — hb?chO — hd sho — 246 sh6) + b(iish + h62 shO + hfi ch 6 + 240 ch )

v = (i + h62)? — (206 + hD? ’ o)
o G(1shO + hO% sh6 + hf ch® + 2i0 ch6) + b(=hch — h62 ch§ — hd shO — 246 sh6) .
Y= (i + h62)2 — (27 + Y2 '
Thus, for A = = 0, the acceleration pole points are given by
2hb6 — hii + h(b6 — 36%) 2hab — hb + h(Gb — b6?)
P(xip,y,'p) = -~ < Ty ) e v T m . (32)
(h+h6%)2 — (2h0 + hO)? " (h + ho?)? — (2h6 + h6)?
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Theorem 3.1 The equation of the acceleration poles of the Lorentzian homothetic motions
M obtained from Lorentzian homothetic motions My on the moving plane is

(hidfl — hb)xy, — (hbé — hid)y,, = 0 (3.3)
at position ) = j = A = 1 = 0 and when | + h6?| 7/|2hé + o).

Proof Setting A = = A=/=0in equation (3.1) gives us the desired equation. Therefore,
we can give the following corollaries at the position of (1, ) = (0, 0). a

Corollary 3.1 The acceleration pole points on the moving plane lie on the line given by
equation (2.7) if O(A, u) is constant.

Corollary 3.2 The acceleration pole points on the moving plane lie on the line given by
equation (2.8) if h(A, ) # 0 is constant.

Corollary 3.3 The acceleration pole points on the moving plane lie on the line given by
equation (2.9) if h(h, 1) =1, [8].

Corollary 3.4 If h(A, u) # 0 is constant, the pole line on the moving planes obtained from
Corollary 2.2 and the acceleration pole line on the moving planes obtained from Corol-

lary 3.2 are congruent [8].

Theorem 3.2 The equation of the acceleration pole points of the Lorentzian homothetic
motions M, obtained from Lorentzian homothetic motions My on the fixed plane is

(hidf — hb)x;, — (Wb — hid)y;, = 0 (3.4)
at position ) = . = A = 1 = 0 and when | + h6?| #|2hé + o).

Proof If we substitute the acceleration pole points into equation (2.1), we find

, 20b6 — hii + h(bd — 46> 20 — hb + h(G6 — b>
P(xip;yip) = ( ( ) h ( ) b) (35)

Xins Y = : — — +ta,h— : — — +
(h + h62)2 — (2h0 + hH)? (h + h62)2 — (2h0 + h6)>

If we take A = 4 = A = /1 = 0 in the last equation, we have equation (3.4).
So, we can give the following corollaries at the position of A = = A = /1 = 0. O

Corollary 3.5 The acceleration pole points on the fixed plane lie on the line given by equa-
tion (2.12) if 6(X, ) is constant.

Corollary 3.6 As a special case, if h(A, ) =1 and 0(©, 1) is constant, the acceleration
pole points on the moving plane and the acceleration pole points on the fixed plane are
congruent.

Corollary 3.7 The acceleration pole points on the fixed plane lie on the line given by equa-
tion (2.9) if h(A, n) # 0 is constant.
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Corollary 3.8 If h(x, ) =1 the acceleration pole line of a moving plane obtained from
Corollary 3.2 and the acceleration pole line of a fixed plane obtained from Corollary 3.5

are congruent.

Corollary 3.9 Asisseen from Corollaries 2.4, 3.5 and 2.6, 3.7, the pole line of a fixed plane
and the acceleration pole line of a fixed plane are congruent.

4 Two-parameter homothetic motion along a curve in Lorentzian space
In this section, we define two-parameter homothetic motion along a curve in a Lorentzian
space and obtain the characterization of the same trajectory surface.

