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Abstract

In this paper, under the assumption that the corresponding linear system is
approximately controllable, we obtain the approximate controllability of semilinear
fractional evolution systems in Hilbert spaces. The approximate controllability results
are proved by means of the Holder inequality, the Banach contraction mapping
principle, and the Schauder fixed point theorem. We also discuss the existence of
optimal controls for semilinear fractional controlled systems. Finally, an example is
also given to illustrate the applications of the main results.
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1 Introduction

During the past few decades, fractional differential equations have proved to be valuable
tools in the modeling of many phenomena in viscoelasticity, electrochemistry, control,
porous media, and electromagnetism, efc. Due to its tremendous scopes and applications,
several monographs have been devoted to the study of fractional differential equations;
see the monographs [1-5]. Controllability is a mathematical problem. Since approximately
controllable systems are considered to be more prevalent and very often approximate con-
trollability is completely adequate in applications, a considerable interest has been shown
in approximate controllability of control systems consisting of a linear and a nonlinear
part [6—10]. In addition, the problems associated with optimal controls for fractional sys-
tems in abstract spaces have been widely discussed [10-22]. Wang and Wei [23] obtained
the existence and uniqueness of the PC-mild solution for one order nonlinear integro-
differential impulsive differential equations with nonlocal conditions. Bragdi [24] estab-
lished exact controllability results for a class of nonlocal quasilinear differential inclusions
of fractional order in a Banach space. Machado et al. [25] considered the exact control-
lability for one order abstract impulsive mixed point-type functional integro-differential
equations with finite delay in a Banach space. Approximate controllability for one order
nonlinear evolution equations with monotone operators was attained in [26]. By the well-
known monotone iterative technique, Mu and Li [27] obtained existence and uniqueness
results for fractional evolution equations without mixed type operators in nonlinearity.
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Wang and Zhou [20] studied a class of fractional evolution equations of the following

type:

Dix(t) = —Ax(t) + f(t,x(t)), te[0,T],q€(0,1),
x(0) = xo,

where D7 is the Caputo fractional derivative of order 0 < g < 1, —A is the infinitesimal gen-
erator of a compact analytic semigroup of uniformly bounded linear operators. A suitable
a-mild solution of the semilinear fractional evolution equations is given, and the existence
and uniqueness of «-mild solutions are also proved. Then by inducing a control term, the
existence of an optimal pair of systems governed by a class of fractional evolution equa-
tions is also presented.

Mahmudov and Zorlu [6] considered the following semilinear fractional evolution sys-
tem:

CDIx(t) = —Ax(t) + Bu(t) + f(t, x(t), (Gx)(t)), te[0,T],
x(0) = xo,

where D is the Caputo fractional derivative of order 0 < g < 1, the state variable x takes
values in a Hilbert space X, A is the infinitesimal generator of a Cy-semigroup of bounded
operators on the Hilbert space X, the control function u is given in L2([0, T], U), U is a
Hilbert space, B is a bounded linear operator from U into X,,. (Gx)(t) := fot K(t,s)x(s)dsisa
Volterra integral operator. They studied the approximate controllability of the above con-
trolled system described by semilinear fractional integro-differential evolution equation
by the Schauder fixed point theorem. Very recently, Wang et al. [15] researched nonlocal
problems for fractional integro-differential equations via fractional operators and optimal
controls, and they obtained the existence of mild solutions and the existence of optimal
pairs of systems governed by fractional integro-differential equations with nonlocal con-
ditions. Subsequently, Ganesh et al. [7] presented the approximate controllability results
for fractional integro-differential equations studied in [15].

In this paper, we concern the following fractional semilinear integro-differential evolu-

tion equation with nonlocal initial conditions:

CDIx(t) = —Ax(t) + a(t)f (t,x(t), (Hx)(t)) + Bu(t), tel=]0,b),
(1.1)
x(0) = g(x) + x0 € X,

where D7 denotes the Caputo derivative, 0 < g < 1, the state variable x takes values in a
Hilbert space X with the norm || - || = /{-,-}, —A : D(A) — X is the infinitesimal generator
of a Cy-semigroup of uniformly bounded linear operators, that is, there exists M > 1 such
that | T(¢)|| <M forall ¢t > 0, a € L1([0, b], R*), p1 > 1. We denote by X,, a Hilbert space of
D(A%) equipped with norm ||x||, = [|A%x]|| = /{A%x, A%x) for all x € D(A%), which is equiv-
alent to the graph norm of A%, 0 < a < 1. The control function u is given in L%([0, b], L),
U is a Hilbert space, B is a bounded linear operator from U into X,. The Volterra integral
operator H is defined by (Hx)(¢) = fot h(t,s,x(s)) ds. The nonlinear term f and the nonlocal

term g will be specified later.
Here, it should be emphasized that no one has investigated the approximate controlla-
bility and further the existence of optimal controls for the fractional evolution system (1.1)
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in a Hilbert space, and this is the main motivation of this paper. The main objective of this
paper is to derive sufficient conditions for approximate controllability and existence of op-
timal controls for the abstract fractional equation (1.1). The considered system (1.1) is of
a more general form, with a coefficient function in front of the nonlinear term. Finally, an
example is also given to illustrate the applications of the theory. The previously reported
results in [6, 15, 20] are only the special cases of our research.

The rest of this paper is organized as follows. In Section 2, we present some necessary
preliminaries and lemmas. In Section 3, we prove the approximate controllability for the
system (1.1). In Section 4, we study the existence of optimal controls for the Bolza prob-
lem. At last, an example is given to demonstrate the effectiveness of the main results in

Section 5.

