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1 Introduction

In the past years, the existence of homoclinic solutions to some second-order ordinary
differential systems has been extensively investigated because of its background in applied
science (see [1-7] and the references cited therein). For example, in [7], XH Tan and Li

Xiao studied the existence of homoclinic solutions to the p-Laplacian system

d / — /
Zllof W (0] = VF(t, ul®) +£(2), (L)
where p > 1 is a constant. The following theorem was obtained.

Theorem 1.1 (See [7]) Assume that F and f satisfy the following conditions:

(B1) Fe CYR x R",R) is T-periodic with respect to t, T > 0 is a constant;

(By) There are constants b > 0 and p > 1 such that for all (t,x) € [0, T] x R"
F(t,x) > F(t,0) + b|x|*;

(B3) f #0 is a continuous and bounded function such that fR If @) ®D dt < +00.

Then (1.1) possesses a homoclinic solution.
From the proof of Theorem 1.1 in [7], we see that assumption (B,) is crucial for obtaining
the existence of a homoclinic solution for (1.1).
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However, few papers investigated the existence of homoclinic solutions to functional
differential equations [8—10]. In [9], the authors studied the existence of homoclinic solu-
tions to the following functional differential equation:

q'(t-7) +f(t,q(t),q(t - 7),q(t - 21)) = 0, (12)

where t > 0 is a constant, t € R, g € R", f (¢, u1, up, u3) € C(R x R" x R" x R",R") and being
7-periodic in £. Under

[H;] thereisa z-periodic continuously differentiable function F(t,x,y) € C'(R x R” x R" x
R",R) such that

V. F(t,q(t —),q(t - 27)) + V,F(t,q(t), q(t - 7)) = f (¢, q(t),q(t - 7), q(¢ - 27));
[H,] there is a e € R" with e # 0 such that

Fy =limsup F(t,v1,v;) <0 forallteR

|v|]—o00

and some other conditions, they obtained the result that (1.2) possesses a nontrivial
homoclinic orbit.

In this paper, we investigate further the existence of homoclinic solutions for a second-

order p-Laplacian functional differential system as follows:

%[!u’(t) !pizu’(t)] = ViG(t, u(t), u(t + 7)) + V,G(t — 7, u(t — 7), u(t)) + e(t), 1.3)
where u(t) = (uy(£), us(t), ..., u,(t))T €R", t € R, G CY(R x R" x R",R) and is T-periodic
in t, V,G(t,x,y) = %’CM), V,G(t,%,9) = %yxy), e€ C(R,R"), t,T >0 and p > 1 are con-
stants. The interesting thing of this paper is that the period T of function f(t, u1, us, us)
with respect to the variable £ may not be equal to 7, and the main results are all expres-
sively related to the value of delay 7. Furthermore, even if for the case of = 0, we do not
require condition (B,) for guaranteeing the coercive potential condition.

As is well known, a solution u(t) of (1.3) is named homoclinic (to 0) if u(¢) — 0 and
u'(t) = 0 as |[t| = +oo. In addition, if # £ 0, then u is called a nontrivial homoclinic solu-
tion.

Motivated by the idea in the work of PH Rabinowitz in [5], Marek Izydorek, Joanna
Janczewska in [6] and XH Tan, Li Xiao in [7], the existence of a homoclinic solution for
(1.5) is obtained as a limit of a certain sequence {Mk,-(t)}jeN of 2kT -periodic solutions for
the following equation:

%Hu’(t) |p_2u’(t)] = VxG(t, u(t), u(t + r)) + VyG(t —1,u(t-1), u(t)) +er(t), (1.4)

where k € N, e, : R — R" is a 2kT-periodic extension of restriction of e to the interval
[-kT,kT]. We obtain the following theorem.

