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Abstract

In the present paper, the finite-difference method for the initial-boundary value
problem for a hyperbolic system of equations with nonlocal boundary conditions is
studied. The positivity of the difference analogy of the space operator generated by
this problem in the space C with maximum norm is established. The structure of the
interpolation spaces generated by this difference operator is investigated. The
positivity of this difference operator in Holder spaces is established. In applications,
stability estimates for the solution of the difference scheme for a hyperbolic system of
equations with nonlocal boundary conditions are obtained. A numerical example is
applied.
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1 Introduction

Nonlocal problems are widely used for mathematical modeling of various processes

of

physics, ecology, chemistry, and industry, when it is impossible to determine the bound-

ary or initial values of the unknown function. The method of operators as a tool for the

investigation of the solution of local and nonlocal problems for partial differential equa-

tions in Hilbert and Banach spaces has been systematically developed by several authors

(see, e.g., [1-27]). It is well known that (see, e.g., [28—32] and the references given therein)

many application problems in fluid mechanics, physics, mathematical biology, and chem-

istry were formulated as nonlocal mathematical models. Note that such problems were

not well studied in general.

In the paper [33], the initial-boundary value problem

a”zgt{x) + “(x)—aua(;’x) +8(u(t, x) - v(t,x)) = fi(t, %), O0<x<,0<t<T,

%—a(x)% +8v(t, x) = fo(t, %), 0<x<[,0<t<T,
u(t,0)=yu(t,l), 0<y<l, Bv(t,0)=v(t,]), 0<B=<1,0<t<T,
M(O!x) = M()(x), V(O;x) = VO(x): 0=<x=< l
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for the hyperbolic system of equations with nonlocal boundary conditions was considered.
Here

a(x)>a>0, (2)

uo(x), vo(x) (x € [0,1]), fi(t, %), fo(t, %) ((¢,x) € [0, T] x [0, ]) are given smooth functions and
they satisfy all compatibility conditions which guarantee the problem (1) has a smooth
solution u(¢,x) and v(¢,x). As noted in the paper [33], the problem of sound waves [34]
and the problem of the expansion of electricity oscillations [35] can be replaced by the
problem (1). Note that, we have the nonclassical initial-boundary value problem (1) with
boundary conditions u(t,0) = yu(t,1), 0 <y <1, Bv(t,0) =v(t,]),0 < <1,0<t<T.
These conditions are given on two boundary points. It is clear that it is impossible to
determine the boundary values of the unknown function. So, these conditions are not
local.

Let E be a Banach space and A : D(A) C E — E be a linear unbounded operator densely
defined in E. We call A a positive operator in the Banach space if the operator (Al + A) has
a bounded inverse in E for any A > 0, and the following estimate holds:

M

|01+ A7 =57 (3)

Throughout the present paper, M is defined as a positive constant. However, we will use
M(w, B,...) to stress the fact that the constant depends only on o, 83, ...

For a positive operator A in the Banach space E, let us introduce the fractional spaces
E, =E,(E,A) (0 < B <1) consisting of those v € E for which the norm

IVllg, =supA® |AGL + A) v+ [IVIle
A>0

is finite.
Let us introduce the Banach space C*[0,1] = C*([0, /], R) x C*([0,!],R) (0 <« <1) of all

u1 (%)
u2(x)
for which the following norm is finite:

continuous vector functions u = (") defined on [0, /] and satisfying a Hélder condition

lletllcefo,n = Nl o

s o1 (x + 7) — 1 ()] lua(x + 7) — us ()]
x,x+7€[0,]] |T |a x,x+1€[0,]] |T |a

770 T#0

Here C[0, ] = C([0,],R) x C([0, ], R) is the Banach space of all continuous vector func-
tions u = (283) defined on [0, /] with norm

lltllclo,g = max |u1(x)| + max |u2(x)|.
x€[0,] x€[0,]]

We consider the space operator A generated by the problem (1) defined by the formula

Au =

(a(x) % + S8uy(x) —Suy(x) ) @

0 —a(x)% + Suy(x)
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with domain

(%) dx

D(A) = { (”l(’“)) ), 2 (10,00, R)m = 1,2;
u1(0) = yur(l), Bu»(0) = Mz(l)}-

The Green’s matrix function of A was constructed. The positivity of the operator A in the
Banach space C[0,/] was established. It was proved that for any « € (0,1) the norms in
spaces E,(C[0,[],A) and ((03"‘[0, [] are equivalent. The positivity of A in the Holder spaces
of C* [0,], « € (0,1) was proved. In applications, stability estimates for the solution of the
problem (1) for the hyperbolic system of equations with nonlocal boundary conditions
were obtained.

In the present paper, the finite-difference method for the initial value problem for the
hyperbolic system of equations with nonlocal boundary conditions is applied. The pos-
itivity of the difference analogy of the space operator A defined by equation (1) in the
difference analogy of C[0, /] spaces is established. The structure interpolation spaces gen-
erated by this difference operator is studied. The positivity of this difference operator in
Holder spaces is established. In practice, stability estimates for the solution of the differ-
ence scheme for the hyperbolic system of equations with nonlocal boundary conditions
are obtained. The method is illustrated by numerical example.

