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Abstract

By constructing Green’s function, we give the natural formulae of solutions for the
following nonlinear impulsive fractional differential equation with generalized
periodic boundary value conditions:

Dlu@=Fftu®), tel=Nt,....tn},J=10,
Auty) = L(uty), AU () =Luty), k=1,....m,
au(0) - bu(1)=0, au’(0)-bu'(1) =0,

where 1 < g < 2 is a real number, “Df is the standard Caputo differentiation. We
present the properties of Green'’s function. Some sufficient conditions for the
existence of single or multiple positive solutions of the above nonlinear fractional
differential equation are established. Our analysis relies on a nonlinear alternative of
the Schauder and Guo-Krasnosel'skii fixed point theorem on cones. As applications,
some interesting examples are provided to illustrate the main results.
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1 Introduction

In recent years, the fractional order differential equation has aroused great attention due
to both the further development of fractional order calculus theory and the important
applications for the theory of fractional order calculus in the fields of science and engi-
neering such as physics, chemistry, aerodynamics, electrodynamics of complex medium,
polymer rheology, Bode’s analysis of feedback amplifiers, capacitor theory, electrical cir-
cuits, electron-analytical chemistry, biology, control theory, fitting of experimental data,
and so forth. Many papers and books on fractional calculus differential equation have ap-
peared recently. One can see [1-17] and the references therein.

In order to describe the dynamics of populations subject to abrupt changes as well as
other phenomena such as harvesting, diseases, and so on, some authors have used an im-
pulsive differential system to describe these kinds of phenomena since the last century.
For the basic theory on impulsive differential equations, the reader can refer to the mono-
graphs of Bainov and Simeonov [18], Lakshmikantham et al. [19] and Benchohra et al. [20].
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In this article, we consider the following nonlinear impulsive fractional differential equa-
tion with generalized periodic boundary value conditions (for short BVPs (1.1)):

CD?u(t) :f(tr M(t)), te ], = ]\{tlr ceey tm}:] = [Or 1];
Au(tk) =Ik(u(tk))7 AM/(tk) =]k(bt(tk)), k= 1,...,m, (11)
au(0) — bu(1) = 0, au/(0) —bu/(1) = 0,

where a, b are real constants with a > b > 0. °D{, is the Caputo fractional derivative of
order1<g<2.f:] x R* - R* isjointly continuous. Iy, Jy € C(R*,R*), R* = [0, +00). The
impulsive point set {#;}}L, satisfies 0 = £y <] <+ < by < by = L u(E) = limy o+ u(ty + h)
and u(¢;) = limy,_,o- u(t + h) represent the right and left limits of u(t) at the impulsive
point ¢ = t;. Let us set Jo = [0,t1], Jk = (tx, tks1], 1 < k < m. The goal of this paper is to
study the existence of single or multiple positive solutions for the impulsive BVPs (1.1)
by a nonlinear alternative of the Schauder and Guo-Krasnosel’skii fixed point theorem on
cones.

The rest of the paper is organized as follows. In Section 2, we present some useful def-
initions, lemmas and the properties of Green’s function. In Section 3, we give some suffi-
cient conditions for the existence of a single positive solution for BVPs (1.1). In Section 4,
some sufficient criteria for the existence of multiple positive solutions for BVPs (1.1) are
obtained. Finally, some examples are provided to illustrate our main results in Section 5.

2 Preliminaries
For the convenience of the reader, we present here the necessary definitions from frac-
tional calculus theory. These definitions and properties can be found in the literature.

Definition 2.1 (see [21, 22]) The Riemann-Liouville fractional integral of order o > 0 of

a function f : (0, +00) — R is given by

IEf(2) = /0 (t -5 f(s)ds,

1
[(a)
provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.2 (see [21, 22]) The Caputo fractional derivative of order « > 0 of a contin-

uous function f : (0, +oo0) — R is given by

1)
‘DS f(t) = ds,
o= 100 /0 (£ — sy ©
where n —1 < o < n, provided that the right-hand side is pointwise defined on (0, +00).

Lemma 2.1 (see [21]) Assume that u € C(0,1)NL(0,1) with a Caputo fractional derivative
of order q > 0 that belongs to u € C"[0,1], then

I.DY u()=u(t) +co+crt+--+cpt"™

forsomec; €R,i=0,1,2,...,n -1 (n = —[—q]) and [q] denotes the integer part of the real
number q.
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Lemma 2.2 (see [23]) Let E be a Banach space. Assume that T : E — E is a completely
continuous operator and the set V ={u € E|u = uTu,0 < yu <1} is bounded. Then T has a
fixed point in E.

Lemma 2.3 (Schauder fixed point theorem, see [24]) IfU is a close bounded convex subset
of a Banach space E and T : U — U is completely continuous, then T has at least one fixed
pointin U.

Lemma 2.4 (see [25]) Let E be a Banach space, P C E be a cone, and 21, Q2 be two
bounded open balls of E centered at the origin with 0 € Q, and Q, C Q,. Suppose that
A:PN (R \ Q1) — P is a completely continuous operator such that either

(i) lAu|| < lull, u e PN a2 and ||Aull > |lull, u € PN 3Ry, or

(i) |Aul|l > llull, u € PN Oy and ||Au|| < ||u|, u € PN IRy
hold. Then A has at least one fixed point in PN (2 \ ).