Theorem 1.2 Assume that G and e satisfy the following conditions:

(C1) ViG(t,0,0) + V,G(t—17,0,0)=0 forallt e R;
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(Cy) there are constants by >0,b; >0 (i=2,3,4), u >0, and 1 < A < p such that

G(t,%,9) = G(£,0,0) + by |x[" — ba|y|" — bslx — yI”

)

forall (t,x,y) € R x R" x R" with |x| < p,|y| < p;

k

(=M
—bylx—y* (le + Iyl

or

G(t,x,y) > G(¢,0,0) + b1|y|“ - by|x|* —b3|x—y|p
)

forall (t,x,y) € R x R" x R" with |x| < p,|y| < p,

—balx -yl (le “ il

where p is a constant with p > “ ! T "ot T(p v,

-1
(C3) e #£ 0 is a continuous and boundedfunctlon such that M := (fR le() |/ (-1 dt)lT <
+00.

Then (1.3) possesses a nontrivial homoclinic solution, if

2bs(p — A
bl — bz — Mf)L >0
and
1-p T(p-1)
1 2byh 2b4(p— 2 p-t2T I - T2
min{——bgrp ks ™, = (b —by — 4 )r)\)}
P P 2 p max{u »
1
1 2by(p — A 2M n-1
_ —<b1—b2— L-ﬁ‘)(ﬂ—l)( s ) )l > 0. (1.5)
2 p (by = by - 2oy,
In particular, suppose
G(t,x,y) > G(t,0,0) + by |x|"* — by |y|"
1
. (=2 (p=2)u
=Y Gl = bslx -yl —balx -y (Ix] 7 41y 7 )
j=1
for all (¢,x,y) € R x R" x R"; (1.6)

or

G(t,%,y) = G(t,0,0) + by — by |x|"

!
) (p=M)p
= gyl = bslx —yI1” - balx - y* (lx] 7 + 1yl

j=1

(=3I

)

for all (¢,x,y) € R x R" x R”, 1.7)
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where b; >0,i=1,2,...,4,¢;>0,and m; > 0 >1,j=1,2,...,/, are all constants. If there is a
1-
constant p > "T_ITTM + @ such that
1
8:=b; — Zc;pmf_“ >0, (1.8)

j=1

then from (1.6), one can easily find

u u » i - p-u
G(t,%,9) = G(£,0,0) + 8|x|" = boly|" = bslx =y —balx—y|*(lx| 7 +|y| 7 )
for all (¢,x,y) € R x R" x R" with |x| < p, |y| < p;
and from (1.7), we have
(=M -

G(t,%,9) = G(£,0,0) + 8|y = b |x|"* — balx =y’ —balx—y*(Ix| 7 +1yl 7 )

for all (t,x,y) € R x R" x R" with |x| < p, |y| < p.
So by using Theorem 1.2, we have the following result.

Corollary 1.1 Assume that assumption (Cy), assumption (Cs), condition (1.6) (or condition
(1.7)) and condition (1.8) hold. Then (1.3) possesses a nontrivial homoclinic solution, if

2bs(p— A
5_by_ 2bsb=M sy
and
1 2, 1 Wa(p—3) | o AT - T
min{ — — b3t¥ — ks ™ =(8-by - 4 T ~ ] P
p p 2 p max{;,;

n
1 2by(p — A 2M =

__<8_b2_M‘EA)(M—1)< a7 )/ > 0.
2 p (8= by — 28y,

Remark 1.1 If b; > b, and assumptions (C;)-(Cj3) are satisfied, then for sufficiently small
7 > 0 and sufficiently large p > 0, we see that condition (1.5) is satisfied. So by using Theo-
rem 1.2, we see that (1.3) possesses a nontrivial homoclinic solution. Furthermore, if t = 0,
then (1.3) is converted to

d }
E[’u/(t) 724/ (£)] = VH (2, u(t)) + e(t),

where H(t, u(t)) = G(t, u(t), u(t)), and from (1.6) or (1.7), we see that the function H(¢,x) is
allowed to be

H(t,x) — H(t,0) = G(t,x,x) — G(¢£,0,0) > —00  as |x| — +00,

which implies condition (B;) for guaranteeing the coercive potential does not hold
for (1.3). Moreover, we do not require that G(¢,x,y) is T-periodic function with respect
to ¢, which is required by [9], and local condition (C,) is essentially different from as-
sumption [Hy] in [9].
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If 1 in assumption (Cy) is the case i = p, then we have further the following result.