The organization of the present paper as follows. Section 1 is an introduction where
we provide the history and formulation of the problem. In Section 2, the Green’s matrix
function of the difference space operator is presented and positivity of this operator in
the difference analogy of C[0, ] spaces is proved. In Section 3, the structure of fractional
spaces generated by this difference operator is investigated and positivity of this difference
operator in Holder spaces is established. In Section 4, stable difference schemes for the
approximate solution of the problem (1) are constructed. A theorem on the stability for
the first order of accuracy in the ¢ difference scheme is proved. In Section 5, a numerical

application is given. Finally, Section 6 is for our conclusion.

2 The Green’s matrix function of difference space operator and positivity
Let us introduce the Banach spaces Cj; = Cjf x C} (0 <« <1) and C;, = C; x C;, of all mesh

vector functions " = {(uﬁfl ) }fil defined on
[Oyl]h = {xn =nh,0 <n SM:Mh = l}

with the following norms:

[ ey = 1",

+ sup |M1,n+m - Ml,n| + sup |M2,n+m - MZ,nl
e L R P
1<n<n+m<M (mh)* 1<k<k+m<M-1 (mh)~
””th = max |uy,|+ max |uy,|
h 1<n<M 0<n=<M-1
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We consider the difference space operator A7 generated by the problem (1) defined by the
formula

A5 a(x,) 2L 4 Suy —Suy,
hu - U2,n+1—U2,n (5)
0 —a(x,) =" + Suy

acting on the space of mesh vector functions " = { (leﬂnl ) } defined on [0, [],, satisfying

the conditions

U0 = YUMo Buog = ug .

Here a,, = a(x,). We will study the resolvent of the difference space operator —A7, i.e.
h h h
u u 10
A} + A = 6
() () - ) “

a5+ (§+ My =8V =@y, 1<n<
—Apsl Vn+}1_V” + (B +A)v, = Yu, 0<n<M-1, 7

Uy =y up, ,BV() = VM.

or

Lemma 2.1 For any A > 0, equation (7) is uniquely solvable and the following formula
holds:

(o) (5) g )

Zn 1Guln,s; )»)¢sh+ Zn 0 ' Gio (1,53 1) Yrsh  0<n<M, ®)
Zn 0 G22(n S’)‘)ws
where
Gu(ms;h)  Gra(n,s;h
Gns k) = u(n,s8)  Gia(n,s;A) .
0 GZQ(H,S;)\.)
Here
U(n,s— 1)»)1 1<s<mn,
Gu(ms;2) = %)
yU(n,OA)U(Ms—lA) n+l1<s<M,
UM,n, M )U(s+1,0,A), 0<s<n-1,
Gzz(l’l S; A =P (10)
am U(s+1,n,1A), n<s<M-1,
Gia(n,52.) = SZGum,k- 1;1)Gas (k55 M), (11)

k=1

P=(1-BUM0;)",  Q=(1-yUM,01)",
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L[(}’l k)\.) _ er7~ka+lr n> k;
Y 1, n=k,
S+ )\
R,,=(1+( +4) ) , l<n<M.
ay

Proof Using the resolvent equation (7), we get

v iz
_an+l$ +(8 +)‘)Vn = wnr 0 < VISM_L ﬁVO =VM.

From that follows the following recursive formula:

h
Vn = Ryl + Rn+11//n: 0<n<M-1

n+l
Hence
M-1 h
v = UM, m N var + Y Uls+1,mA)—v,, 0<n<M-1
s=n s+1

From this formula and the nonlocal boundary condition Bvy = vy it follows that

M-1 2
var = BP Y Uls+1,0;1) — .
=0 [Z235%
Then,
M-1 3
v = UM, )BPY " Uls +1,031) —
=0 [Z235%
M-1 i n-1 i
+ Y Uls+1,mA)—s = Py UM, m; A)U(s +1,03 1) — )
s=n Asi1 ry Agi1
M-1 3 M-1
+P Y U(s+1,m) Y = Goo(n,8; M) Ysh. 12)
SZ’; sl s SZ:O: 22 s
Using the resolvent equation (7), we get
an%+(8+k)un—8vn:<pn, 1<n<M, Uy = YUp.

From that follows the system of recursion formulas

h
Uy =Ryt + —R,(6vy + @u), 1<n<M.
a

n

Hence

- h
u, = U(n,0;\)ug + ZU(n,k—l;)L)—(Svk +@r), 1<n<M.
ak
k=1
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From this formula and the nonlocal boundary condition #g = yu,, it follows that

M

h
uo=yQY UM, k- 1)~ (6vic+ o).
k=1

Therefore,

M n
h h
u,,:L[(n,O;A)|in E U(M,k—l;)»)a—k(8vk+<pk):| + E U(n,l<—1;k)a—k(8vk+g0k)
k=1 k=1

n

(8vs + 903) + ZU(K,S— l;k)ﬁ(avs + §Ds)

s=1 S

M
h
=U(n,0;1)yQ § U(M,s—l;k)ﬂ—
s=n+1 S

M M
= Z Gu(n,s—LA)eh+6 Z Gu(n,s = 1;A)vsh.