Now we present Green’s function for a system associated with BVPs (1.1).
Lemma 2.5 Given h € C(J,R*) and 1 < q < 2, the unique solution of

Dlu(t)y=h(t), te],
Aulty) = I(u(ty)), Ad'(te) = Ji(u(te), k=1,...,m, (2.1)
au(0) — bu(1) = 0, au/(0)-bu/(1)=0, a>b>0,

is formulated by
1 m m
u(t) = / Gi(¢,8)h(s) ds + Z Go(t, t:)]i (u(t) + Z Gs(t,t)L(u(s)), te],
0 i=1 i=1
where
(t-9)97  b1-)91 | blg-1)t(1-s)T"2 | b%(q-1)1-s)12
Gl T@ Tabr@t @it ' @orrg 0 0SSSt=L 2.2
1(:5) b=t blg-D)i(1-5)72  bH(g-(1-5)7"2 22)
+ 0<t<s<l
(a-b)T'(q) (a-b)T'(q) (a-b’T@) ’ - - =7

ab_ g dh) g <pct<1,i=1,2,...,m,

N _ ) (a-b)? a-b ’
Gz(t, tz) = i ab + b(t-t;) O<t<t<li=12 m (2.3)
(a_b)2 a-b ? =t=bi=bLt= b a0

A 0<t<t<li=12,...,m,
Gs(t, L) =14 =het= . (2.4)
2, 0<t<t;<1,i=12,..,m

Proof Let u be a general solution of (2.1) on each interval (&, 1] (kK =0,1,...,m). Ap-
plying Lemma 2.1, Eq. (2.1) is translated into the following equivalent integral equation
(2.5):

u(t) = %q) /0 (t =) h(s)ds — cx — drt, Yt € (b, teal, (2.5)

where tg = 0, t,,,1 = 1. Then we have

u'(t) = ﬁfo (£ =98)12h(s)ds —di, t€ (e trs1)-
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In the light of the generalized periodic boundary value conditions of Eq. (2.1), we get

Lq-s)t -
b/ @ h(s)ds + acy — bc,, — bd,, =0, (2.6)
1 _ g2
b /0 (i (qs_) 1y 5)ds + ado bk = 0. 2.7)
Next, using the right impulsive condition of Eq. (2.1), we derive
ko1 — ek = Ie(u(tr)) = Jie(u(te)) b (2.8)
iy — die = T (u(t)). (2.9)
By (2.7) and (2.9), we have
-b [l(1-s)17? b &
dy = b)) TaoD h(s) ds — — 21: Ji(u(t), (2.10)
b 1(1-s) 2
=75 | Taon 9% bZ], (w(2)). (2.11)
By (2.9) we have
k
dx=do — Z]i(u(t)
i=1
b [1(1-s)1? R J
“a b ), rg-1) h(s)ds — p— ;fi(u(ti)) - ;]i(u(ti))- (2.12)
From (2.6), (2.8) and (2.11), we have
-b (-5t (1-s)12
h(s)ds — h(s)d.
—h/o o "% Tl PR
m b m
(d b)2 Z]l - a (L (u(8)) = Ji(u(2)t:). (2.13)
According to (2.8), we obtain
k
Cp=Co — Z( (u(t) = Ji(u(t)t:)
(l—Sq 1 b2 l(l_s)q—2
d. h(s)d.
/ T 0% g f, T
m b m k
@b ;Ji(u(t') “~ 7 2:1: i(u(t) - ;Ii(u(ti))
m k
t— D i)t + > Ji(ul) (2.14)
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Hence, for k =1,2,...,m, (2.12) and (2.14) imply

a- s)q 1 (@ -+ b [T (1-s)1
Cp +dit = / @ P L TG0 h(s)ds
“ G Z}L (u(ty))[ab + bla - b)(t - t,)] 21 (u(t;))
k k
= L(ut)) = > Ji(ut) (e - ). (2.15)
i=1 i=1

Now substituting (2.10) and (2.13) into (2.5), for t € Jy = [0, t1], we obtain

- S)q1 1- S)"1
u(t)_fo T'(q) e b/

(ab-b)t+b* [ (1-5)12

@07 Jo Tq-n"O%
22/, (w(t))[ab + bla - b)(t - 1:)] + L(u(t)
i=1
C[f-9T! (1- s)‘17’1
—/0 ) h(s)ds + —b(/ +/> h(s)ds
(ab — b))t + b? a- s)q2
T (/ /)
(ﬂ leZ], u(t) ab+b(a b)(t - t)
B (t—s)t b1 —s)! [(ab—bz)t+b2](1—s)‘72h()d
_/0[ M@ (@-brlg  (@a-bPrig-1) } v

. fl[bu—s)q—l , llab=b)+ 7)1 - 9)
¢ Lla-b)l(g) (a-byT'(g-1)