Theorem 1.3 Assume that assumption (C;) in Theorem 1.2 is satisfied together with the

following conditions:

(Do) there are constants p >0, by >0, b; >0 (i =2,3,4), >0 and 1 < A < p such that for
all (t,%,5) € R x R" x R" with |x| < p, |yl < p,

G(trx,y) > G(t; O! 0) + b1|x|P - b2|y|p - b3|x —)’|p

— balx —y|* (Jx| @V + |y @)
or

G(t,x,y) > G(£,0,0) + by |y|F — by|x|P — b3|x — yP

= bal =y (6177 + 191 77V);

-1
(D3) e # 0 is a continuous and bounded function such that M := (fR le(#) /-1 dt)p7 <
+00.

Then (1.3) possesses a nontrivial homoclinic solution, if

2 -\
bl—b2—Mﬂ>O
and
1 2by A 1 2 —-A _
min{——bgrp— ba tk,—<b1—b2—Mr’\>}pp(T1’q+T)lp
p p 2 p
p
1 2bs(p— A 2M p-1
__<b1_b2_L)ﬂ)(p_1)< T >p >0, (1.9)
2 p (by—by - %TA)P

Suppose there are constants b; >0, b; >0 (i =2,3,4),¢;>0,m;>p (j=1,2,...,0), u >0,
and 1 < A < p such that for all (¢,x,y) € R x R" x R”",

G(t;xry) Z G(tr 07 0) + b1|x|P - b2 |J’|p

1

= jlal™ — bsla — yI — bala — yI"(1x|P7) + 1@ (1.10)
j=1

or

G(t,x,y) > G(t,0,0) + b1 |y|” — ba|x|?

!

= glyl™ = bslx = yI? = balac — y1* (ja| PP + [y @), (L.11)
j=1

Page 5 of 15


http://www.advancesindifferenceequations.com/content/2014/1/244

Lu and Lu Advances in Difference Equations 2014, 2014:244 Page 6 of 15
http://www.advancesindifferenceequations.com/content/2014/1/244

If there is a constant p > 0 such that
!
Si:=bi-Y ¢p™7 >0, 1.12)
j=1
then for all (¢,x,7) € R x R" x R" with |x| < p, [y| < p,
G(t,%,9) = G(£,0,0) + 1fxl” = bayl? = bala = 317 = balc = y* (11"~ + 191 *~)
or
G(t,%,) = G(t,0,0) + S1lyl” — balwl” — balx — yI? — balx —yI* (|21 * + |y ®~).

So by using Theorem 1.3, we have the following result.

Corollary 1.2 Assume that assumption (Cy) in Theorem 1.2, assumption (D3) in Theo-
rem 1.3, condition (1.10) (or condition (1.11)) and condition (1.12) hold. Then (1.3) possesses
a nontrivial homoclinic solution, if

2by(p — A
bi—by— 2P
and
2b 1 2b A
mm{——bgrp— . r&—( 1 —by — s -2) A)}/01!7(T1q+T)11’
p
1 2b4(p - 1) oM #1
- (51 by - 2bsp = 2) Tl)(P - 1)( 2b1(p—)n) ) >0,
2 p (61— by — == 1h)p

where 8 is determined in (1.12).

2 Preliminaries

Throughout this paper, (-, -) : R” x R* — R denotes the standard inner product in R” and | - |
is the induced norm. For each k € N, Ej = WzlfT(R, R") denotes the Banach space of 2kT'-
periodic functions on R with values in R” under the norm

kT 1/p
el g, 2= |:/kT(|u/(t)|p +|u®]") dt:| ,

L (R,R") denotes the Banach space of 2kT-periodic functions on R with values in R”

under the norm

kT 1/p
llull, = [ / kT|u(t)|”dt]

and L3}, (R, R”) denotes the Banach space of 2kT-periodic essentially bounded measurable
functions from R to R” with the norm

[|4]l 0o = €5S sup{‘u(t)! :t € [-kT, kT]}.
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Lemma 2.1 [7,10] Let x € C'(R,R") with I% [/ () P2 (O)]] < Ry and [*7 %/ (s)|° ds < Ry,
where Ry, Ry, and o are positive constants. Then x'(t) — 0 as t — Fo0.