s=1 s=1

Applying equation (12), we get

M M M-1
d Z Gu(mk-LAvih=6 Z Gu(n,k-1;1) |:Z Goa(k, S;A)lﬁsh]h

k=1 k=1 s=0

M-1 M
= Z |:5 Z Gu(l’l, k— 1; )»)ng(k, S5 )\,)]’l:| Iﬂsh

s=0 k=1
M-1

= G50 ¥sh.
s=0

From the last two formulas it follows that

M M-1
U, = Z Gu(n,s —1; A)psh + Z Gia(n, 8 M) Ysh. (13)

s=1 s=0
Lemma 2.1 is proved. O

Lemma 2.2 The following pointwise estimates hold; see equation (7):

PLIQIS — . (14)
] T )
eatns = g [ 050
Gtmsnl = it (o O )

__ 1
Herer = G
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Proof 1t is easy to see that the estimates of equations (14), (15), and (16) follow from the
triangle inequality. Applying the triangle inequality, we get

|Gra(m,5:0)] <8 | Guln,p - 11)||Goap, s 1) . (18)
p=1
If1 <s < n-1. Then, using the estimates of equations (14), (15), (16), and inequality (18),

we get

|Ga(m,552)] <8 |Gulnp - L1)| |G lp, s 1) |
p=1

+ 8 Z |G11(I’l,p— 1;)\)||G22(p,s;)»)|h

p=s+1

M
+4 Z |Gu(n,p = 1;1)||Gaa(p, 5 1) | 1

p=n+l

s n
Z Pl stlpy Z rn—p+1rM+s+1—ph

p=1 p=s+1

8
<
- ﬂz(l _ VM)Z |:

M
+ Z ’M+n—p+1rM+s+l—ph:|

p=n+l

Sr'” 2 25—2 +25—2, 2M+25-2
a2(1 )2 |:Zr Ph o+ Z M2 Z r Ph

p=s+1 p=n+l
Shr=+> 2 2(n—s) 25-2 2 2(M-n)
—_ s n—s +25-2n s —n
_az(l—rM)Z(l—rz)z[l_r + (1= M +r(1-r )]
rn—s+2(1 _ rM)

_ +25-2n
T 21— MR- ) [1+77 ]
B Shr"=s+2(1 — rM) +25-2n
= m [1 + M ]

rn—s+2 (1 _ I'M) rn—s+1

_ +25—2n
- az(l—rM)r%h(1+r) [1+rM ] = a(l —rM)’

If s = n. Then, using the estimates of equations (14), (15), (16), and inequality (18), we get

|Ga(m,52)] <8 _|Gulnp—L1)||Gulp, s 1) |
p=1

M
+8 ) |Gulnp—11)||Gualp, s 1) |

p=n+l

n-p+l_s+1 +n—-p+1  M+s+1—,
= o M[Zr Pt 3 ]

25—2, 2M+25-2,
a2(1 rM)Z |:Z Ph+ Z Ph:|

p=n+l

Page 7 of 24
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81’[?’2 n -s S
d2(1 - ,«M)Z(l - 72) [1 _pmy (1 _ rz(M ))rz ]

Shri(1 - rM) Shr*(1 — M) - r

S a21-rM2(1-12)  g2(1- rM)r‘S*TAh(l +r) ~ al-r)’

Here n < s < M. Then, using the estimates of equations (14), (15), (16), and inequality (18),
we get

|Gu(m,5)] <8 |Gulnp - L1)||Gulp, s 1) |k
p=1

S
+8 > |Gulnp—11)||Gulp, s 1)

p=n+1

M
+8 Y |Gulnp—11)||Gu(p,s2)|h

p=s+1

n

$ n—p+1_s+1—, - +2—, -
EW[ZV Ll ph+2:r'g Py Mrn=pp

p=1 p=n+l

M
g

p=s+1

rs n+2 n M
2n—2, +2n-2, 2M+2n-2,
VM)2|:Z;" Ph+ZrM ph+Zr ph]
p=n+1 p=s+1
_ Shrs—"+2
- a2(1 — rM)2(1 — r2)2
Shrs+2(1 - rM)
_ 1 rM+25—2n
P ]
S (A M)
T 21 -1 -r?)
~ 5hrs—n+2 [1 +2s—2n] rs—n+l
N a?(1—rM)yr&2p(1 + r) ~a(l-rM)’

[1 _ r2n + (1 _ r,2(n—s))rM+23—2n + r2r1 (1 _ rZ(M—s))]

[1 + rM+25—2n]

Lemma 2.2 is proved. d

Theorem 2.1 The operator (Al + A7) has a bounded inverse in Cy, for any A > 0 and the
following estimate holds:

M;

” (k +A;Cl)71 H(Ch—>(ch = l‘l——)\.

(19)

Proof Using the formula equation (13) and the triangle inequality, we get

M M-1
jin] = 3 S h|Gualon Kk 15)] max |<pk|+2h|Gu(n,k w|  max [yl
k=1

M
< |:Zh|Gu(n,k—1 )| Zh|G12 (n,k; 1) }H( )

k=1

Page 8 of 24
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M-1
val <D B[ Goalom i 1)|  max [y
0<k<M-1

()

for any n=0,1,..., M. Using the estimate of equation (15), we get

’

Cnl0.]