2 Preliminaries and lemmas

Unless otherwise specified, || - ||1r[0,5] represents the L7(I,R*) norm, 1 < p < oo, C(I,X,)

is a Banach space equipped with supnorm given by ||x||« = sup,; %]l for x € C(I,X,).
Let 0 € p(A), here p(A) is the resolvent set of A. Define

- _ L > a-1
A= I‘(a)/o 7T () dt. (2.1)

It follows that each A~ is an injective continuous endomorphism of X. So we can define
A% = (A~*)7!, which is a closed bijective linear operator in X. It can be shown that A% has
a dense domain and D(A?) C D(A%) for 0 < a < 8. Moreover, A“*Px = A“APx = APA%x,
x € D(A*) with u := max{«, B, o + B}, where A® = I, I is the identity in X. We have X5 < X,
for 0 < o < B (with X = X), and the embedding is continuous. Moreover, A* has the

following basic properties.

Lemma 2.1 (see [21]) A% and T(t) have the following properties:
(1) T@): X — X,, foreach t >0 and a > 0.
(2) A*T(t)x = T(t)A%x, for each x € D(A%) and t > 0.
(3) Foreveryt>0,A*T(t) is bounded in X, and there exists M, > 0 such that

|[A“T(@®)]| < Mat™. (2.2)

(4) A~ is a bounded linear operator for 0 < a <1, and there exists Cy > 0 such that
AT < C.

Definition 2.1 The fractional integral of order g with the lower limit zero for a function
f is defined as

1S
[qf(t)—ﬁq) ; md& t>0,q>0, (2.3)

provided that the right side is point-wise defined on [0, +00), where I'() is the gamma

function.
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Definition 2.2 The Riemann-Liouville derivative of the order g with the lower limit zero
for a function f : [0,00] — R can be written as

L 1 ar £ B
Df(¢) = T q) dr /0 —(t mp e ds, t>0,n-1<g<n. (2.4)

Definition 2.3 The Caputo derivative of the order g for a function f : [0,00] — R can be

written as
n-1 tk
Cpire) =Dl F(e) - —fP0)), t>0,n-1 ) 2.5
'f(£) £ gkrf (0) >0,n-l<q<n (2.5)
Remark 2.1

(1) Iff(¢) € C"[0,00), then

1 L) n-g f(n
Cqu(t)zr(n_q)/o (t—s)l—”’f‘ldszl qf( (1), t>0,n-1<g<n. (2.6)

(2) The Caputo derivative of a constant equals zero.
(3) Iff is an abstract function with values in X, then the integrals which appear in
Definitions 2.1, 2.2, and 2.3 are taken in Bochner’s sense.

Definition 2.4 A solution x € C(,X,,) is said to be a mild solution of the system (1.1), we
mean that for any u(-) € L2(I, U), the following integral equation holds:

x(t) = T(t) (%0 + gx)) + /0 (t - )T S(t - s)als)f (s,x(s), (Hx)(s)) ds

+ /t(t —8)77S(¢ - s)Buls)ds, tel, (2.7)
0
where
TO = / Oogq(e)T(tqe) do, S(t)=q f OOHSq(O)T(th) do, (2.8)
0 0
£,(0) = %19‘1‘%@(9‘%) >0, (2.9)
w4(0) = % ;(—1)”_16_’”’_1@ sin(nrq), 6 € (0,00), (2.10)

&, is a probability density function defined on (0, 00), that is,
oo
£,0)>0, 0e€(0,00) and / £,(0)do =1. (2.11)
0

Definition 2.5 The system (1.1) is said to be approximately controllable on [0,5] if
R(b,xo) = X,, that is, given an arbitrary & > 0, it is possible to steer from the point x,
to within a distance ¢ > 0 for all points in the state space X, at time b. Here R(b,xo) :=
{x(b; x0, 1) : u € L*([0,b], Uyq)}, R(b,x0) is called the reachable set of the system (1.1) at
terminal time b, x(b; xo, u) is the state value at terminal time b corresponding to the con-
trol u and the initial value x, m represents its closure in X,,.
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Denote

b
= / (b-s)T1S(b-$s)BB*S*(b —s)ds: Xy — Xq, (2.12)
0
R(e,T8) = (s1+T2) " :X, > X,, €50, (213)

where B* denotes the adjoint of B and V*(¢) is the adjoint of V/(£). Obviously, I’é’ is a linear
bounded operator. We define the following linear fractional control system:

(2.14)

CDx(t) = Ax(t) + Bu(t), tel=]0,b],
x(0) = xg € X,.

Lemma 2.2 (see [6]) The linear fractional control system (2.14) is approximately control-
lable on [0, b] if and only if eR(e, %) — 0 as e — O in the strong operator topology.

Lemma 2.3 (see [20]) The operators T and S have the following properties:
1) Forfixedt> 0,7 (t) and S(t) are linear and bounded operators, that is, for any x € X,

| T @] < Mill, |S@x] < mllxll (2.15)

(2) (T()t=0 and (S(t)):=0 are strongly continuous.
(3) Foreveryt>0,T(t) and S(t) are also compact if T(t) is compact.
(4) Foranyx e X, a €(0,1) and B € (0,1), we have

AS@t)x=AYPS(W)APx, tel,

MaqT"(2 - ) (2.6)

o —-agq
||A$(t)||_r( £, 0<t<b.

1+g(1-a))

(5) For fixed t > 0 and any x € Xy, we have

T @], <Mixlla, n&mm_r)nm (217)

(6) To(t) and Sy(t) are uniformly continuous, that is, for each fixed t > 0 and € > 0, there
exists h > 0 such that

| Tat + €)= To(0)|, <&, fort+e=0andle| <h,
(2.18)
||Sa(t+e)—8a(t)”u<£, fort+e>0andle| <h,

where
Ta(t) = / N £,0)T,(170)do,  S.(0)=q / N 0£,(0) T (t70) db. (2.19)
0 0

Lemma 2.4 (see [22]) For o €(0,1] and 0 < c; < ¢y we have |c] —cJ| < (c2 —¢1)°.