Lemma2.2[11] Letn; >1,w > 0and B € [0, +00) be constants,s € C(R, R) with s(t) € [0, B)
or s(t) € (=B, 0). Then for each x € C'(R, R") with x(t + w) = x(t), we have

| 0 -se-stonpae < pm [l o) ae
0 0

Lemma 2.3 [7] If q: R — R" is continuous differential on R, a >0, u >1 and p > 1 are
constants, then for every t € R the following inequality holds:

1 t+a Up t+a 1/p
0] = Cart ([ gl as)  vaza ([ ol a)

—a —a

Lemma 2.4 [10] Let X be a real reflexive Banach space and Q2 C X be a bounded convex
closed subset of X. Suppose that ¢ : X — R is a lower weakly semi-continuous functional. If
there exists a point xo € Q2 \ 0S2 such that

(x) > p(x9), VYxedL,

then there must be a x* € Q \ 92 such that

@(x*) = inf @(u).

ue

In order to investigate the existence of homoclinic solutions to (1.3), we should study
the existence of 2kT-periodic solutions to (1.4) for each k € N in the first case.

Lemma 2.5 Assume that the functions G and e satisfy conditions (Cy)-(Cs), and also con-
dition (1.5) holds. Then for each k € N, (1.4) possesses a 2kT -periodic solution uy(t) such
that

lully < Ao and |u], <Ay, (2.1)

where Ay and A, are constants independent of k.

Proof For each k € N, let ¢ : Ex — R be defined by

KTT 1
or(u) = / |:l; ’u/(t) ’p + G(t, u(t), u(t + r)) + (ek(t), u(t))] dt.

kT

Then ¢ € C'(Ex, R) and is weakly lower semi-continuous. Furthermore, one can easily
check

kT
)y = /kT[(|u/(t) |p_2u/(t),v’(t)) + (VG (2, u(t), u(t + 7)), v(2))

+ (VyG(t,u(t),u(t + 'C)), v(t + ‘L’)) + (ek(t),v(t))] dt, VveE. (2.2)
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SlncefkT(V G(t,u(t),u(t+7)),v(t+1))dt = fkT(V G(t—t,u(t—1),u(t)), v(t)) dt, it follows
from (2.2) that
kT _2
o (u)v = /kT[(|u’(t) P7u 0,V () + (VoG (& u(®), ult + 7)), v(t))

+ (VyG(t —z,u(t-1), u(t)), v(t)) + (ek(t), V(t))] dt, VveE.

Soifug € Ey is a critical point of ¢, then 1o must be a 2kT-periodic solution to (1.6). Thus,
we should prove that ¢ possesses a critical point. In order to do it, let Cy = fOT G(¢,0,0)dt
and Q = {x € E;: f o | @) dt + f o [u(0)|" dt < p1}, where

p— el T
P11 = 1 1 ) (23)

p > 0 is a constant defined by assumption (C,). From [10], we see 2 is a closed bounded

convex subset of E. Now, for using Lemma 2.4, we should prove that for each k € N,
or(u) > pr(0), Yued.

If u € 9Q, then fkkTT|u |Pdt+fkT|u )|* dt = p;1. So by using Lemma 2.3, we have

kT 1 _ kT i
lullgy, < T (/ |u(s)|“ds)“ o T (/ |u/(s)|pds>p
—kT -kT

1 [+ . 1 [ -1 -NT
< —/ |u(s)|' ds + —/ |u’(s)|pds+ iy S -1
nJ-kr b Jr 12 p

11 -1 -1)T
<max{—,—}pl+M—T1“+ -1 .
u p M p

Substituting p; in (2.3) into the above formula,

lllle < p, YueoQ.