L 22], u(t) ab+b(a b)(t - t) i

i=1

:|h(s) ds

Ta-oy

/ Gy(t,5)h(s) ds + ZGz(t )i (u®)) + > Ga(t 1) (u(t:)),
i=1

i=1

where Gi(¢,5), Ga(2, ;) and Gs(t, ¢;) are defined by (2.2)-(2.4).
Substituting (2.15) into (2.5), for ¢ € Jx = (&, tknl, k=1,2,...,m, we have

(£ —s)11 b L(1-g)!
u(t):/o T h0dss = [ S hw s

(ab— bt + b2 1 (1—5)12
(@-b?* Jo T(g-1)

1
Z], u(t) ab+b(a b)(t - t) —bZI

h(s)ds

Ta-op
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+Zk:1(u(t)) Zk: Ji(u(:)) (¢ - t:)

(t—s)1! b 1- S)ql
:/0 rg "OE L b(f /) H)ds

(ab b))t + b? (1-s)72
T a-b2 ( * )F( Ty ) ds

k
2<Z+Z)J, (t))[ab + bla - b)(t - 1,)]
i=1  i=k+1

k K
+ % (Z + Z)Ii(u(ti)) Y L) + Y Ji(e)) (- t;)
i1 i1

i=1  i=k+1

_ ‘/‘LI:(t —s)at . b1 —s)71 . [(ab - b*)t + b*](1 —5)172
oL T(@ (a-b)l'(g) (a-b)’T'(g-1)

N /‘1|: b(l-s)7! . [(ab - b))t + b*](1 - 5)272
(a-b)T(q) (a-b)’T'(g-1)

:|h(s) ds

i|h(s) ds

k

ab_ bla=b)+(a—b)
+ ; [ (a-Db)? + @—b)? (t- ti):|]i(1/l(tl‘))

" b+ b(a—-b)(t—t) N
N Z ap + (:_ e ]i(u(ti)) +Z|:m +1]Ii(u(ti))

i=k+1 i=1

i=k+1

_ /t[(t —s)r! . bl -s)7! . [(ab - b))t + b*](1 - 5)272
oL '@ (a-b)'(q) (a-b)’T'(g-1)

N /1|: b1 —s)a! . [(ab - b*)t + b*](1 - 5)772
(a-b)T(q) (a-b)’I'(q-1)

i|h(s) ds

:|h(s) ds

X m
b - bt 3 e
+Za +ala-b)(t t)]i(u(ti))+ ab + b(a - Db)(¢ t)]i(u(ti))

i=1 (a—b) i=k+1 (a-b)?
k m b

+ Z /jfi(u(ti)) + ; m[i(u(ti))
i=1 i=k+1

/ Gl ) ds+ 3 Galt b (at) + 3 Galt, 001 (utt),
i=1

i=1

where G1(¢,5), G2(t, t;) and Gs(t, ;) are defined by (2.2)-(2.4). The proof is complete. [

Lemma 2.6 Let 0 < b < a < +00, then Green'’s functions Gi(t,s), Ga(¢,t;) and Gs(¢,t;) de-
fined by (2.2), (2.3) and (2.4) are continuous and satisfy the following:
(i) Gi(t,s) e CJ x J,R*Y), Gy(t, t;), G3(t, t;) € C(J x J,R"), and
Gi(t,s), Ga(t, 1), Gs(¢t, t;) > O for all t,t;,s € (0,1), where ] = [0,1].
(ii) The functions Gi(t,s), Ga(t, t;) and Gs(t, t;) have the following properties:

SM@) <Gilts) <M(s), VEelse(0D), 2.16)

Page 6 of 19
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b? a?
<Gyt t) < , Vitie],
—op = 0= g </
b <Gs3(tt) < 2 Vi, t, €]
ﬂ—b_ 3\L L _ﬂ—b’ PRZ) )
where

_al-s)a-(2-s5-q)b)(1-5)7?

M) @-bT(g

Proof From the expressions of Gi(t,s), Ga(t,t;) and Gs(t,t;), it is obvious that Gi(Z,s),
Gy(t, 1), G3(t,t;) € C(J x J,R*) and G1(t,s), Ga(t, t;), G3(t, t;) > O for all ¢, ¢;,s € (0,1). Next,
we will prove (ii). From the definition of Gi(¢,s), we can know that, for given s € (0,1),

Gi(¢,s) is increasing with respect to ¢ for £ € J. We let

(a-b)2(t-5)7"+[(a-b)1-s)+ [(a—-b)t+bl(g-1)]bQ1 - s)72

>0, sel0,1).

gl(tx S) = (61 _ b)ZF(q)
_la-b)(A-s)+[(a-b)t+bl(g—-1)]b1-5)7>
gZ(tyS) = ((l _ b)2F(q) , L€ [O,S].