M-1
<> h|Gunlmk;n)
k=0

M
Zh|Gu nk-12)] < [Zr" ey rM+”kh]

k=1 k=n+1
hr 1
e —— —— n(1 — rM—n _ .
a(l—rM)r‘s%’\h[ " +r( )] S+
Using the estimate of equation (16), we get
M-1 1 n-1 M-1
+k+1-n +1-n
> h|Gulmkh)| < 7”[2/” hey o h:|
k=0 k=0 k=n
hr 1
= [1-M7" M (1-)] = .
a(l—rM)r%h[ ’ ( r)] S+ A
Using the estimate of equation (17), we get
M-1 - n M-1
. n-k -n
> k|G k)| < m[zr he Y h}
k=0 k=0 k=n+1
hr 2
= -/ yr(1-M e
a(l—rM)ra%h[ 4 )= 5+

Therefore,

M M-1 h
1ma)[(v[lunl < |:Zh|Gn(n,k—l;k)| + Zh|G12(n,k;)L)|:| H (;)
<n< pary

k=1
I
¢
v
M-1

max |v,] < Zh‘Gzz(”,k;k)‘

0<n<M-1
k=0

Cy[0,1]

3
<
TS5+ A

’

Cyl0,1]

1
<
RS

Cyl0,]]

()

()

culo.n

From this it follows that

(8]

Theorem 2.1 is proved.

8 + A
Cul0,]

()

culon
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3 The structure of fractional spaces E, (Cj, A}) and positivity of A} in Holder
spaces

Clearly, the operator A}, and its resolvent (A} + A)™' commute. By the definition of the

norm in the fractional space E, = E,(Cj, A7), we get

15+ )7 g, < DT+ 1) g,y

Thus, from Theorem 2.1 it follows that A} is a positive operator in the fractional spaces
E,(Cy, A7). Moreover, we have the following result.

Theorem 3.1 For o € (0,1), the norms of the spaces E,(Cy, A}) and the Holder space ([oj‘;l‘
are equivalent uniformly with respect to h. Here

h
éZZ{(IZ) ey

(POZV‘/’M»OSVElrﬁl/fozl//M,OE/sfl}' (20)

Proof For any A > 0 we have the obvious equality

Ay ) (;’) - (z) “h(Agx)T (f;)

By equation (8), we can write

An(Ar+ ) (i)

n

M
©On ()
= —-A G(n, k; M)h
(wn> 2,6 (w>

_ ([1 2 X Gulm ks WAl = 2 33,1 Gu(n ks A)hm)
0

. 2 Gra(n, ks W),
A Y0 Goa(m ks Mo + (1= 2 M1 Gy (1, ks M

. (x St Gu(m ks 1) (@n = i)+ 3 3410 G m K1) o — gok)h)
0

AT Gralin ks 1) — Y ) @1

' (x Y koo G20 ks ) (o — Yok + 2 340, Goa (i, ks ) (W — Y

Applying equation (21) and the following obvious equalities:

n n h
1-2) GunkA)h=1-QrY _ Uln,s- I;A)a—
k=1 k=1 $

n

A
=1- Qm Z(U(n,s—l;k) - U(n,s;k))
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A
=1- Qm(l— U(n,0;1))

A
= - UM,0;A) + ——QU(n, 0; 1),
5+,\Q y QU( )+8+AQ (n,0;1)
M M
1Y Guln ki) =-Qn Y Luns - 1,0u,02)
as
k=n+1 k=n+1
A

M
=73 +ka;:lVU(M, 0; ) (U(n,s —1;A) = U(n,s; 1))

A
=~y QUL 0:1) (U 152) — U, M 1)

A
_ _myQ[U(M, 0;M)U(n, ;1) — Un, 0:1)],

M-1 M1
1-A Goo(n,k;A)h =1 — PA U(s+1,mM)h
; 2 ;: asi1
5 Mo
=1 —Pm ;[U(s,n;)») - U(s + l,n;k)]h