2kT —

So, for all u € 3R, by using conditions (C;) and (Cy),

kT 1
o(u) = /_kT |:1_7 |u’(t) \p + G(t, u(t), u(t + ‘L')) + (ek(t), u(t))] dt

kT
2/ [l|u'<t)|p+G(t,o,0)+bl|u(t)|“_b2|u<t+f)|“_b3|u(t)_u<t+f)|1’
-kr LP

- b4|u(t) —u(t+ r)|x(}u(t)|% + }u(t + r)| W) + (ek(t),u(t)):| dt

kT
= 2kCy + fkT[ |/ (O] + (b1 = bo) |u(t)|" (ek(t),u(t))]dt

kT kT i (-
—bg/ ‘u(t)—u(t+r)‘pdt—b4/ ’u(t)—u(t+t)’ ’u(t)| Pdt
—kT

—kT

kT
—b4/ |lu(t-1) - u(t)| |u(t)| b dt. (2.4)
-kT
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By using the Holder inequality and Lemma 2.2,

kT
/ |u(t) u(t+r)| |u(t)| dt

kT L kT ek
_ » i
< </kT’u(t) u(t+ 'L’)’ dt) (/kT’u(t)| dt)

(p-2)
S (25)
Similarly,
kT )
/kT|u(t_f) (@) )| 7 dt < o u | 7 (2.6)
kT
/ e + 1) — () dt < | u’| . 27)
—kT P
In view of condition (C3), we see
‘/ ek(t u(t ) dt| < Mllull,. (2.8)

Substituting (2.5), (2.6), (2.7), and (2.8) into (2.4), and using the Young inequality,

o (1)
1 p |2 m PNk @%W
> 2kCo + » — byt |||u ||p + (b1 = ba)llullj, — 2bat [ Hp||u||,4 =M ull
> 2kCo + (}9 —bg'(p> ||u’Hi + (b1 = ba)|ulll;
A ’ p_)‘ L
_21’)47:/\ (}_7 ||M ||£ + 7””||L> —M||u||u
=2kCo + <l —byt? - 2b4) 1:’\) |2 + <b1 —by - Mr*)llullﬁ - Mlul|,
p V4 ’ V4
1 2by ) 1 2b4(p — A
> 2kCy +min{ — —b3t? - Al 5(b1 —by - %TA)}(HMHZ + ””/”i)

p p

1 2b A
+—<b1—b2— ‘*(Z “)nun“ Mlul,. (2.9)

2

By using the inequality (see [7])

I3
B B 2M N w1
—at —Mx>—-—(u 1)( ) , Vxel0,+00),
2 2 Bu

where B > 0 is a constant, we obtain from (2.9) the result that

oi(u)

1 2ba A 1 2b -\
me{;_bgfp_ p‘* rk,§<b1—bz—%)r*>}(nuufz+Hu/||§)
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1 2b4(p — X 2M I
- —(bl -by - 25— 4) )rk>(u—1)( AT )M +2kCo
2 p (by—by - 4T(IF)M

A T(pe1)
1 240 . 1 2b4(p — A p-E=Tw - L=
:min{— —bg‘[p— k 'L')L,—(bl—h2— 4(p )IA)} r P
p p 2 P

1 2by(p — A 2M =
- —(bl_bZ_ 4(p )rk>(l’L—1)( 2 ) )l +2kC07
2 p (by = by = 22

which together with (1.5) yields

or(u) > 2kCo = pr(0) forall u € 9L2. (2.10)

Thus by using Lemma 2.4, we see that for each k € N, there is a point

kT kT
Up € 2 := {x € E; :/ ’u/(t)|pdt+/ |u(s)‘“ds < ,01}
—kT —kT
such that
@r(u) = inf ¢(u).
ue
In view of ©2; being an open subset of Ex, we see from Theorem 1.3 in [12] that
o (wi) = 0;

and from (2.3) and the fact u; € Q1, we see

_ it Tp-1)

kT kT P
f |u}((t)|p dt + / ’uk(s)}“ ds < ® i
kT kT

max{%,}l’

The proof is complete.

Lemma 2.6 Assume that assumption (Cy) of Theorem 1.2, assumptions (D,)-(Ds) of The-
orem 1.3 and condition (1.9) hold. Then for each k € N, (1.4) possesses a 2kT -periodic so-

lution uy € Ey such that

_1
luallg, < p(TH7+T)74, (2.11)

where p > 0 is a constant determined by (D,) and (1.9). Clearly, p is independent of k.