Hence, we derive

te[0,1] tels,1]

[a-b)(1-s)+blg—1b(1 - )72

- (a-b)I(g)
bl(1-s)a—-(2—s—gbl1-s)72 ,

- (a-b)’T(q) = mis),

te[0,1]

_a-b)A-5) +blg-1)]all - )7

min Gi(t,s) = min{ min gi(¢,5), min ot S)} = min{gi(s,5),£2(0,5)} = £(0,5)

s€[0,1),

max Gi(z,s) = max{maxgl(t,s), max gg(t,s)} =max{gi(1,5),£(s5)} =g (L)
tels,1] te[0,s]

(a-b)*T'(q)
all-s)a—(2-s—q)bl(1-s)172 ,
= = M(s ) se [0, 1).
(a—b)’T(q) )
Thus, we have
b
—M(s) = m(s) < Gi(z,5) < M(s).
a
It is obvious that
b? a? b a
——— =3,(0,1) < Gy(t, ;) < G,(1,0) = , <Gt t) < —.
@-b) 2(0,1) < G2(t, 1) < G2(1,0) -0y —b< 3( )<a—b
The proof is completed.

3 Existence of single positive solutions

In this section, we discuss the existence of positive solutions for BVP (1.1).

(2.19)

, tels1],

Page 7 of 19
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Let E = {u(t) : u(t) € C(J)} denote a real Banach space with the norm | - || defined by
le£]| = max;es |u(t)]. Let

PC(J)={u€E|u:]—>R"ueC(J'),u(t;) and u(s)

exist with u(tk) ulty),1<k<m }
K= {uePC(]) u(t)>—||u|| te]} (3.1)
K.o={ueK:lul<r}, 0K ={ueK:|ul=r} (3.2)

Obviously, PC(J) C E is a Banach space with the norm ||| = max,; |u(¢)|. K C PC(J) is a
positive cone.
In the following, we need the assumptions and some notations as follows:

(B) 0<b<a<1,0<o0y,0, <+00, where o = folM(s) ds, oy = Z—.?; folM(s)ds.
(By) feC(J xR*,R*) and f(£,0) =0 forall t € /.
(B3) I(u(t), Ji(u(tr)) € CR*,R*), k=1,2,...,m

Let
N-= max{ 57 2 Z}, (u(ty), Z (u(t))},
i=1
51 Sf(tu) o f(bu)
fotnenyT T AT

where § denotes 0 or +o00. In addition, we introduce the following weight functions:
b2
d(r) = max{f(t, u(t)) : (t,u) € [0,1] x I:;r, ri| },

2
o(r) = min{f(t, u(t)) : (t,u) €[0,1] x [b—zr, r] }
a

From Lemma 2.4, we can obtain the following lemma.

Lemma 3.1 Suppose that f(t, u) is continuous, then u € PC(J) is a solution of BVPs (1.1) if
and only if u € PC(J) is a solution of the integral equation

u(t) = / Gi(t, s)f(s, u(s) ds + ZGz(t tl)]L u(t) ZG3(t t,)I ), Vte].
i=1
Define T : PC(J) — PC(J) to be the operator defined as
(Tu)(t) = / Gi(t, s)f(s u(s) ds + ZGZ (t, t)]l( (tl-)) + Gs(t, ti)li(u(t,»)). (3.3)
i=1 i=1

Then, by Lemma 3.1, the existence of solutions for BVPs (1.1) is translated into the exis-
tence of the fixed point for u = Tu, where T is given by (3.3). Thus, the fixed point of the
operator T coincides with the solution of problem (1.1).
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Lemma 3.2 Assume that (B1)-(Bs) hold, then T : PC(J) — PC(J) and T : K — K defined
by (3.3) are completely continuous.

Proof Firstly, we shall show that T : PC(J) — PC(J) is completely continuous through
three steps.

Step 1. Let u € PC()), in view of the nonnegativity and continuity of functions Gi(t,s),
Ga(L, 1), Gs(L, 1), f (¢, u(2)), Ix, Jx and a > b > 0, we conclude that T : PC(J) — PC(J) is con-
tinuous.

Step 2. We will prove that 7" maps bounded sets into bounded sets. Indeed, it is enough
to show that for any r > 0 there exists a positive constant L such that, for each u € Q, =
{u e PCU) : llull =}, ITull < L when [f (&, u)| < b, Ukl < b, k| < I3, where [; (i = 1,2,3)
are some fixed positive constants. In fact, for each ¢ € Jy, u € Q,, k =0,1,2,...,m, by

Lemma 2.5, we have

1 m m
|(Tu)(2)| S/O |Gi(t,8)f (5, u(s)) | ds + Z|G2(t, )i (u(5:))| + Z|G3(t, £ (u(t:))|
i-1 i-1
a’mly  amls ,

<ol =,
R PR AT

which imply that || Tu|| < L.
Step 3. T is equicontinuous. In fact, since G;(¢,s), Ga(t, t;), Gs(t, t;) are continuous on
J x ], they are uniformly continuous on J x J. Thus, for fixed s € J and for any ¢ > 0, there

exists a constant § > 0 such that for any ¢, £, € Ji with |4 — 2| <8, 0 < k < m, we have

& &
h,s) — t, a7 7 t1tL' - t’ti o 7
|Gi(t1,9) Gz(zs)|<3[1 |Ga(t1, 1) - Gat )}<3m12