Let L3 be a Lorentz 3-space endowed with a Lorentzian inner product (, ); of signa-
ture (-, +,+). A vector X = (x1,%,x3) of L? is said to be timelike if (X,X); < 0, spacelike if
(%,%); > 0 and lightlike (or null) if (X,%); = 0. The set of all vectors x such that (¥,%); = 0
is called the lightlike (or null) cone and is denoted by I'". The norm of a vector ¥ is defined
to be || x| = \/m . The Lorentz vector product of the vector ¥ and y is defined by

XALY = (X2)3 — X3Y2, X1)3 — K31, X201 — X1)2). (4.1)
This yields
ej N\ ey =—e3, e, AL €3 = e, e3N\pe = —ey,

where ), é,, &3 are the basis of the space L3 [9]. Semi-orthogonal matrices provide a rota-
tion by the angle (hyperbolic) ¢ around the vector w. The shape of the matrix depends on
the type of the vector w as seen in [10].

Let w(s) = (w1(s), wa(s), w3(s)) be spacelike (or timelike) vector which is a differentiable
function with respect to s € R, a vector-valued function. Accordingly, there is a unique €2
semi-skew symmetric matrix

0 w3 —Wy
QeR}, QT=-¢Qs, Q=|ws 0 -w

—Wy Wi 0

Q@1,3) = 10 0
wi;eR, e=]10 1 0
0 0 1

for all Vs € I C R satisfying the following equality:

Q(s)P(s) = w(s) AL p(s) (4.2)
for w(s) and p € L?, where p(s) and P indicate the position vector and the matrix form of
the point.

i. If w(s) is a spacelike vector

Ai(s,8) =1+ (sh)Q + (=1 + ch£) Q2. (4.3)
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ii. If w(s) is a timelike vector
As(s,8) =1 + (sint)2 + (1 — cos £)2? (4.4)
is the orthogonal matrix defined via the semi-skew symmetric matrices Q(s)
corresponding to the vector w(s) = (wi(s), wa(s), ws(s)) [10].
Therefore, from equations (4.3) and (4.4), we get
Ai(s,)p = Ai(s,0)P = [I + (sht)Q + (-1 + ch£)Q* P (4.5)
and
As(s,0)p = Ax(s, )P = [I + (sin)Q + (1 - cos t)SZz]P. (4.6)

-

Also, since QP = w Az pand w AL (W AL p) = (W, p)Lw — (W, W) p by using equations (4.3)
and (4.4), we obtain

Ai(s,t)p=pcht+ (w,p)yw(l —cht) + (WAL p)sht (4.7)
and
Ay(s,t)p = pcost — (W, p) w(l —cost) + (WAL p)sint. (4.8)

Definition 4.1 The two-parameter homothetic motion in a Lorenzian space along the
curve «(s) is defined by

(s, 1) = (s, t)Ara(s, t)p + ().
Let {T,N, B} be the Frenet frame of the curve « of the point p. The trajectory ¢(s, £)(p) of

the point p is a surface. The equation of this surface is as follows.
i. If w(s) is a spacelike vector, then from equations (4.3) and (4.7), we have

01(5,0)(p) = h(s,t)[pcht + (T, p)r T(L - chet) + (T Ap p)sht] + a(s). (4.9)
ii. If w(s) is a timelike vector, then from equations (4.4) and (4.8), we have
02 (s,8)(p) = h(s, t) [facos t—(T D)L T -cost) + (T AL p)sin t] +als). (4.10)
If we calculate the normals of these surfaces, there are two states depending on whether
we have the timelike and spacelike cases.
1. If a(s) is a spacelike curve, then the tangent Tisa spacelike and we have the following

cases.

(a) N is a timelike and B is spacelike. Since the Frenet formulas are

T/ = kIK[, N/ = klj:' + kzé, B/ = /(QK[
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then from equation (4.9) we get

o1(s,8) = (s, O)[peht + (T,p) T - che) + (T AL p)sht]

+ h(s, t)[sh tp +ch T AL p)—sh t(%jﬁ)L%]
and

o15(s,8) = hy(s,O)[peht + (T,p). T(A - cho) + (T A p)sht]

+his, O[shtky(N AL D) + (L= ch )k (N,B). T + (1 - ch (T, ) faN] + T
If we take p = AN, then

©1:(s,£) = (hzA cht + kA sh t)K[ + (hAshit + hAch t)l_é,

15(s,8) = [~hkar(L = ch£) + 1] T + hgh ch¢N + hh. sheB.