1
Proof Let I' := {x € Ey : ||lx|lg, < p(TY7 + T)"4}. Clearly, T is a bounded closed convex
subset of Ej. Similar to the proof of Lemma 2.5, it suffices to show that for each k € N,

() > (0), VYuedl.

If u € dl', then |ullg, = p(TV 1 + T)_é . So by using Lemma 2.3, we have

leelloge, < (77 + T)‘17||u||5k =(T"+ T)%fp(THI + T)‘% =p. (2.12)

Page 10 of 15
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Furthermore, for all # € 9T, by using assumptions (D;) and (D3), and arguing in a similar
way to the proof of Lemma 2.5, we have

KTT 1
or(u) = /:kT [1—9 ‘u’(t) }p + G(t, u(t), u(t + r)) + (ek(t), u(t))] dt

kT
> / [l‘u’(t)}p +G(t,0,0) + (by — b) |[u(®)|” - bs|u(t) — u(t + 7)["
-kr LP

— balut) - e + 7)) (Ju®)| P + e + )| "7) + (ente), u(t))i| dt
kT 1
> 2kCo + / [— |/ O + (b1 = bo) [u@) ] + (ex(t), u(t))] dt
-kr LP

kT
— by f_kT|u(t) ~u(t+1)| dt

P

KT 5 opkT o
_ _ » » B
2b4<fkT|u(t) u(t+ r)| dt) (fkT|u(t)‘ dt) M |lull,

1 2ba A 1 2b -\
zmin{;—bgt”— ; r*,5<b1—bz—%r*)}(nung+||u/||,’j)

L

1 2b —A 2M -1
-—(bl-bz-&r*)(p-n( S )p +2kCo
2 p (bl—bz—A‘T(p_)P

1 2b4A 1 2b,(p — A _1
= min{——bgl'p— 4 r*,—(bl—bg—Ltk)}p(Tl_q+T) 1
p p 2 p

P

<b1 by Wﬂ)(p - 1)< 2M: : )IH + 2kCo,

(by— by - —2b4(;_k) %

1
2

which together with (1.9) yields
ox(u) >2kCo = ¢(0) forall u e dr.

The proof is complete. g

Lemma 2.7 [7] Let uy € E be the 2kT-periodic solution to (1.4) that satisfies (2.1) for
each k € N. Then there exists a subsequence {uk].} of {ux} convergent to a uy € C*(R,R")
in Cl, (R,R").

3 Proof of main result

Proof of Theorem 1.2 Firstly, we will prove that u(t), which is determined by Lemma 2.7,
is a solution to (1.3). Since uk,(t) is a 2kT -periodic solution to (1.4), it follows that

d -2,
= (i O (1))
= VxG(t, ukj(t),ukj(t + 'C)) + VyG(t - Tt - ), ukj(t)) + ek].(t), jEeN. (3.1)

Take a,b € R with a < b, then there must be a positive integer j, such that for j > jo,
[-KT,kT] D [a—7,b + T]. So for j > jo, e;(¢) = e(t) for all £ € [a — 7,b + 7], and then
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by (3.1)
d / -2
e (| O u ()
= VxG(tr lek]-(t),lxlk].(t + t)) + VyG(t - 'L',Mkj(t - T)’ Mkj(t)) + e(t)7 te [ﬂ, b],] >j0'
Thus, by using Lemma 2.7, % [|u;(j(t) Ip‘zu}ﬁ(t)] — w(t) uniformly for ¢ € [a, b], where
w(t) = VxG(t, o (2), uo(t + ‘L')) + VyG(t —7,up(t — 1), uo(t)) +e(t).

Since |u}(j(t) |1"2u}(j(t) — |ugp(£)|P~2uy(¢) for t € [a,b] and %(W}q(t) |1"2u}(j(t)) is continuous

differential of |u}(/_(t)|1”2u;(]_(t) on (a,b) for every j > jo, it follows that w(z)

%[|u6(t)|p’2u6(t)] on (a,b). In view of a,b € R being arbitrary with a < b, w(t)
% [uy ()P~ 2uy(2)], t € R, that is, uo(£), £ € R is a solution to (1.5).