)
|Gs(t1, 1) - Gs(ta, 13)] < .
31/}’1[3

Then

| Tu(ty) — Tu(t)|

1 m
/0 (Gilt2,5) = Gi(t1,9))f (s, uls)) ds + Z(Gz(tz; t;) — Ga(ty, 1)) (u(t))

i=1

+ Z(GB(thti) - Gs(t, ti))]z’(u(ti))‘
i=1

1
<h / |Gi(t2, 5) = Ga(t,9)| ds + mly| Ga(ta, ;) — Ga(ta, 1)
0

+ ml3|Gs(t2, t) — Ga(t1, 17)|
e € ¢
<—+-+=-=g¢g,
3 3 3
which means that T(S2,) is equicontinuous on all the subintervals ¢ € Ji, k = 0,1,...,m.
Thus, by means of the Arzela-Ascoli theorem, we have that T : PC(J) — PC(J) is com-

pletely continuous.


http://www.advancesindifferenceequations.com/content/2014/1/255

Zhao and Gong Advances in Difference Equations 2014, 2014:255 Page 10 of 19
http://www.advancesindifferenceequations.com/content/2014/1/255

Next, we will show that T : K — K is completely continuous. Indeed, for each ¢ € J,
everyu € C(Ji,R*), k=0,1,2,...,m, Lemma 2.5 implies that

(Tu)(t) > —/ M(s)f s, u(s) ds + b)2 Z], u(t 4 u(t
On the other hand,

| Tu|| = max(Tu)(t) < / Ms)f (s, u(s)) ds+ )2 Z Ji(u(t)) Z[i(u(ti)).

i=1

Thus,

Tl - b—zmax(Tuxt)

b? “
< —/ M(s)f s, u(s) ds+ b)2 Z]l u(t, —b) Z[ (u(ti))

= (Tu)(@®).

So (Tu)(t) > Z—z || Tu|| for every u € C(J,R*), which implies T(K) C K. Similar to the above
arguments, we can easily conclude that 7': K — K is a completely continuous operator.
The proof is complete. O

Theorem 3.1 Assume that (B,)-(Bs) hold, and suppose that the following assumptions
hold:

(A1) There exists a constant Ly > 0 such that |f(¢,u) — f(t,v)| < Li|lu —v| for each t € ] and

all u,v e R*.

(Ay) There exists a constant Ly > 0 such that |Ji(u) — Jx(V)| < La|lu — v| for all u,v € R*,
k=1,2,....,m

(As) There exists a constant Lz > 0 such that |[i(u) — [t(v)| < Ls|lu — v| for all u,v € R*,
k=1,2,....,m

Ifp=0L; + ™ gz + ”;‘iL; <1, then problem (1.1) has a unique solution in K,,.
Proof Let the operator T': K, — K, be defined by (3.3). For all u,v € K, from Lemma 2.5,
we obtain

|(Tu)(®) - (TV)(2))|

1
< / Gi(t,s) [f(s, u(s)) —f(s, V(s)) ‘ ds
0
+ Z Ga (& &) i (u(8)) = Ji(v(8)) | + Z G (6, &) |1 (u(8)) - L (v(®))|
i1 i1
2

a 3
SfflLlllu—V||+( b)zllu it ——llu=vii = pllu—vl,
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masz maL3
(a-b)?

from Lemma 3.2, T is completely continuous. Therefore, by the Banach contraction map

where p = 0111 +

< 1. Consequently, T is a contraction mapping. Moreover,

principle, the operator T has a unique fixed point in K, which is the unique positive solu-
tion of system (1.1). This completes the proof. d

Theorem 3.2 Assume that (B1)-(Bs) hold, and suppose that the following assumptions
hold:

(A4) There exists a constant Ny > 0 such that |f(t,u)| < Ny foreach t € ] and all u € R*.
(As) There exists a constant Ny > 0 such that |Ji(u)| <N, forallu e R*, k=1,2,...,m
(Ag) There exists a constant N3 > 0 such that |I(u)] < N3 forallu e R*, k=1,2,...,m

Then BVPs (1.1) have at least one positive solution in PC(]).

Proof Let T : PC(J) — PC(J) be cone preserving completely continuous that is defined by

(3.3). According to Lemma 2.2, now it remains to show that the set
Q:{uePC(])|u:ATuforsomeO<A<1} (3.4)
is bounded.

Let u € Q, then u = ATu for some 0 < A < 1. Thus, by Lemma 2.5, for each ¢ € Ji, k =

0,1,...,m, we have

|u(t)| = 12 Tul
1
§f |Gi(t,s)f (s, u \ds+Z|G2 ()i (u(t) Z|G3 AT
0
a’*mN, amNs
<o1Np +

(a - b)? Y a-b
Thus, for every t € J, we have ||u(t)|| < o1N; + “ﬂmgf + “’"NS , which indicates that the set
Q is bounded. According to Lemma 2.2, T has a fixed pomt u € PC(J). Therefore, BVPs

(1.1) have at least one positive solution. The proof is complete. d

In the following, we present an existence result when the nonlinearity and the impulse

functions have sublinear growth.