Hence, the normal of the surface drawn by the trajectory of the points p is

T -N B
Q15 AL @1 = |—hkiA(1—chi) +1 hghcht hsAsht
0 hiacht+hisht hasht+hicht

o1 AL @i = [=hsnA2]T + [hkar(hy st + hehg)(che = 1) + hasht + hich£]N

+ [hkl)»z(ht cht+hsht)(cht—1)+ hAcht+ hish t]é

If h(s, t) is a constant that is never vanishing, then the normal of this surface is in a normal
plane which is perpendicular to the tangent vector field of the curve a(s).

Corollary 4.1 Ifthe principal normal vector of the curve is timelike at two-parameter mo-
tion which is obtained by Ay(s, t) in L3,

(@15 AL Q16 P15 AL P16)L

= 2[W2K232 + (1 + hkia(ch e —1))* = (1 + hkiA(cht - 1)),
in this expression, if h(s,t) is a constant other than zero,
(@15 AL @16 @15 AL 1) = =B 2> (1 + hkyA(ch £ — 1))2 <0,

and the geometric position of the selected point p which is over a principal normal vector
of the « spacelike curve is a spacelike surface.

(b) Nis spacelike and B is timelike. Since the Frenet formulas are

T/ = kIK[, N/ = —k1T+ kzé, E/ = kzN

Page 10 of 20
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then from equation (4.9) we get

ou(s,8) = hy(s,O)[peht + (T,p) T - che) + (T AL p)sht]

+ ks, t)[shtfj +ch(T ALD) - sht(T,ﬁ)LT]
and

o15(s,8) = hy(s,O)[peht + (T,p) T - che) + (T A p)sht]

+h(s,)[sh thy(N AL p) + (1= cht)ky (N, ), T + (1 - che)(T rﬁ)Lle[] +T.
If we take p = AN, then

o1(s, t) = (hyAcht + hdsh t)]([ — (A sht + kA ch t)é,

@15(s,8) = [BkiA(1 = ch ) + 1]T + hgh chtN — hA shtB.

Hence, the normal of the surface drawn by the trajectory of the points p is

T N -B
@15 AL @11 = |hkiA(1 —chi) +1 hsh.cht —hgdsht
0 h.cht+hisht —hAsht—hicht

O1s AL Q11 = [—hsh)»2] T+ [hklkz(ht sht+hcht)(1—cht) + hdsht+ hich t]]([

— [Mkia2 (b, cht + hshe)(1 - che) + hehcht + hashe]B.

Corollary 4.2 If a binormal vector of the curve is timelike a two-parameter motion is ob-
tained by A, (s, t) in L3,

(@15 AL P16y P15 AL Pre)L

= R2[I2120% = 2 (1 + hki(1 - ch8))” + 12 (1 + k(1 - ch8)?],
in this expression, if h(s,t) is a constant other than zero,
2452 2
(@15 AL @16 @15 AL 1) = WA (1 + hkqA(cht - 1)) > 0,

the geometric position of the selected point p which is over a principal binormal vector of
the a spacelike curve is a timelike surface.

2. If a(s) is a timelike curve, then the tangent T is timelike and we have the following
case.

N and B are both spacelike. Since the Frenet formulas are

T/ = kIK[, N/ = klj:' + kzé, B/ = —kzN
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then from equation (4.10) we get

©a:(s,8) = hy(s, t)[ﬁcost + (T,ﬁ)L%(l _cost) + (T AL p)sin t]

+ ks, t)[—fasint— (T,fa)LTsint +(T AL P) cos t]
and

©a5(s,t) = hy(s, t)[fo' coSt + (T,Z))L T -cost) + (T AL p)sin t]

+h(s,t) [lq sint(N Az p) — (1 — cos )k, (K[rl_é)L% —(1-cos t)<%’i7>Lk1K[] +T.
If we take p = AN, then

©2:(s,t) = (hgA cost — hA sin t)ﬂl + (hgAsint + hA cos t)E,

@2s(s,8) = [1 = hkyA(1 - cos £) ] T + hoh cos tN + hghsintB.