Lemma 2.5 (Schauder’s fixed point theorem) If B is a closed bounded and convex subset
of a Banach space X and Q : B— B is completely continuous, then Q has a fixed point in B.
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3 Approximate controllability

In this section, we impose the following assumptions:

(Hi1) f:1 x X, x X, — X is continuous and there exist m;, m, > 0 such that

If (& 20, 22) =&y 92) | < malloss =yl + M2l = y2las (3.1)

forallx;,y; € Xy,i=1,2,and t € I.
(Hy) h: A x X, — X,, there exists a function m(t,s) € C(A,R*) and

b
k* = sup/ m(t,s) ds < 00
0

tel

such that
”h(tys,x) - h(t, Sd/)”a S m(t’ S)”x _y”ou (3'2)

for each (¢,s) € A and x,y € X, where A = {(¢,5) € R?0 <s,t < b}.

(H3) g:C(,Xy) — X, is continuous and there exists a constant /, > 0 such that

lg) - g, < Lllx =yl (3.3)

for any x,y € C(I, Xy).
(Ha) The function 2, : I — R* defined by

Muql' (2 — )

0 =M+ R i —a)

IBlle sup ||B*S*(b - t)||Mbl,
0<t<b

r1-1

. Moql (2 — o) (my + k™) all o1 10,8) ( p1-1 ) O
[1l+q(1-a)) p+pilg-1)-1

t
(e 64
q—p—l—aq+1

satisfies 0 < Q.(¢) <1 for all ¢ € I, where max{pil, ’1;(17 Vj;;*‘"} <g<Ll

Theorem 3.1 Assume that conditions (Hy)-(Ha) are satisfied. In addition, the functions
f and g are bounded and the linear system (2.14) is approximately controllable on [0, D).

Then the fractional system (1.1) is approximately controllable on [0, b].

Proof For arbitrary x; € X, define a control function as follows:
Uy ,(t) = B*"S*(b - t)R(e, l"é’) <x1 - T(b)(xo +g(x))

b
_ / (b-s)1'Sb - S)a(s)f(s,x(s), (Hx)(s)) ds) (3.5)
0
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and define the operator Q, by

(Qex)(2) = T (£) (0 + g()) + /0 (t - )7 S(t - s)a(s)f (s,x(s), (Hx)(s)) ds
+ /t(t — 8)17 S (¢ — 5)Bu, ,(s) ds. (3.6)
0

Obviously Qq is well defined on C(Z,X,).
For x,y € C(I,X,), we have

[(@Qx)@) - (Q0®)],
< | T®[gw® -],

. /0 (¢ - 97 a(9)| (& - [f (5,56, (H)(S) £ (5.5(6), (Hy)(s)) ]|, ds

+ /t(t - S)q_1 ”S(t - S) [Bue,x(s) - BM&J’(S)] ”a ds
0
<M|gx) -g0)|,

+ /0 (¢ = )7 a(s) | A*S (¢ = 5)[f (5,x(5), (Hx)(s)) — £ (5, 9(5), (Hy)(s))] | ds

+ /Ot(t ) ||A°‘S(t —5) [Bug,x(s) - Buw(s)] || ds
<I'+P+P. 3.7)
By (Hi)-(H3), Lemma 2.3 and the Hélder inequality, we have I' < M, ||x — y|lo and
g Maql 2 — )
Fl+gq(1-aw))

Muql' (2 — )
F1+q(1-a))

= g MagT2- @)
- ral+qQ1-w))

PRCRI T\
X(/o (t-s) ) (/0 (a(s)) ds)

- MoqT (2 — a)(my + mak™)||all o1 0,4
- ra+qQ1-aw))

P <t™

my Hx(s) —y(s) Ha /0 (¢ —s)T a(s) ds
—aq

s | (HR)(s) — (E)S)] /0 (¢ — 51" a(s) ds

b
[mlnx ~ Yoo + 2 fo m(s,7)|4(z) - ()|, df}

r1-1

-1 p _1
x (’”—) L “q]nx—ynoo, (3.8)
pi+pg-1-1

3 _ Myql' (2 — )
T ell+q(1-a))
|:Maqr(2 —a)(my + mok™)||all o1 (0,6

P(L+q-a)(g- 5 -ag+1)

1Bl 0supb||11<‘f*5*(b - )| Mb|g(x) - g .,
<t<

-1

-

p1—- 1 > 71 q—l—aq+l:|

x[—2—— ) ¢ 1% = oo (3.9)
<P1 +pi(g-1)-1 Y
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Then we can deduce that

1Qex — Qcyllco
Maqr(z - 05)

= [Mlg t e+ q(-a)

IBlle sup ||B*S*(b - t)| Mbl,
0<t<b

.\ Mo gl (2 — o) (my + mak™)||all o1 0,5]
ra+qQ1-w)

r1-1

-1 P 1 t
T T
pn+pilg-1)-1 q—p—l—aq+1

= QD% = ylloo- (3.10)

From (H,4) and the contraction mapping principle, we conclude that the operator Q. has
a fixed point in C(Z,X,). Since f and g are bounded, for definiteness and without loss of
generality, let x, be a fixed point of Q; in B,(,), where B, = {x € C([0,],Xy) | [|x|lo < r(e)}.
From the boundedness of x,, there is a subsequence denoted by {x.} which converges
weakly to x as ¢ — 0%, and ||x.|lo — |||l as & — O0*. Then lim,_ ¢+ ||x; — x|, = 0. Any

fixed point x, is a mild solution of (1.1) under the control
Ue () = B*S* (b - t)R(e,T'Y) (x1 — T (B)(x0 +g(xz))
- fo b(b =)' S(b - s)als)f (s,x:(s), (Hx)(s)) dS)' (3.11)
Then
xe(t) = T(8) (%0 + glxe)) + /0 t(t = )T S(t - s)als)f (s,%:(s), (Hx.)(s)) ds
+ /0 [(t ~5)17'S(t — )BB*S*(b - t)R(e, T))p(x.) ds, (312)
where

plxe) =x1 — T(b)(xO +g(xs))

b
- / (b-s)1'Sb - S)a(s)f(s,xg(s), (ng)(s)) ds. (3.13)
0
Therefore we have
X (D) = x1 — sR(s, Fg)p(xg). (3.14)