Theorem 3.3 Assume that (B1)-(Bs) hold and suppose that the following assumptions
hold:

(A7) Thereexista; € PC(]), by > 0 and o € [0,1) such that |f(t, u)| < ai(¢) + bi|u|* for each
te]andall u e R*.

(Ag) There exist constants az, by > 0 and a € [0,1) such that |Ji(u)| < ay + by|u|” for all
uelkR* k=12,....,m

(Ag) There exist constants as,bs > 0 and a € [0,1) such that |I(u)| < as + bs|u|* for all
uelR* k=12,....m
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a’mby ambs
(a—b)? a-b -’

a*may
(a-b)?

amaz px _

ab ’ b10-1+

(Ay) b* <1, a* +b* > 1, where a* = poy + +

Then BVPs (1.1) have at least one positive solution in PC(]).

Proof Let T : PC(J) — PC(J) and 2 be defined by (3.3) and (3.4), respectively. Denote
p =maxe |a1(2)|. If u € Q, then for ¢ € ] we have

|u(t)] = 12 Tul

/|Gl(t 8)(a1(s) + b |u(s)|” |ds+Z|G2(t t;)(az + bylul”)|

i=1

+ 3166 e+ )|
i=1

*m(az + byllull*)  am(as + bs||ul*)

@a-b> a—b

1 1
Sp/ M(s)ds+b1||u||"‘/ M(s)ds + 4
0 0

=a” +b*||ul%,

which implythat lu|| < a* +b*|ul|*. When 0 < ||u|| <1, then ||u|| <a*+b*. When ||u]|| >1,
then [|uf) < 1%+
This shows that the set Q is bounded. According to Lemma 2.2, T has at least one fixed
point in PC(J). Therefore, BVPs (1.1) have at least one positive solution in PC(J). The proof
is complete. d

Taking C = max{a* + b*, %, }, we have ||u|| < C for any solution of (3.4).

Theorem 3.4 Assume that (B;)-(Bs) hold. And suppose that one of the following conditions
is satisfied:

(Hy) f*< 6% (particularly, f~ = 0).
(Hy) There exists a constant M > 0 such that f (¢, u) < Mfor te], ue[M,+o0).

(H3) There exists a constant N > 0 such that ®(N) < 307 N forte],uel zN,N].

Then BVPs (1.1) have at least one positive solution.

Proof Case 1. Considering f*° < %, there exists 71 > 0 such that f(¢, ) < (f* + &1)u for all
u € (1, +00), t € J, where ¢ satisfies 01(f* + &1) <1.

Choose r; > max{r, 2N(1 - o1(f® +e1))7 1), letu € £ K;,. We can easily know that 2,
is a close bounded convex subset of a Banach space PC(J). Then, for ¢t € ], u € Q1, in view
of the nonnegativity and continuity of functions Gi(t,s), Ga(Z, t;), G3(¢, &), f(t, u(?)), Ir, Jk
and a > b > 0, we conclude that Tu € P, Tu > 0, ¢ € J. By Lemma 2.5, we can obtain the
following inequality:

b? b
2Tl =— maX(Tu)(t)

[/ M(s)f (s, u(s)) ds+ ZL (u(t;)) +
< —[/ M( s)f s,u(s) ds+ b)2 ZL

I; M(L‘i)):|

3
ili(u(ti)):|

Page 12 of 19
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b 1 b? m b m
< ;/O M(s)f (s, uls)) ds + PEE ;Ii(u(ti)) t—7 le‘(u(ti))

a—
i=1

=(Tu@), te].

Thus Tu € K.
Next, we prove || Tu|| < r;. Indeed, for t € J, u € 9K,,, we get

| Tuel| = ntla]x(Tu)(t)

/ M(s)f (s, u(s)) ds+ )2 ZL (u(t)) +

i b Z Ii(u(t)

i=1

1 . 2
< /(; M(s)(f + sl)u(s) ds + @ o ;Ji(u(ti)) +

<oi(f* +e1)llull + 2N

< 01(f°° + sl)rl +71 —al(fOo + 81)r1 =r.

Therefore, T(£21) C €2;. From Lemma 3.2, we have that T : Q; — €; is completely contin-
uous. Thus BVPs (1.1) have at least a positive solution by Lemma 2.3.

Case 2. Condition (H,) holds. Let u € Q, = K, where d > 0 satisfies d > 1 + M +
01 maxXes uefomf (t, ) + 2N. By the ways of Case 1, we can also get Tu € K. Now we prove
|| Tu|| < d. In fact,

l Tul| = HBaIX(Tu)(t)

2 m m
/ M(s s, ds + @ f D) ;Ji(u(ti)) + P i Y ;Ii(u(ti))

= / M(s)f (s, u(s)) ds + / M(s)f (s, uls)) ds + 2N
selu(s)>M s€],0<u(s)<M

/M(s ds+/ M(s max  f(t,u) + 2N

te] ue[0,M]

=M +07; max f(t u) +2N < d.

teJ,uel0,M

Therefore, T(£23) C 2. From Lemma 3.2 we have that 7': Q; — €2, is completely contin-
uous. Thus BVPs (1.1) have at least a positive solution by Lemma 2.3.