Below, we will prove u((¢) — 0 and uy(¢) — 0 as |¢| - +00.

Since
+00 i
| (@] + oy ae = tim [ (uo" + ol a
oo I—>+00 J_iT
iT
= lim lim (‘Mk,‘(t)’}l A ‘”;q(t) ") at,

i—+00j—>+00 J_;T

clearly, for every i € N if k; > i, by (2.1),

iT kiT
| o+ ol e = [ (o] + a0
-iT -k T
<Af + Al

Let i — +00 and j — +00, respectively, we have
+00 "
/ (|o@®)|" + |up(®)[") dt < Al + AL, (3.2)
—-00
and then

f |uo(t)|ﬂdt—> 0, / |u6(t)|pdt—>0 as r — +00.
lt|=r [t|=r

So by using Lemma 2.3,

t+T 1/p t+T 1/p
uo ()] < (2T)”“( f }uo(s)\“ds) +T(2T>“P( / \%(sﬂ”ds)
t-T =T

— 0, as|t] —> +oo. (3.3)

Thus, ||ug]leo < po < +00, which, together with the fact that u(¢) is a solution of (1.3), i.e.,

d _
Eﬂub(t) |p 2ué)(t)] = VxG(t, uo(t), uo(t + ‘L')) + VyG(t —T,uo(t - t),uo(t)) +e(t),

Page 12 of 15
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yields

d / p-2
%[’uo(t)’ uo(t)] < re[o,Tr]r,1|5|),(\y\§po|VxG(t’ x%,y) + V,G(t - r,x,y)’ + stlellg‘e(t)’

:= Ry < +00.

Furthermore, from (3.2), f_foc lup(t)|P dt < Ay + Al; and then by using Lemma 2.1, we

have
|lug(t)| = 0, as |¢] > +oo. (3.4)

Combining (3.3) and (3.4), we see u(¢) is a homoclinic solution to (1.3). Clearly, u(¢) # 0,
otherwise, by substituting u,(¢) = 0 into (1.3), we have

V,G(t,0,0) + V,G(t — 7,0,0) = e(). (3.5)

By using assumption (C;), we get V,G(¢,0,0) + V,G(t - 7,0,0) = 0 forall € R. So it follows
from (3.5) that e(t) = 0, which contradicts the fact that e(¢) # 0 in assumption (C3). The
proof is complete. d
Since the proof of Theorem 1.3 works almost exactly as the proof of Theorem 1.2, we

omit the proof of Theorem 1.3 here.

For example, consider the following equation:

W () = 31543 () - 5u*(8) — 202 (t + T) + 4u(®)u(t + T) + 2u>(t - 1)

—Au(t)u(t — ) — 4u(t) + 2u(t + ) + 2u(t — 7) + e(t), (3.6)
t
where x(¢) € R, e(t) = 2(3%4), and 7 > 0 is a constant.

By calculating, we can choose G(¢,,y) = 8x* — 1y* —&° — (x —9)* = 2(x — y)(x? + %) +sin ¢

such that (3.6) is rewritten as

_0G(u(t),ult+7)) Gt —7,ult —1),ut))
- ox ¥ 3y

u’(t) +e(t).

Corresponding to Theorem 1.2, we see p =2, T = 2. So we can choose u =4, A =1,
¢ =1,b1=8,by =2, b3 =1and b, = 2 such that conditions (C;) and (C,) are satisfied; and
also

y +00 . 3/461)f 4/3 ) 3\ 3/4
T\ \2(et +et) “\2 <o

which implies that condition (C3) holds. So we can choose p =7.75 such that § = b; — p =
0.25> 0, and if 7 > 0 is sufficiently small, then

21’4(17—)») ‘L')”
p

5—]92— >0
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and
1 2Wuh 1 Wa(p—2) | o - AT - T
min{——bg‘rp— ks T}L,E(a—bz— * T)L)} r 11 P
p p p max{_,
I
1 2b4(p— 1) 2M =
__<a—b2_er>(M_1)( T ) >0.
2 p (6 —by - —p i

Thus, by using Corollary 1.1, we see that (3.6) has a nontrivial homoclinic solution for
7 > 0 small enough.
Especially, if t = 0, then (3.6) is converted to

U (8) = 31.5u3(¢) — 5u(t) + e(2). (3.7)

So we can choose G(t,x,x) = 7.825x* — x> + sin¢ such that (3.7) is written as

_ aG(t, u(t), u(t)) . aG(t, u(t), u(t)) .\

//t
wi( ox ay

e(t).