A
:l—Pm[l— UM, n; 1) |h

8 A
=P—— —-PBUM,0;\) + P—— UM, n; 1),
S+ A pul )+ S+ A (M, 73)

n-1 n-1
A Y Gu(mkMh=-PLY p UM, mA)U(s +1,0; M)k
s=0

a
$=0 s+1

n-1

— 2By PUM, n; x)ﬁ [U(s,m0) = U(s + 1,m; 1) ]k

s=0

1
- AﬁPmU(M, mA)[U(0,m;1) - 1],

M-1 M-1 M

MY G h=-1Y 8hY  Gu(nk-11)Gunlk s r)h

s=0 s=0 k=1

M [ k-1
=AYy [Z 8hG(n, k = 1;1)Ga(k, 5; )k

k=1 L s=0

M-1
+ Y 8hGn(nk—1;1)Gok,s; A)h}
s=k

n+l k-1

=-A Z ZahGn(l/l,k - 1;)»)G22(k, S;)L)h
k=1 s=0

M k-1
-A Z Z(Sl’lGu(}’l,k—1;A)G22(k,5;)»)h

k=n+2 s=0

n+l M-1

=AY > 8hGu(mk —1;2)Ga(k,s; M)
k=1 s=k

Page 11 of 24
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M M-1
—x DY 8hGu(nk —1;1)Gaak, s 1)k
k=n+2 s=k
n+l k-1 1 /3
=-A ShU(n k — 2; 1) —
; ; Ak-1 Ag+1
x UM, k; \)U(s +1,0;\)h
M k-1 1 ‘3
==k Y > ShyU(M,0;)U(n k - 2;1)—
k=n+2 s=0 k-1 Gs+1
x UM, k; \)U (s +1,0; M)k
n+l M-1 1 1
=—A Shi(n, k —2; 1) — U(s+1,k0)h
kizl: ; Ak-1 As+1
M M-1 1 1
==k Y > ShyUM,0M)U(nk - 230)—— ——U(s + 1,k 1)k
k=n+2 s=k k-1 A1
n+l k-1 1 1
=-A Shll(n, k — 2; 1) — UM, k; \) g ——
; ; ap_1 S+ A
x [U(s,0;1) = U(s +1,0; 1) ]
M k-1 1 1
- Shy UM, 0; U (n, k — 2; 1) — B
k§2 sz:o: ap.1 0+ A
x [U(s,0;1) = U(s +1,0;1)]
n+l M-1 1 1
—A Sht(n, k —2; ) —
/<2=1: ;; ap16+ A
x [U(s,0;1) = U(s +1,0;1)]
M M-1 1 1
- Shy UM, 0; U (n, k — 2; 1) — B
k;z ; v ap1 0+ A

x [U(s,0;1) = U(s +1,0;1)]

n+l
= -1 Shll(nk-21)
k=1

1
ak-1

UM, k; A)ﬁﬁ [1-U(k,0;1)]

M
2> ahyU(M,o;x)U(n,k—2;x)iﬂi[1— U(k, 05 1)]

k=n+2 A1 8+
n+l 1 1

—A Sht(n, k —2;.)— ——|U(k,0; A) — U(M, 0; A
Dbk =253) 2 (U 0.0 = U, 0.0)
M 11

— A Y Shy UM, 03 ) U (n k- 20) — ——
k=n+2 -1 8 + 1

x [U(k,0;2) — UM, 0;1)],
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and using the nonlocal boundary conditions

®o =Y Pm Bvo = Y,

we get

A0 A7) (jj)

_ ([S%Q— Y QU(M, 0; 1), + Q52 L(1, 0;1)(@ —¢0)>
0

) 57 QUM, 0; M) U (1,1 M) gnm
—ABPU(M, 13 1) 5 U(0, 15 1) o

( St ShU(m k= 2;2) 7 UM, k) B 55 [1 = Uk, 0; 1)} )

Pyt — PBUM, 0; x)]wn + Py UM, m ) (Y — Yran)

S ShU(m k = 2;2) 7= UM, ks 1) B 551 = Uk, 0219, )
0

M Shy UM, 0;)U(n, k —2;1) -
0

ak-1

B[l - Uk, 0; x)m)

3
0

AR Shy UM, 05 AU (n, k — 2;A)$ﬂﬁ [U(k,0; 1) — LI(M,O;A)]W)

0

(k U,k - 2;3) - s (U (k,o;x)—uw,o;x)]wn)

S Gy, ks M) (o — o)+ A M G, ks 1) (oar — wk)h)

AN Gra(m, ks W) (W — Y
A YN0 Gaa (1, s M) (Wo = Y + A Y et Goa(m, ks M) (W — i)

Using this formula, the triangle inequality and the definition of spaces E,(C[0, /], A7)
and C*[0, [],, we get

h
AEAL (AL + ) <‘p)
v clo,dly,
< max |: |L[(M,0;k)f + i|

1<n<M| 8§
X OmaX [Vl

Alre | — ol
+ max nh)*|U(n,0;1)| sup ——————

1§n§M5+)L|Q|( ) | ( )|1§n§pM (nh)*

p2) )L1+a
P PIA* UM, 0; A —B|P M, m; A ST A
HEL@’&[SM' |+ BIPIS UM, 032)| + S—BIPI| UM, ;2| U0, )|}
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l+a
o
X021’34'%'+12311§45+A|P|((M—”>h) UM, ;)|
[ — Yl
X sup

0<n<M-1 ((M = n)h)~
n+l

+ max )\“"‘ZSh|L[(n,k—2;A)‘%|U(M,k;k)‘
k-1

1<n<M
k=1

1
x B 1= Uk 0;)] max vl

M
+ max A1 Y 5hy|u(M,0;x)]|u(n,k—2;x)|iﬁijl—u(k,o;x)]
Ak-1 S+ A

1<n<M
k=n+2

X max
omax [Vul
n+l

1 1
1+ _ 0. . _ .
+ 12:1?1(\4)‘ ,?,1 Bh‘LI(rz, k 2,)\)} _dk_l ey ‘LI(k, 0;A) — UM, k,k)| 0rSrLaSXM [V,