Define

b
w=ux - T(b) (xo + g(x)) - / (b-5)TtSb - s)a(s)f(s,x(s), (Hx)(s)) ds, (3.15)
0
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it follows that

b
/0 (b - )71 S(b - )a(s) (f (5, % (5), (Hx)(s))

|pes) —wl, < M|gx) - g@)], +

— f (s, %(s), (Hx)(s))) ds (3.16)
By assumptions (H,;)-(Hs), it is easy to get ||p(x;) — w|s — 0 as € — 0*. Then
[%:®) =1, < [eR(e;TG) W), + [eR (e, T0) | [ p(xe) — w],
< [eR(e,Tg) W], + [plxe) - w],, — 0. (3.17)
This proves the approximate controllability of (1.1). O

In order to obtain approximate controllability results by the Schauder fixed point theo-
rem, we pose the following conditions:

(Hs) (T'(£))e>0 is a compact analytic semigroup in X.

(He) There exist constants o < <1 such that f: [0,5] x X, x X, — Xz and f satisfies:
(1) For each (x,y) € X, x Xy, the function f(-,x, y) is measurable.
(2) Foreacht € [0,b], the function f(¢,,-) : X, x X, — Xj is continuous.
(3) Forany r > 0, there exist functions ¢, € L*°([0, b],R*) such that

sup{ [ (6,9, : e <7, llyle < K°br} < @), £€10,b] (3.18)

and there exists a constant y; > 0 such that

1
liminf -
r—>+00 1

/.t “er(s) ds < y1 < +00, (3.19)

o (t—s)-a

where k* has been specified in assumption (Hy).
(Hy) g:C(,X,) — X, is completely continuous. For any r > 0, there exist constants v,
such that

{le®], : sl <7} < ¥ (3.20)

and there exists a constant y, > 0 such that

lim ﬂ < yp < +00. (3.21)
r—>+o0o

(Hg) The following inequality holds:

MG (1 107 M C) M<1 107 M C) 1 (3.22)
t-— + -— <1, .
n I'(q) eql(g " 2 eql(g "

where Cg will be specified in the following theorem.
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Theorem 3.2 Assume that conditions (Hs), (Hs)-(Hg) are satisfied. In addition, the linear
system (2.14) is approximately controllable on [0,b]. Then the fractional system (1.1) is
approximately controllable on [0, b].

Proof For r(e) > 0, we set B,) = {x € C([0,5],X,) | [|xlla < r(e)}. For arbitrary x; € X,,

define the control function as follows:
Ue () = B*S*(b - t)R(e,T'Y) (x1 — T (b)(x0 +g(x))
- fo (b~ 97186 - 9 (5.x(9), () ds) (3.23)
and define the operator Q; by
(Qex)(£) = T () (x0 + g(x)) + /0 t(t —5)TS(t - s)als)f (s, x(s), (Hx)(s)) ds
+ /0 t(t — $)TS(t — 5)But 1(s) ds. (3.24)

We divide the proof into five steps.

Step 1: Q. maps bounded sets into bounded sets, that is, for arbitrary ¢ > 0, there is a
positive constant r(e) such that Q,(By(;)) C By()-

Let x € By, from (2.12), (2.13), and (3.23), we have

| Bute (2)

1
o= |4°BBS (b -1 [HA“xl |+ [ T@A%%0 ] + | T()A%g ()]

)

+

b
/ (b-s) 1A PS(b - s)Aﬁa(s)f(s,x(s), (Hx)(s)) ds
0

1
<2 aB] sup 55760
€ 0<t<b

MCp_o [° »
x| It lla + Moy + My, + / (b - ) a(s)p,(s) ds
(g Jo
1
<-C, (3.25)
£
where
MCﬂ—a b -1
Cu = Ca| Il + Mol + M, + f (b - " a9, () ds |, (3.26)
g Jo
Cs = |Blla sup |B*S*(b-1)]. (3.27)
0<t<b
Then we get
¢ 1¢4
/ (£ —s)1! HA“Bus,x(s) H ds < ——C,. (3.28)
0 & q

If operator Q. is not bounded, for each r > 0, there would exist x € B,y and ¢, € [0, D]
such that
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r<[(@Qx@],

< Mlxollo + M| g@)], +

/tr(t, —-8)11S(t, - s)a(s)f(s,x(s), (Hx) (s)) ds
0

o

4
+ / (t, — 5)7 S (t, — 5)But (s) ds
0

o

< Mixolla + M| g@)], + /O (= T AP S 1y — $)al)APf (5,x(5), (Hx)(s)) | ds

t
+ / (¢ — )it ||8(tr — $)A%Bu ,(s) || ds
0

MCﬁ_a br

-1
) (tr — )T als)p,(s) ds

<Mllxolle + My +

14 M
—— —||B|l« B*S*(b-t
Te q T'(q) 15 ossligb” b-0]

b
« (nxlna + Mol +er+MFC(Z;" /0 (b—s)q-la(swr(s)ds). (3.29)

Dividing both sides by r and taking the lower as » — oo, we have

N

I'(q) e q (g e q I'(q)

which is a contradiction to (Hg). Then Q, maps bounded sets into bounded sets.
Step 2. Q; is continuous.