Clearly, we can choose p = 7.75 such that all the conditions of Corollary 1.1 are satisfied.
So (3.7) has a nontrivial homoclinic solution.

Remark 3.1 From (3.7), we see that if set G(¢,x,x) = F(¢,x), then (1.1) is the special case
of (3.6) for T = 0. Also, from (3.7), we see that

F(t,x) = G(t,x,x) = —00, as |x| = +00,

which implies that the crucial assumption (B;) for guaranteeing the coercive condition
in [7] (see Theorem 1.1 in Section 1) does not hold. So the results in present paper are

essentially new.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have equally contributed to obtaining new results in this article and also read and approved the final
manuscript.

Author details
'College of Math and Statistics, Nanjing University of Information Science & Technology, Nanjing, 210044, China.
2Department of Mathematics, Anhui Normal University, Wuhu, 241000, China.

Acknowledgements
Research supported by the NSF of China (No. 11271197).

Received: 8 April 2014 Accepted: 2 September 2014 Published: 24 Sep 2014

References
1. Lin, XY, Tang, XH: Infinitely many homoclinic orbits of second-order p-Laplacian systems. Taiwan. J. Math. 17(4),
1371-1393 (2013)
2. Zhang, Z, Yuan, R: Homoclinic solutions for a class of non-autonomous subquadratic second-order Hamiltonian
systems. Nonlinear Anal. 71, 4125-4130 (2009)
3. Tan, XH, Xiao, L: Homoclinic solutions for nonautonomous second-order Hamiltonian systems with a coercive
potential. J. Math. Anal. Appl. 351, 586-594 (2009)


http://www.advancesindifferenceequations.com/content/2014/1/244

Lu and Lu Advances in Difference Equations 2014, 2014:244 Page 15 of 15
http://www.advancesindifferenceequations.com/content/2014/1/244

B

Izydorek, M, Janczewska, J: Homoclinic solutions for nonautonomous second order Hamiltonian systems with a
coercive potential. J. Math. Anal. Appl. 335, 1119-1127 (2007)
5. Rabinowitz, PH: Homoclinic orbits for a class of Hamiltonian systems. Proc. R. Soc. Edinb., Sect. A 114, 33-38 (1990)
6. Izydorek, M, Janczewska, J: Homoclinic solutions for a class of the second order Hamiltonian systems. J. Differ. Equ.
219, 375-389 (2005)
7. Tang, XH, Xiao, L: Homoclinic solutions for ordinary p-Laplacian systems with a coercive potential. Nonlinear Anal. 71,
1124-1132 (2009)
8. Lin, XB: Exponential dichotomies and homoclinic orbits in functional differential equations. J. Differ. Equ. 63, 227-254
(1986)
9. Guo, CJ, O'Regan, D, Xu, YT, Agarwal, RP: Homoclinic orbits for a singular second-order neutral differential equation.
J. Math. Anal. Appl. 366, 550-560 (2010)
10. Lu, SP: Homoclinic solutions for a nonlinear second order differential system with p-Laplacian operator. Nonlinear
Anal,, Real World Appl. 12, 525-534 (2011)
11. Lu, SP: Sufficient conditions for the existence of periodic solutions to some second order differential equations with a
deviating argument. J. Math. Anal. Appl. 308, 393-419 (2005)
12. Mawhin, JL, Willem, M: Critical Point Theory and Hamiltonian Systems. Springer, New York (1989)

10.1186/1687-1847-2014-244
Cite this article as: Lu and Lu: Homoclinic solutions for a second-order p-Laplacian functional differential system
with local condition. Advances in Difference Equations 2014, 2014:244

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.advancesindifferenceequations.com/content/2014/1/244

	Homoclinic solutions for a second-order p-Laplacian functional differential system with local condition
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Proof of main result
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