Hence, the normal of the surface drawn by the trajectory of the points p is

-T N B
@as AL Par = |1 + hkyA(cost —1) hsh cost hhsint
0 hihcost—hhsint  hAsint + hAicost

Qos AL Qo = [hshkz] T- [hklkz(ht sint + hcost)(cost —1) + hAsint + hA cos t]ﬂ[

+ [hkiA* (hy cost — hsint)(cost — 1) + hghcost — kA sin t]f?.
Corollary 4.3 A two-parameter motion is obtained by Ay(s,t) in L3,

(@25 AL Q2ts P25 AL Q21) L

= 2 [-H2H?0% + (1 + hkd(cost — 1)) + W2 (1 + hkyi(cos £ — 1)) 7],
in this expression, if h(s,t) is a constant other than zero,
272 2
(925 AL 920,025 AL 020)1 = A2H (1 + kg A(cost - 1)) >0,

the geometric position of the selected point p which is over a principal binormal vector of

the o timelike curve is a timelike surface.

5 Parametrizations of trajectory surfaces
In this section, we find some parametrizations of the trajectory surfaces obtained from

two-parameter motions in a Lorentzian space.

Page 12 of 20
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y-axis

Figure 1 Spacelike homothetic cylinder.

5.1 Cylinder surface

5.1.1 afs) is spacelike

Assume that a(s) = (0,0,s) and p = (p1, p2, p3) € L3. Substituting these into equation (4.9),
we get

(s, £)(p) = (hp1cht + hpy sht, hp, cht + hpy shit, hps + 5).
As a special case, if p = (p1, p2,0), we obtain
(s, £)(p) = (hpy chit + hpy shit, hp, cht + hp; sht,s).
For p; = rsh@ and p; = rché, we get
(s, £)(p) = (hrsh@cht + hrchO sht,hrch6 cht + hrshf sht,s),
that is,
(s, t)(p) = (hr sh(@ + t), hrch(0 + t),s). (5.1)

Example 5.1 Let -1 <s<1, 27 < £,60 <27 and h(s,£) = s + sinfcost in equation (5.1),
then we can obtain the homothetic cylinder surface given in Figure 1.

Example 5.2 If we take /(s,£) = 1 in equation (5.1) the spacelike cylinder surface is ob-

tained as given in Figure 2.

5.1.2 «(s) is timelike
Assume that a(s) = (5,0,0) and p = (p1,p2,p3) € L. Substituting these into the equa-
tion (4.10), we get

©2(s,8)(p) = (hp1 + s, hpy cost — hps sint, hps cost + hp, sint).
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Z-axls

Figure 2 Spacelike cylinder.

As a special case, if p = (0, py, p3), we obtain
(s, £)(p) = (s, hpy cost — hps sint, hps cost + hp, sint).
For p; = rcosf and ps = rsin6, we get
(s, £)(p) = (s, hrcos @ cost — hrsinf sint, hrsinf cos t + hrcos 6 sint),
that is
@(s,8)(p) = (s, hrcos(0 + 1), hrsin(@ + ). (5.2)

Example5.3 Let-1<s<1,0<¢0 <mand k(s,t) = s+sintcos t in the equation (5.2), then
we can obtain the homothetic cylinder surface given in Figure 3.

Example 5.4 Ifwe take /(s, t) = 1in equation (5.2) the timelike cylinder surface is obtained
as given in Figure 4.

5.2 Hyperboloid surface
5.2.1 afs) is spacelike
Let a(s) = (0,0,s) and p(s) = (1, s, 0); substituting these into equation (4.9), we get

(s, t)(p) = (hcht — hsshe, hscht + hsht,s). (5.3)

Example 5.5 Inequation (5.3) if -4 <s<4, —w <t <7 and (s, £) = s + sin£cost are given,
then a spacelike homothetic hyperboloid surface is obtained as given in Figure 5.