Let {x,} C By and x, — x € B,(;) as n — o0o. From assumptions (Hg)-(H7), for each

s € [0, b], we have

af(s) Hf(s, Xns (Hx,,)(s)) —f(s, x, (Hx)(s)) ”ﬂ < 2a(s),(s), (3.31)

”Bue,xn (s) - Bue,x(s) ||a =

™ N

By the Lebesgue dominated convergence theorem, for each s € [0, 5], we get
1(Qexa)(®) — (Qex)(®) |,
< Miyls, - sl + [ (69 4TS~ AP als)
X [f (5%, (Hx)(5)) = f (5%, (Hx)(5)) ] || ds

+ /t(t — )1t ||S(t - s)A“B[ug,xn (s) - ug,x(s)] || ds
0

MCp o [ -1
< Ml 0 2]l oo + / (- 9)"a(s)
¢ T(g) Jo

X Hf(s,x,,(s), (Hxn)(s)) —f(s,x(s), (Hx)(s)) ||‘3 ds

+ % ‘/Ot(t — gt ||B[u€,xn (s) - ue,x(s)] Ha ds— 0, (3.33)

which implies that Q, : By) — B is continuous.

MCso (. 1B M 167 M
1+ ———C |+ M1+ —-————Cg | >1, (3.30)

C.. (3.32)
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Step 3. For each ¢ > 0, the set V(¢) = {(Q.x)(£) : x € By} is relatively compact in X,,.

The case t = 0 is trivial, V(0) = {(Q:x)(0) : x(-) € By(s)} = {%0 + g(x)} is compact in X, (see
(H7)). So let ¢ € (0, 5] be a fixed real number, and let / be given a real number satisfied
0 < h < t. Forany § > 0, define Vj(t) = {(Qi"‘sx)(t) 1% € Bue)},

(Q¥x) () = /6 £,0)T (¢70) dO (xo + g(x))
t-h o0
+ 61/ / ot - s)q’léq(e) T((t - s)qQ)a(s)f(s,x(s), (Hx)(s)) do ds
0 8
t-h o0
_ )1 Y
+q /0 /B 0t — )7 ,(0) T ((t — 5)70) Bute x(s) d6 ds
_ (i) / " 6, 0) (1% — 195) db (x0 + ()
8
t-h o)
+ T (h18)q / / O(t - )77'£,(0) T ((t - 5)70 — h?8)a(s)
0 $
x f (s,x(s), (Hx) (s)) do ds
t-h o)
+ T (h8)q / / 0t - )77'&,(0) T ((t - 5)70 — h78) Bu, .(s) d6 ds
0 $

= T (h18)y(t, h). (3.34)

Since T'(h18) is compact in X,, and y(¢, /1) is bounded on B,(.), then the set Vj,(¢) is a rela-
tively compact set in X,,. On the other hand,

[ (@) - (%)),

8
< / £,(0)T (¢70) d (x0 + g(x))
0 o
t s
+ q/o /0 9(t—s)q‘l“g‘q(G)T((t—s)qG)[a(s)f(s,x(s), (Hx)(s)) +Bu5,x(s)] do ds
+ g / ) fa 0t —s)T'E,(0)T((t - 5)0)

X [a(s)f(s, x(s), (Hx)(s)) + Bug,x(s)] do ds

a

8 8 1
< Mijxolla /0 £,(0)d0 + /0 sq(e>de+qM(c,sauwrnmowgcu)
8
X /t(t—s)qla(s)/ 0&,(0)d6 ds
0 0

1 t [ee]
+ qM(Cﬁ—a”(Pr”LDO[O,b] + EC”> /tih(t —S)q_lﬂ(s)/o 0&,(0)do ds. (3.35)

This implies that there are relatively compact sets arbitrarily close to the set V(¢) for each
t € (0,b]. Then V (), t € (0, 5] is relatively compact in X,,. Since it is compact at ¢ = 0, we
have the relatively compactness of V(¢) in X,, for all ¢ € [0, b].

Step 4. V :={Q.x € C([0,5],Xy,) | x € By} is an equicontinuous family of functions on
[0,B].
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ForO<t <ty < b,

” Qex(ty) — Qex(ty) ”(x
< | T@)xo - T@)xo |, + | T(t2)g(x) - T(t)g@) |,

+ / ’ (ty —5)17'S(ty - s)a(s)f (s,x(s), (Hx)(s))

i

o

+ f 1 [(£2 = )T = (81 = )T ]S(t2 = )als)f (s,x(s), (H)(5))
0

o

+ / 1(t1 —s)tt [S(tz -5)-St - s)]a(s)f(s,x(s), (Hx)(s))
0

o

’ / ’ (t2 = 5)77'S(t2 — 5)Bite (s)

i

o

. / "t = 71— (6 = 7]t - 9)Brten(s)
0

o

. / " (=[St - ) S(t - 9] Busn(s)
0 o

=L +Lh+L+1y+15+1s+ 1. (3.36)

Form the Holder inequality, Lemmas 2.1, 2.3, and assumption (Hg), we obtain

/tz (& - 8)TIS(t, — s)u(s)f(s,x(s), (Hx)(s)) ds

i

I =

o

< / ? (£ — )T TA* P S (¢, — 5)AP a(s)f(s,x(s), (Hx) (s)) ds

- MCp_ol|@rllL0(0,6)

/tz (£, — 8)1ta(s) ds

I'(g)
(g-1) ot
< MChalerlizion “”"””L““’“ ( / (t—s) DT ds) " lalln)
MCp_all@rllzooonllal pya g, 1 (pl -1 >p11’_11 L
= (B —t)" 1. (3.37)
I'(q) pg-1

From Lemma 2.4, we have

- / (s =57 = (1 = ]St - 8)als)f (s x(5), (HR)(S))
0

o

_ MCp_y|l@rll1o0,5]