M
+ max A1 Y 8hy|U(M,0;A)]|U(n,k—2;A)|ﬂi

1<n<M —
- k=n+2 k=1

1
x ——|U(k,0; 1) — U(M,0; )|
S+ A 0

n+l

« | — @kl
ALt —kh) |G,k )|k _
o mas A QR Gutn kb lh s T

max
max 1|

M

l+a o . |‘PM—_ (Pkl
# max A ) (M- mh)|Gulm kMl sup rrn

k=n+1
M-1
|Wn_wk|
+ max A (k- nlh)¥|Gunk)|h o sup —5
1<n<M g' | | 12 | lgk,nEM, (In — k|h)*
- k+#n
n-1
[k — Yol
AL kh)* |Goy(n, k; 1) |1 —_
o 2 ) (G ki lh sup
M-1
a |wn_wk|
+ max Al (k=n)h) |Gy (n,k;\)|h su _—
150 k;ﬂ( ylex S (=i
A
V) e
Here
A% N
J= 3 QI + ¥ |QIAY|U(M, 0; 1)
+A
}L1+o¢ Al+o¢
+ max ¢y |QIUM, 0;2)[ [, 1 2)| + = 1QI(nh)*|U(n, 0; 1)
A28 N )\lﬂx
X 5 PL+ BIPIAT UM, 052)| + S BIPIUM, i )| |0, ;)|
+ A S+ A
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l+a
S |P|((M = n)t)*| UM, m; 1)
n+l
+ Al ZSh|U(n,k-2;x)|i|U(M,k;x)|ﬂi|1 — U(k,0;2)|
P ai_1 S+ A
a“ 11
l+a . _ 9. - JE— .
+ A kg;zahﬂu(M,o,x)Hu(n,k 2,A)|ﬂk_lﬂ8 - Uk 00|
n+l 1 1
AN Sh{U(n, k- 250)| —— —— Uk, 03) = UM, k;1)| + A1
= ar18+ A
A 11
x kg;zahy|U(M,o;A)||U(n,k— 2;x)|am|uu<,o;x) — UM, 0;1)|
n+l M
+ Al Z((rz - k)r)a ’Gu(n, k;k)‘h + Al Z ((M - n)r)a !Gll(n,k;k)|h
k=1 k=n+1
M-1 n-1
+ AL Z(|k - n|r)a ’Gu(n,k;)»)|h 4 AL Z(kt)"‘ |G22(n,/<;k)|h
k=0 k=0
M-1
+27N  ((k=m)7)” | Goa(m ks W) B .
k=n+1

Using the estimates

P 81—0{ )\1+a81—a

< )
S+A S+A)2 —

and the estimates of equations (14), (15), (16), and (17), we get

{ms 1 1 a( (5+x)h>‘M
J < max + A1+

l<n<M | 8§ +A1-1M 1M a

l+a -M-n+1 1+a -n
A 1 (1+ (8+A)h> L 1 (nr)"‘<1+ (5+A)h)

+6+A1—VM a §+A1-mM a
s 1 1, G+Mh\M Al g G +Mh\M
+ + A1+ + 1+
S+Al-M 1-M a S+r1—-1rM a

A of . B4R\
+—5+)\1_7M((M—n)h) <1+ P
n+l 1 1 M 1 1
+ )\'1+0l Sh n—k+2+M-k — + )L1+a 8hrM+n—k+2_
; " ad+a k§2 ad+ A
n+l M
e Zahrn—kﬂl 1 Al Z 5hrM+n—k+2l 1
Py ad+Ai o ad+A

n+l M
1 1
+ A ((n = 0h) R = AN (M= k) M =
k=1 ( ) a k:n+l( ) a
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M-1 n-1
4L Z('k _ nlh)a [n— k|+1 h 4 Lre Z(kh)arkﬂ
k=0 k=0
M-1 1
+ AL Z ((k - n)h)ark"“z;h} < M(a,$).
k=n+1

Then

h h
AT (AL +2)7 (f;) < M(a,5) (i)

for any A > 0. This means that

{1l ()

Let us prove the opposite inequality. For any positive operator A7 » We can write

o0
/) - f a0+ (1) an.
g 0 g
From the relation and formula (21) it follows that
(2 /oo -1 ,x x\-1 [ $n
= A+A}) Al(A+A dxr
5)- evnennr (s

/ ZG(n,k MBA (1 + A7) <:;k) "
k
o M
:/0 ZGll(”rS?)“)hAi(K+A;;)‘l (%) A

s=1

00 M-1 0
/ ZGu(n 5 M)A ( + A7) (w>dk

Cp cy

< M(a,d)
Ea(CpoA)

Ci

oo M-1 0
+ / Z Gaa(n,s; 1)hA;, (A +A’h‘)_1 (W ) dx.
0 s

s=0

Consequently,

(G(n +m ki A) = Gl ks M) BAG (L + A3) ™ (:;f) d,
k
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whence

o M
o= = [ Y3 |Gun e msi) - Gulmsi|
0 =

h
(¥
v Eq(CpA3)
h
@
v
h
@
v

0o M-1
/ Zk |G12 n+m,s; )—Glz(n,s;k)|hdk

)

Eq (Ch:A;;)

00 M-1

|1/fn+m—1/fn|</ Z)\ |Gz (11 + m,531) — Goa (1,53 1) |k

Ea(CpAf)

Let

= (mh)~ / Zk ’G11n+ms, )—Gu(n,s;k)‘hd)»

00 M-1

+(mh)"‘/ Zx |Gia (1 + m,5;1) = Gra(m, ;1) | dn

00 M-1

+ (mh)~ / ZA ‘Gzz(n+m s; )—ng(n,s;k)‘hdk.