Example 5.6 In equation (5.3) if /(s, £) = 1 is taken, then a spacelike hyperboloid surface
is obtained as given by Figure 6.
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Z-axis

y-axis

Figure 3 Timelike homothetic cylinder.

Z-axis

Figure 4 Timelike cylinder.

-400

=200

Z-axls

: H-aXls
100 180 200 S 10

Figure 5 Spacelike homothetic hyperboloid.
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Z-axIs

Figure 6 Spacelike hyperboloid.

2

Z-3xls
o

Figure 7 Timelike homothetic hyperboloid.

5.2.2 als) is timelike
Let «(s) = (0,0,s) and p(s) = (1, s, 0); substituting these into equation (4.10), we get

@2(s,£)(p) = (h + s, hscos t, hssint). (5.4)

Example 5.7 Inequation (5.4) if -4 <s <4, - <t < and h(s,£) = s+ sin£cos ¢ are given,
then a timelike homothetic hyperboloid surface is obtained as given in Figure 7.

Example 5.8 In equation (5.4) if (s, £) = 1 is taken, then a timelike hyperboloid surface is
obtained as given in Figure 8.

5.3 Tor surface

5.3.1 «(s) is spacelike

Let T be spacelike, N timelike and B spacelike. Let the curve «(s) = (rsinf,rcos6,0) be a
Lorentz circle with radius r on the xy-plane. Then the Frenet frame of the curve «(s) at
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z-axis

Figure 8 Timelike hyperboloid.

Z-axls

X-axis -100 500

Figure 9 Spacelike homothetic tor surface.

the point p is
T = (shs,chs,0), N =(chs,shs,0),  B=(0,0,-1)

and for p = AN, substituting these equations into equation (4.9), we obtain an equation of

the tor surface as follows:
(s, t)(p) = (chs[r + hAcht],shs[r+ hAicht],—hAsh t). (5.5)

Example 5.9 In equation (5.5) if -7 < s,¢ < 7w and (s, £) = s + sinfcost are given, then a

spacelike homothetic tor surface is obtained as drawn in Figure 9.

Example 5.10 In equation (5.5) if /(s, t) = 1 is taken, then a spacelike tor surface is ob-

tained as drawn in Figure 10.
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Z-axnis

X-axis 200 150

Figure 10 Spacelike tor surface.
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-100

y-axis B0 50 anis

Figure 11 Timelike homothetic tor surface.

5.3.2 «a(s) is timelike
Let the curve a(s) = (rsin6,rcos6,0) be a Lorentz circle with radius » on the xy-plane.

Then, the Frenet frame of the curve «(s) at the point p is
T =(chs,shs,0), N =(shs,chs,0),  B=(0,0,1)

and for p = AN, substituting these equations into equation (4.10), we obtain an equation
of the tor surface as follows:

©a(s, ) (p) = (shs[r + hAcost],chs[r + hAcost], kA sin t), (5.6)

Example 5.11 In equation (5.6) if - < s,¢ <7 and A(s,£) = s + sinfcost are given, then a

timelike homothetic tor surface is obtained as drawn in Figure 11.
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Z-axls

Figure 12 Timelike tor surface.

Example 5.12 Inequation (5.6) if i(s, t) = 1 is taken, then a timelike tor surface is obtained
as drawn in Figure 12.

6 Conclusion
The results we have presented deal with Lorentzian homothetic motions in which the posi-
tion of the moving object depends on two parameters. The hodographs of two-parameter
Lorentzian homothetic motions were obtained. A hodograph is the locus of the end points
of the velocity of a particle and it is the solution of the first order equation which is New-
ton’s Law. The locus of the hodograph of a Lorentzian homothetic motion was found as a
hyperbola in this study.

Also this paper deals with trajectory surfaces (cylinder, hyperboloid and tor surfaces)
generated by a point, the moving body, and figures of these surfaces were drawn by using
MATLAB software.
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