/0 [(62 = 9 — (11 - 9 ]als) ds

I'(g)
MCp_oll9rllLo0[0,5) e [ als)
S /0 e (338)

By (3.25), it is easy to see that

M(t, —H) 1
M—Cu. (3.39)

Is = <
« ql'(q) ¢

/ ’ (t2 — )T S(ts — $)Bute x(s) ds

5]
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Similar to (3.39), we obtain

I =

f (12 =91 = (b = 1] St - )Butoo(s) s
0

o

M = i 1 1
St qfo 6 ) 51 55 G (3.40)

For t; =0, 0 < t, < b, it can easily be seen that I, = I; = 0. For #; > 0, when 7 > 0 is small

enough, we have

t-n
I < /0 (61— 9)""als)| St — 5) - S(tr = 9) | - |[f (5,%(5), (Hx)(5)) |, ds

+ / 1 (t —5)T a(s) ||S(t2 -5) =8t — s)H . Hf(s,x(s), (Hx)(s)) ||a ds

=

< sup ]||S(t2 -85) =Sk —s)||

s€[0,t1-n
pl—l r14-1 1%:11
X | —— n-1 _¢ a C o -
[ plq—l(n U a6 | Co-all@r oo g0,
2MCp_oll@rllzeofop 1 —1 mal
T n Pt lall g -n ) (3.41)
I'(q) pg-1

and

t-n
b =< / (61— 5| S(ts ) = St )| | Btonls)| s
0

o [ (-9 St — ) - S(tr - )| | Buuen(s)] ds

t-n

1
< sup [S(t2-5)-St-s)| q—ecu(tf -7

s€[0,t1-1]
2MC, 1

+ 2 Cunl. (3.42)
I'(g) qe

Since we have assumption (Hs), S(¢), ¢ > 0 in ¢ is continuous in the uniformly operator
topology, it can easily be seen that I, and I; tend to zero independently of x € B, as
ty > t1,n — 0.Itisclear that; — 0,i=1,2,...,7,as t; — ;. Then V/(¢) is equicontinuous
and bounded. By the Ascoli-Arzela theorem, V'(¢) is relatively compact in C(/,X,). Hence
Q. is a completely continuous operator. From the Schauder fixed point theorem, Q. has a
fixed point, that is, the fractional control system (1.1) has a mild solution on [0, b].

Step 5. Similar to the proof in Theorem 3.1, it is easy to show that the semilinear frac-
tional system (1.1) is approximately controllable on [0, b].

Since the nonlinear term f is bounded, for any %, € B,(,), there exists a constant N > 0

such that

b
/0 I (5,%:(5), (Hx)(9)) |2 ds < N. (3.43)
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Consequently, the sequence {f(s,x,, (Hx.)(s))} is bounded in L2([0,5],X,), then there is
a subsequence denoted by {f (s, x., (Hx.)(s))}, which converges weakly to f (s, x, (Hx)(s)) in
L*([0, 5], X,).

It follows that

b
/O (b= 5)TS(b - 5)a(s)(f (s, % (s), (Hx.)(s))

lp@e) - wl, = Mlgx) - e@, +

—f(s,(s), (Hx)(s))) ds (3.44)

o

Now, by the compactness of the operator /(-) — fd(~ —8$)IS(- = 8)l(s)ds : L*(I,X,) —
C(,X,) and (Hy), it is easy to get ||p(x:) — w|lo = 0 as & — 0*. Then

&) =], = [eR(e )W), + |eR (e, o) [ pGxe) - w],,

< ||8R(8, Fg)(w) ||a + ||p(x€) - w||a — 0. (3.45)
This proves the approximate controllability of (1.1). The proof is completed. d

4 Optimal controls

In this section, we assume that Y is another separable reflexive Banach space from which
the controls u take the values. We define the admissible control set U,; = {u € LP2(E) |
u(t) € w(t) a.e.}, 1 < py < p1 < 00, where the multifunction w : I — wy(Y) is measurable,
wr(Y) represents a class of nonempty closed and convex subsets of Y, and w(-) CE, Eisa
bounded set of Y.

We consider the following controlled system:

CDIx(t) = —Ax(t) + a(t)f (t, x(t), (Hx)(t)) + C(O)u(t), teluc Uy, @)
x(0) = g(x) + x0 € Xy,
where a € LP(I,R*), C € L*(I,L(Y, X)), it is easy to see that Cu € L2(I,X,) for all u €
Uad.
Let x* denote a mild solution of the system (4.1) corresponding to u € U,,;. Here we
consider the Bolza problem (P), which means that we shall find an optimal pair (x°, «°) €

C(I,X,) x U,y such that

](xo, uo) < ](x“,u), forall u € U,,, (4.2)
where
b
T(x, ) = ¢ (x(8) + / e, 5(0), u(t)) dit. (4.3)
0

We list here some suitable hypotheses on the operator C, ¢, and / as follows:
(HL) (1) The functional /: I x X, x Y — R U {00} is Borel measurable.
(2) I(t,-,-) is sequentially lower semicontinuous on X, x Y for almostall ¢ € I.
(3) I(¢t,x,-) is convex on Y for each x € X, and almost all ¢ € 1.
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(4) There existd >0, e> 0, and A € L}(I,R) such that

Ut %,u) = A(t) + d||x|lo +ell]|5.
(5) The functional ¢ : X — R is continuous and nonnegative.
(6) The following inequality holds:

Mcﬂa( 167 M

—IIC B*S*(b-t
" T 11 g |55~ 0]

e q I'(g)

107 M
+y2M(1+ —— —||Clle sup ||B*S*(b—t)||> <1 (4.4)
e qT(q) 0<t<b

Theorem 4.1 Assume that assumptions (Hs), (Hs)-(H7), and (HL) are satisfied. Then the
Bolza problem (P) admits at least one optimal pair on C(I,X,) x U,y provided that