Then for any n + m,n € {0,1,..., M}, we have

(Mh)_a|(pn+m - (pn| + (WIh)_a|Wn+m - WVI| = p

()

Ea(ClO147)

Now let us estimate P = P; + P, + P3, where

Py = (mh)” f ZA ’G11n+ms, )—Gll(n,s;k)’hdk,

00 M-1

Py = (mh)” / Zk |Gia(n + m,5;1) = Gra(n, ;1) | hda.,

0o M—1

P3 = (mh)” f ZA |G22 n+n,s;)) — Gzz(n,s;k)|hdk.

Note that it suffices to consider the case when 0 < mh < % Applying the scheme of the
paper [33] and using equations (8), (9), (10), (11), and the estimates of equations (14), (15),
(16), and (17), we can establish the following estimate:

M6(ﬂ 8)
a(l o)

(22)

for r = 1,2, 3. Applying the triangle inequality and the estimate of equation (22), we get

< M7(ﬂ, 8) )
T a(l-a)
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Thus for any n + m,n € {0,1,..., M} we have

h
-« - M (ﬂ, 3)
A O = ol + 1L W = Yl = S0 (‘”)
4 Eo(CpsAp)
This means that the following inequality holds:
h h
)] =23l C)
=0z
V) g =D\ g

Theorem 3.1 is proved. d

Since the A7 is a positive operator in the fractional spaces E, (Cj, A}), from the result of
Theorem 3.1 it follows that it is also a positive operator in the Hélder space Cj,. Namely,
we have the following.

Theorem 3.2 The operator (A + A7) has a bounded inverse in C‘;,‘ uniformly with respect
to h for any A > 0 and the following estimate holds:

M8 (dr 8) Ml

x\~1 1 NT .
” ()J+Ah) “(C‘;:%(CZ = al-a)1+A

4 Applications
In this section we consider the application of results of Sections 2 and 3. For a positive
operator A in E the following result was established in papers [36, 37].

Theorem 4.1 Let A be a positive operator in E. Then it obeys the following estimate:
RS, (tA)|, ,<M;, 1<k<N,Nt=T, (23)

where M, does not depend on T and k. Here R, ,_,(z) is the Padé approximation of exp(-z)

near z=0.

For a numerical solution of the initial-boundary value problem (1) the following differ-
ence scheme is presented:

G b o) B 5 ) = S =it
tr=kt,x,=nh,1<k<N,Nt=T,1<n<MMh=I,

o e B o =g = Al o0
tr=kt,x,=nh,1<k<N,Nt=T,0<n<M-1,Mh=I,

u’ézyufw 0<y<l, ﬁvézvﬁ‘w 0<B=<1,0<k=<N,

u® = uo(x,), Wo=vo(x,), x,=nh0<n<MMh=1.

We introduce the Banach space C([0, T'];, E) of all continuous abstract mesh vector func-
tions

P hyN
T _ nN _ ul,n
u = {” }k:1 = k

Y2 k=1
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defined on [0, T]; = {tx = kt,1 < k < N,Nt = T} with values in E, equipped with the norm

ma (a5 + max s, )0

”“I ”(C([O,T]T,E) T 2keN 1<k<N

Note that the problem (24) can be written in the form of the abstract Cauchy problem

1\ YN o\ N AL
— u
[ ( T ) }k=1 " Vk k=1 f2 k=1

u (25)
uo\ [ up
Vo V271 el
k
in a Banach space E = C;, with a positive operator A} defined by (5). Here {(J{lk)h}i\[:l =
2
k
{ (ff'” )2{1}2\11 is the given abstract vector function defined on [0, T]; with values in E,
2,n-1
0
("f(‘)’) = (Vg” )24:1 is the element of D(A}). It is well known that (see, for example [3]) the
formula "

uk —k | Yo a —k+j-1 fll
= (I+71A7%) + Z(I + TA}) it (26)
% Vo -1 2

gives a solution of the problem (25) in C([0, T'], E).

Theorem 4.2 For the solution of the problem (25) the stability inequality holds:

1), ELMELL,....

The proof of Theorem 4.2 is based on the positivity of the operator A7, equation (26)

+
E

EM(a,S)H

C([0,T]:.E)

and the estimate of equation (23).

Applying the results of Theorems 2.1 and 4.2, we get the following theorem.

Theorem 4.3 The solution of the problem (24) satisfies the following estimate:

max max ‘uﬁ‘+ max max ‘Vﬁ‘
1<k<N1<n<M 1<k<N 0<n<M-1

<Ma8[max £+ max [°|+ max max |f* |+ max max |fF ]
= Mia, )1§n§M| ”| 05n§M—1| ”| 151<5N15n5le1’”| 1§k§N0§n§M—llf2’n|

Applying results of Theorems 3.2, 4.1, and 4.2, we get the following theorem.