Case 3. Condition (Hs) holds. Let u# € Q3 = Ky, where N > 0 satisfies N > 3N, we
get Z_Z”M” < u(t) < ||lu||. By the ways of Case 1, we can also get Tu € K. Now we prove

| T|| < N. By assumption (Hj3), we have

2

N b
flt,u) <®N)< —, VteJue|—
301 a?

N,N].

Page 13 0of 19
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In view of Lemma 2.6, we have

(| Toal| = n;la]X(Tu)(t)

/ M( s)f S, u(s) ds + b)2 ZL M(tz

Zli(u(ti))
i=1

1 N -
S/O M(S)g—o'lds+2N

< —4 — =
-3 3

Therefore, T(23) C Q23. From Lemma 3.2 we have T : Q23 — Q3 is completely continuous.
Thus BVPs (1.1) have at least a positive solution by Lemma 2.3. We complete the proof of
Theorem 3.4. d

4 Existence of multiple positive solutions
In this section, we discuss the multiplicity of positive solutions for BVPs (1.1) by the Guo-

Krasnoselskii fixed point theorem.

Theorem 4.1 Assume that (B1)-(Bs) hold, and suppose that the following two conditions
are satisfied:

(Ha) fo> % and foo > 6—12 (particularly, fy = foo = 00).
(Hs) There exists a constant ¢ > 3N such that ®(c) < %for teJ,ue [z—ic, c].

Then for BVPs (1.1) there exist at least two positive solutions uy, u,, which satisfy

0 < llull <c<lluall. (4.1)
Proof Choose r, R with 0 < r < ¢ < R. Considering f, > %, there exists r > 0 such that
f(t,u) > (fo—ex)ufort € J,u € [0,r], where &5 > 0 satisfies (fy —&3)o > 1. Then, for u € 9K,

t € J, we have

ll Tul| = ntlajx(Tu)(t)

b m
> - / M) (s:u(9) ds + b)2 Z}, (8)) + — b;b(u(n))
1
> " | My ds= S /0 Ms)(fy - e2)u(s)ds

b 1 bz
> 2 [ M6 o)t ds
a Jo a
= (fo —e2)o2 [|lull > [lull.
Therefore,

1 Tull = llull, uedkK,. (4.2)


http://www.advancesindifferenceequations.com/content/2014/1/255

Zhao and Gong Advances in Difference Equations 2014, 2014:255 Page 15 0f 19
http://www.advancesindifferenceequations.com/content/2014/1/255

Considering f5, > %, there exists R > 0 such that f(t,u) > (fooc — e3)u for t € J, u € [R, 00),
where €3 > 0 satisfies (fx, — €3)02 > 1. Then, for u € dK, t € ], we have

]| = HtIaIX(Tu)(t)

f M(s s, ds+ b)2 Z]z

/M s, dS>—/M(S(fOO—83 (s)ds

Zfi(u(ti))
i1

> —/ M) —£2) 2o ) ds = (o = )l = 1],
a Jo a
So
\Tull > lull,  u € K. 3)

On the other hand, by assumption (Hs), we have

c b?
ft,u) <d(c)<=—, forteJue|—cc|.
30 a?

1

For u € 3K, where ¢ > 0 satisfies ¢ > 3N. In view of Lemma 2.6, we have

[l Tul| = HtlaJX(Tu)(t)

/ M(s)f S,u(s) ds+ b)2 Z], t)
c 2
/ M(s —ds+2N< —+—=c=|u.
3 3
Therefore,
I Tull < l|lull, uedK,. (4.4)

Thus, applying Lemma 2.4 to (4.2)-(4.4) yields that T has the fixed point #; € K N (K, \ K;)
and the fixed point u, € K N (K \ K;). Thus it follows that problem (1.1) has at least two
positive solutions u; and u;. Noticing (4.4), we have || u || # c and || uz|| # c. Therefore (4.1)
holds. The proof is complete. d

Theorem 4.2 Assume that (By)-(B3) hold. Further suppose that there exist three positive
numbers & (i = 1,2,3) with 3N < & < & < & such that one of the following conditions is
satisfied:

(He) ¢(&1) = 2, d(&) < f; I3
(Hy) ®(E) < & L B(E)> 2, (&) < 5

— 301’ — 301"

Then BVPs (1.1) have at least two positive solutions uy, uy with

& < lmll <& < |luzll <é&s. (4.5)
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Proof Because the proofs are similar, we prove only case (Hg). Considering ¢(&;) > 2 , we

have f(t, u) > ¢(&) > % forte/,uc [2—251,51]. Then, for u € 0K¢,, t € J, we have

|Tu|| = rrtlEaIX(Tu)(t)

Zfi(u(ti))
i=1

>—/ M(s s u(s) ds+ )2 Z]‘ u(t

b ! b &
> ;/0 M(s)f(s,u(s))dsz ;/0 M(S)G_gd

b3 1 5
== _3/ M(s)ds= = & = ||ul.
a’ Jo o)}
Therefore,
I Tull > lull, wuedKe. (4.6)