Ml <1. (4.5)

Proof Firstly, we show that the system (4.1) has a mild solution corresponding to u given
by the following integral equation:

x*(t) =T (¢) (xo +g(x”)) + ./o (t—s)T1S(t - s)a(s)f(s, x"(s), (Hx”)(s)) ds
+ /t(t —8)17LS(t — 5)C(s)uls) ds. (4.6)
0

From Lemmas 2.1, 2.3, and (3.11), we have

/.t(t —8)T71S(t = s)C(s)uls) ds
0

o

11 M

< -———IICll% |B*S*(b-t)
L el |
MCyy [° .
x (||x1||a + Mlxolla + My, + =~ / (b—s)""als)p,(s) ds), (4.7)
I'(g) Jo
where || - ||IL, is the norm of Banach space L°(I, L(Y,X)). Meanwhile, assumptions (Hs)-

(H7) and (HL) are satisfied. Similar to the proof of Theorem 3.2, we can verify that the
system (4.1) has a mild solution x* corresponding to u easily.

Secondly, we discuss the existence of optimal controls. If inf{J(x*,u) | u € U,4} = +00,
there is nothing to prove. We assume that inf{J(x*, u) | u € U,4} = Jo < +00. Using condi-
tion (HL), we know

b b b
T u) = Jo = p(x()) + / A de +d / @) de + e / ()]
0 0 0
> -] > -0, (4.8)
here Jo > —J’,J' > 0 is a constant.

By the definition of an infimum, there exists a minimizing sequence of the feasible pair

{x",u"} C Aga, where A,q:= {(x,u) | x is a mild solution of the system (4.1) corresponding
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to u € U,y}, such that J(x",u") — Jo as n — +oo. Since {u,} C U,y, {u,} is bounded in
LP2(1,Y), there exists a subsequence, relabeled as {#""}, and u° € LP*(I,Y) satisfies

u" — u®  (weakly) (4.9)

in L2(1,Y). Since U4 is closed and convex, by the Marzur lemma, we have u° € U,;.

Let " be a mild solution of the system (4.1) corresponding to & (n =0,1,2,...), then &”

satisfies the following integral equation:

x"(t) =T(¢t) (xo +g(x”)) + / (t-5)71S( - s)a(s)f(s, x"(s), (Hx”)(s)) ds

0

t
+ / (¢t - s)T7LS(t — 5)C(s)u" (s) ds. (4.10)
0
Noting that f(-, x"(s), (Hx")(s)) is a bounded continuous operator from I into Xz, we have
f(~,x"(s), (Hx”)(s)) € LP2(1,Xp). (4.11)

Furthermore, {f(-,x"(s), (Hx")(s))} is bounded in L?2(I, Xj), so there exists a subsequence,
relabeled {f (s, x"(s), (Hx")(s))} such that

f (s, x"(s), (Hx")(s)) —>f(s,x(s), (Hx)(s)) (weakly), (4.12)

where f(-, x(s), (Hx)(s)) € LP2(I, Xp).
We denote the operators Q; and Q, by

(Qux)(¢) = /0 (¢ —s)TLS(t - s)a(s)f(s, X, (Hx)(s)) ds, (4.13)
(Qax)(t) = /t(t —8)17LS(t — 5)C(s)u(s) ds. (4.14)
0

Since {f (s, x(s), (Hx)(s))} € L?2(I,Xp) is bounded, similar to the proof of Theorem 3.2, it
is easy to see that [|(Q1x)(?) ||, is bounded. It is easy to verify that (Q;x)(¢) is compact and
equicontinuous in X,. Due to the Ascoli-Arzela theorem, {(Q;x)(£)} is relatively compact
in C(I,X,). Obviously, Q; is linear and continuous, then Q; is a strongly continuous oper-

ator, and we obtain

/;(~ —9)T1S(- - s)a(s)f(s, x"(s), (Hx”) (s)) ds
— /'(- —5)1IS(- - s)a(s)?(s,x(s), (Hx)(s)) ds (strongly). (4.15)
0

Similarly, we can verify Q, is a strongly continuous operator and

/ (= 8)11S(- = )Cls)u"(s) ds — / (=818 —5)C(s)u(s)ds (strongly). (4.16)
0 0
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Now, we turn to considering the following controlled system:

{Cqu(t) = —Ax(t) + a@O)f (&, x(t), (Hx)(1)) + COu’(t), telu’ e Uy,
(4.17)
x(0) = g(x) + x9 € Xy
By Theorem 3.2, the above system has a mild solution % corresponding to #°, and
x(t) =T () [xo +g(§)] + ./0 (t-9)TtS(t - s)a(s)}‘\(s,x(s), (Hx)(s)) ds
+ /t(t —8)TLS(t - 5)C(s)u’(s) ds. (4.18)
0
From Lemma 2.3 and (H3), we obtain
L= TO[g(™) -g@®]|, < Mig|x" -] (4.19)

and

I:= H/; (t - 9T als)T(t - s)(f (s,x™(s), (Hx™)(s)) —f(s,x(s), (Hx)(s)))

o

-1

t )2 P2
< (f (t—s)(q Vi1 ds)
0
1

X (/0 (a(s))p2 ”S(t - s)(f(s, x™(s), (me)(s)) —7(s,x(s), (Hx)(s))) H? ds) ”

E (L) L ( | (@) S —5) (F (557 (5) (H™) )

p2+palg-1)-1

1
12

—F(s,%(5), (H)(s))) |2 ds) . (4.20)
Similarly, we have
1= H /t(t — )T a(s)T (¢t - s)C(s)(u’”(s) - uo(s)) ds
0

1 -1 (gD

— p2 p2tp2\g—1)—

< (—’” 2 ) b |ClL
pr+pa(g-1)-1

o

1
2

x ( /0 (a(9))” || S(t =) (™ (s) - u’(s)) | ds)” . (4.21)

By (4.15), (4.16), and the Lebesgue dominated convergence theorem, we can deduce that
I,I; - 0asm— 0.