Theorem 4.4 Assume that

fll,(() = Vﬂ],(M' 0<y=1

Bfy =f&n 0<B<1L1<k<N.
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Then the solution of the problem (24) satisfies the following estimate:

k k
Uy — U
max ( max |uk| +  sup M)

1<k=N \1sn=M 1<n<n+m<N (m.[)a
ko =k
V -
+ max ( max ||+ sup Wi = %]
1<k=N\0=<n=M-1 0<n<n+m<M-1 (mt)~
|u(r)1+m — u2|

< M(a,8,a)| max |u°] + su
- ( T )|:15”5M| rz| 1§VI<VI+I})M§N (m.c)a

0 0
Voom =V

+ max [V)]+ sup oo =Vl
0=<n=M-1 0<n<n+m<M-1 (mt)*

k k
k lfl,ner _fl,nl
+ max | max ||+ sup AT

1=k=N \1sn=M 1<n<n+m<N (mt)™

k k
k lf2,n+m _f2,n|
+ max [ max |f,|+ sup eyl N B

1<k<N \ 0<n<M-1 O<nemim<M-1  (MT)®

Finally, one has not been able to obtain a sharp estimate for the constants figuring in

the stability estimates. Therefore, our interest in the present paper is studying the differ-

ence scheme equation (24) by numerical experiments. Applying this difference scheme,

the numerical method is proposed in the following section for the numerical solution of

the hyperbolic system of equations with nonlocal boundary conditions. The method is

illustrated by a numerical example.

5 Numerical results
For the numerical result, the initial value problem

%—‘t‘:—g—z—(u—v)+(1+2n)cos(2nx+t), 0<t<1,0<x<1,
v _ ov

3t — ox
u(t’ O) = I/l(t, 1): V(t; 0) = V(t, 1)1 0 <t<l],

u(0,x) =v(0,x) =sin27x, 0<x<1

—v+ (1 -2m)cos(2mx +¢t) +sin(RQrx+1), 0<t<1l,0<x<]l,

for the hyperbolic system of equations with nonlocal boundary conditions is considered.

Applying the difference scheme equation (24), we obtain

k_ k-1 k_ k
Uy~ _ uptuy k k k

S = U, t Y, O,
1<n<M1<k<N,Mh=1,Nt=1,
Aodt

i
— 1"n k k
T _VHT_Vn-F‘(//n’

0<n<M-1,1<k<N,

k_ ok Kk _ ok

uy = Uy, vo=Vy» O0<k<N,
0

n

=V =sin(2rnh), 0<n<M,
where

@k = (1+27) cos(2mnh + kt),
vk = (1 -2m)cos(2mnh + kt) + sin(2r nh + kt).

(28)
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We get the system of equations in the matrix form

]1vk:ka’1+gok, 1<k<N,° =,

]2uk=Buk’1+vk+1//k, 1<k<N,u =g,

where

X 0
v .
sin2mh
v :
= , V= sindsh ,
vk )
M sin 2Mr h
0
k
u
2 sin2mh
17
U = ! , @=| sindnh |,
k :
u
M sin2Mrh
a b 0 0 --- 0 0
0 a 0 0 0
0 0 b --- 0 0
Ji=
0 0 0 a b
0 00 0 (N+1)x (M+1)
¢ 0 0 0
0 ¢c O 0
B= ,
0 0 0 0 ¢
000 0 0 (M+1)x (M+1)
a f 00 0 O
0 a f O 0 O
0 0 a 0 O
I = f
0 0 O a f
1000 0 (M+1)x (M+1)
a=t-jrrg=—hb-het
s o
of )
s |, yh=|
Pri—1 wjl\(/f—l
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Table 1 Difference scheme

M=N=50 M=N=100

Comparison of errors foru  0.0444 0.0226
Comparison of errors forv ~— 0.0875 0.0436

Thus, we have the first-order difference equation with respect to k matrix coefficients. To
solve this difference equation we have the following procedure:

V= TIB L 4 TR, 1<k <N =y,

(29)
uk = IBuf L+ TWE s Sy, 1<k <N,u’ =¢.

For their comparison, the errors are computed by

E

= max \u(tk,xy,) - ufl
1<k<N-11<n<M-1

’

E, = max ‘V(tk,x,,) - VI;’
1<k<N-1,1<n<M-1

of the numerical solutions. The numerical solutions are recorded for different values of

N = M; u’;, V’; represent the numerical solutions of these difference schemes at (¢, x;,).

The errors are given in Table 1 for N = M =50, and N = M = 100, respectively.

6 Conclusion

In the present study, the finite-difference method for the initial-boundary value problem
for the hyperbolic system of equations with nonlocal boundary conditions is studied. The
positivity of the difference analogy of the space operator generated by this problem in
the space with maximum norm is established. The structure interpolation spaces gener-
ated by this difference operator is investigated. The positivity of this difference operator in
Holder spaces is established. In practice, stability estimates for the solution of the differ-
ence scheme for the hyperbolic system of equations with nonlocal boundary conditions
are obtained. A numerical example is applied. Moreover, applying this approach we can
construct the stable difference schemes for numerical solutions of the initial-boundary
value problem

2ED 4 () 24D 4 §(u(t, x) — v(t,x)) = fi(E % ult, %), V(L %)),
0<x<[,0<t<T,
WD _ () D 4 Su(t, %) = fo(t % V(L %)),
0<x<L0<t<T, (30)
u(t,0)=yu(t,l), 0<y<l,
Bv(t,0)=v(t,l), 0<B<1,0<t<T,

u(0,x) = ug(x), v(0,x) =vo(x), O0<x<lI

for the hyperbolic system of semilinear equations with nonlocal boundary conditions. Of
course, convergence estimates for the solution of these difference schemes can be ob-
tained.
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