Considering ®(&;) < 2% -, we have f(t,u) < ®(&) < 52 forteJ,uel 252,52] Then, for
uec oK, te], we der1ve

l Tul| = H;a]X(Tu)(t)

2 m i
/ M(s)f s, )) ds + @ f D)7 Z}i(ld(ti)) + P f Y Zli(u(ti))

2 2
/ M(s) —ds+2N<g—2 B 8 2% ol
3 3 3 3

So,

[ Tull < lul, uedKs,. (4.7)

Considering ¢(&3) > i—z, we have f(t,u) > ¢(&3) > % forte]J,uc [z—zég,ég]. Then, for
u € 0Ky, t € J, we have

ll Tul| = ntla]X(Tu)(t)

/ M(s)f (s, u(s)) ds+ )2 Z], (t) + Z]i(u(ti))
i=1

/ M(s)f (s, uls)) ds = —/ M(s ) ds> —/ M(s )ds— =& = |lul.
Therefore,

I Tull > lull, wue dK,. (4.8)

Thus, applying Lemma 2.4 to (4.6)-(4.8) yields that T has the fixed point u; € K N (K, £ \
Kg,) and the fixed point u, € KN (K, \ Kz,). Thus it follows that BVPs (1.1) have at least two

Page 16 of 19
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positive solutions u; and u,. Noticing (4.7), we have ||u|| # & and |luy|| # &. Therefore
(4.5) holds. The proof is complete. O

Similar to the above proof, we can obtain the general theorem.

Theorem 4.3 Assume that (B1)-(Bs) hold. Suppose that there exist n + 1 positive numbers
& (i=12,....n+1) with3N <& < & < --- < &1 such that one of the following conditions
is satisfied:

(Hs) p(Em) > L, B(ey) < 22, j=1,2,...,[%2];
(Ho) ®(Ey1) < 22, p(y) > 2, j=1,2,..., [%2].

1

Then BVPs (1.1) have at least n positive solutions u; (i =1,2,...,n) with

& < uill <&ia. (4.9)

5 lllustrative examples
Example 5.1 Consider the BVPs of impulsive nonlinear fractional order differential equa-

tions:
Diu(t) =f(t,u(t)), tel,t#1,

Auh) = 1), Au(d)=Twd)), (5.1)
au(0) —bu(1) =0,  au'(0)—bu'(1) =

fweletq=2,a=2b=1f(tu) = S0 (4 1) ¢ [0,1] x [0,00), I(1) = 54, J(u) =

(£+2+/5)2 1+ult 5+u
10+u’ue[0 OO)
For u,v € [0,00), t € [0,1],
'(2)cost - ré
() -] < | -2 u-v | TD,
(t+2/5)2 |1+ u)(1+v)
5 1
Iw) - IW)| < —————Ju—v| < Z|lu—v|,
|I(w) (V)|_(5+u)(5+v)lu VI_SIM vl
10 1
- <—  |u-v|<—=|u-v|.
G ](V)|_(10+u)(10+1/)|u M=ol
§
Clearly, L; = —2 , Ly 10, L= —. Therefore,
L. ma’Ly | mals 10 r'é) L2229
=0 = — Y —=— <
PEOM T @b " a-b 3r@) 20 55 3

Thus, all the assumptions of Theorem 3.1 are satisfied. Hence, BVPs (5.1) have a unique
solution on [0, 1].
In addition, in this case, let N = 20 ,Nz = N3 =1.Itis clear that |[f (¢, u)| < Ny, [Jk(1)] <

Ny, |Ix(4)] < Ns. Thus, BVPs (5.1) have at least one solution on [0,1] by Theorem 3.2.
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Example 5.2 Consider the BVPs of impulsive nonlinear fractional order differential equa-

tions:

‘Diu(®)) =f(t,u(t), te],t#3,
Au(3) =1(u(3)), Au'(3) =T(u(3)), (5.2)
au(0) — bu(1) =0, au/(0) —bu/(1) = 0.

Leta=2b=1,q=3,f(tu) = |“2250 |, I(4) = J(u) =

1+t2
holds. By a simple computatlon, we have

It is easy to see that (Ha)

1+u

ulnu Inu
fo =liminf min | ——— minf [nu] = +00,
u—0 te[O 1] 51+ t2)u =,
ulnu | In u|
=liminf min | ——— minf =
oo = u—00 tel0,1] 5(1+t2)u LHOO

Take ¢ = 1, it is clear that 3N <i<c For s <u<l fltu = ”1”';2“), we can obtain that

f(t,u) arrives at maximum at u = ; e[,1], t = 0. Thus, we have

1 1
®(1) = £(t,u) f( ) _ L L00736< -1 - YT ~0.0886.
telo, 1] ue[4,l] 5e 301 20

Thus it follows that BVPs (5.2) have at least two positive solutions u;, 1, with 0 < [Juy]| <
1 < ||uz|| by Theorem 4.1.
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