For each t € I, x"(.),%(:) € X,, we have

" () %) |, < Mig|x"(@) %) |, + 15 + 15 (4.22)
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Noting (4.5), we get
- I+ 1
| -7 <222 (4.23)
= 1-Mi,
Then
x" —>% in C(I,X,)as n — oo (strongly). (4.24)

Furthermore, we can infer that
f(s,x”(s), (Hx”)(s)) —>f(s,35(s), (H?E)(s)) in C(1,X,) as n — oo (strongly). (4.25)

Using the uniqueness of the limit, we have

F(s,2(5), (HR)(9)) = £ (5%(s), (HR)(5))- (4.26)

Therefore
t

X)) =T [xo +g('9?)] + / (£ 91718 - s)a(s)f(s,?c‘(s), (H?c\)(s)) ds

0

+ /t(t —8)17LS(t = 5)C(s)u(s) ds, (4.27)
0

which is just a mild solution of the system (4.1) corresponding to u°.
Since C(I,X,) < L'(I,X,), using assumption (HL) and the Balder theorem, we have

b

Jo = lim ¢(x"(b)) + lim | I(6x"(2),u"(2))dt
n—0o0 n— 00 0
b
> ¢(x(b)) + f 1(t, %), u’(8)) dt = ] (%, u°) = Jo. (4.28)
0
This implies that J attains its minimum at (%, u°) € C(I,X,) x U,q4. O

5 Applications
Example 5.1 Consider optimal controls for the following fractional controlled system:

2 2 -t . s -t
%x(t,y) = 837x(t,y) + :,(i):,t cos[%x(t,y) + %fot sin(5z)x(s, y) ds] + 75(3;
+ fol kO(t:s)u(s,y) dS, ye [O, llyt € [Orl]’ ue Uad; (5'1)

x(¢,0) =x(¢,1) =0, ¢>0,
20,9) = Y00 Jo kit s)x(si ) dy + Y7o fo kot ) Ex(si, ) dy,

with the cost function

1 pl 1 pl 1
J(x, u) = / / ’x(t,y) |2 dydt + / f |M(t,y)‘2 dydt + / }x(b,y) ’2 dy, (5.2)
0o Jo 0o Jo 0

where 0 € N, 0 <sg <81 <--- <585 <1, kg € C([0,1] x [0,1],R*), and ky, ky € L*([0,1] x
[0,1], R¥).
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Let X =Y = (L2([0,1]), ]| - ||l2). The operator A : D(A) — X is defined by D(A) = {x € X |
x,x" € X,x(0) = x(1) = 0} with Ax = —x”, then A generates a compact, analytic semigroup

T(-) of uniformly bounded linear operator. Clearly, assumption (Hs) is satisfied. Moreover,

2

the eigenvalues of A are 2% and the corresponding normalized eigenvectors are e, (&) =

V2sin(nru), n=12,....

Define the control function u : Tx([0,1]) — R such that z € L*>(Tx([0,1])). It means that
t — u(t,-) going from [0,1] into Y is measurable. Set U(t) = {u € Y | ||ully < ¥} where
® € L*(I,R*). We restrict the admissible controls L, to be all the u € L*>(Tx([0,1])) such
that [lu(,-)[l2 < O (2).

Let X, = (D(A?), || - | 1), where ||+ |1} = AZ ||, and the operator A? is given by

oo
A% = Z Z,ey)eu, (5.3)
n=1

foreachzeD(AZ) ={feX|Y. " (ze,)e, € X}and || A 3 | =1
Suppose that C(I,X%) is a Banach space equipped with the supnorm || - ||, (£)(y) =
x(t,5), C(®)u(t)(y) = (fol ko(t,s)u(s) ds)(y). Define f : [0,1] x X% X X% — X% by

f(tx(), (HO®) ()

_ %_;_tcos[%x(t)+ % /0 tsm( )x(s)ds](y)+ et (5.4)

andg:C([,X%)aX% by

g = (Z(Kx)(ti)> () forxe C(,Xy), (5.5)

i=0
where K : X% — X% is defined by
1 1
(Kx)(s) =/ ki(t, s)x(s) ds +/ ko(t,8)x'(s)ds, forallx e X%. (5.6)
0 0

Obviously, we have

1 1
(K(x —y))(s) = / ki(t,8)(x — y)(s) ds + / ky(t,s)(x' —y)(s)ds, forallxe X%. (5.7)
0 0
The system (5.1) can be transformed into

CDx(t) = —Ax(t) + a(t)f (£, x(t), (Hx)(t)) + C@)u(t), teluel,y
x(0) = g(x) + x9 € Xy,

with the cost function

1
= [s®ly + [ (0l + Juo]2)de, 65)
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and we can verify (HL)(1)-(5) are satisfied. It is also not difficult to see that

—~

I 20, (HD@)], < % =p(), ) eL®(,RY), (5.10)

then there exists ¥,(t) = ¥ and y; = 0 such that (3.19) holds, and conditions (Hg) is sat-
isfied. Meanwhile, it comes from the example in [15] that g is a completely continuous
operator from C(/,X 1 )—> X 1 and there exist constants ¢;> and ¢y such that

le@ |y <olen+en)lxln,  [g@)-g@)]} < olen +cn)lx -zl (5.11)

Let ¢, = o (c12 + ¢22) = I, 2 = 0, it is easy to verify that (H3) and (Hy) hold. Since y; =
y» = 0, condition (Hg) and condition (HL)(6) are satisfied automatically. By Theorem 4.1,
we can conclude that the system (5.1) has at least one optimal pair while the condition
2Mo (c15 + ¢37) < 1 holds.
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