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Abstract
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1 Introduction
In this paper, we consider the existence of multiple periodic solutions for the following

nonlinear difference equations:

?) — A% u(k=1) = Auk) +f(k,u(k)), keZ[l,N],
u(0) = u(N), u(1) = u(N +1),

where N > 3 is a fixed integer, Au(k) = u(k + 1) — u(k), A2u(k) = A(Au(k)), f(k,-) : R — R
is a differential function satisfying

f(k,0)=0, keZ[1,N], (1.1)

and A, is the m + 1th eigenvalue of the linear periodic boundary value problem

ey 1 A? u(k -1) = pu(k), ke Z[1,N],
0 u(0) = u(N), u(1) = u(N +1).
Since (1.1) implies that (P) possesses a trivial periodic solution # = 0, we are interested
in finding nontrivial periodic solutions for (P). It follows from [1] that all the eigenvalues
of (Py) are juj = 4sin? %’, k € Z[0,N —1]. Thus uo = 0, ; = un-j for j € Z[1,N], where

2

M-l if N is odd,
w-l:
2

if N is even.

For the convenience of later use, we denote by 0 = A < A1 < - - - < Ap; the distinct eigenval-
ues of (Py). Moreover, if N is odd then all eigenvalues of (Py) are multiplicity two except Ag,
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and let

¢0! ¢l’ WIN o :¢N1’ WN]

be the corresponding orthonormal eigenvectors; if N is even then all eigenvalues are mul-

tiplicity two except Ao and Ap;, and let

d’O’ ¢17 wlr ceey ¢N1—1’ 1/fN171, ¢N1

be the corresponding orthonormal eigenvectors.
Now we establish the variational framework associated with (P). Set

w=(u@),u),...,uN)",  £@) = (F(Lu)),f(2u?),.... (N,u@N))),

and
2 -1 0 0o 0 -1
-1 2 -1 0O 0 O
A= :
0 0 O -1 2 -1
-1 0 0 0o -1 2

NxN

Then we can rewrite (P) and (Py) as
Au=ru+f(u) and Au=puu,

respectively.
Let E = RY with inner product (&, v) = 22[:1 u(k)v(k) and norm ||u| = \/{u, u). Then

0= hrollull® < (Au,u) < Ay |lul®>, ueE. 1.2)

For p > 1, define |u||, = (fozl |u(k)|P)V?, then there exist positive numbers a,, b, such
that

apllull < llully < byllull, VueE. 1.3)

Define the functional J : E — R by

N
1 1
J@) = - (A ) = —Aomllul® - gf(k, u(k)), wuek (1.4)
where F(k,x) = f: f(k,s)ds. Then J € C*(E,R) with derivatives
J(u) = Au— ru—f(u), ueck, (1.5)

J'(u)=A -y —f'(u), uck, (1.6)
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where Iy is the identity matrix of order N, f'(u) = diag{f’(1, u(1)),...,f"(N, u(N))}. Hence
the periodic solutions of (P) are exactly the critical points of J or —/ in E.
We assume that the nonlinearity f satisfies the following conditions:

(fo) f'(k,0) =0 for k € Z[1,N].
(fs) There exists § > 0 such that

F(k,x) >0, keZ[1,N],|x| <34.
(fy) There exists é > 0 such that
F(k,x) <0, keZ[1,N]|x| <8.
(fx) There exist r > 0 and 6 > 2 such that
0 <O0F(k,x) <f(k,x)x, keZ[1,N],|x|>r.
(f>) There exist r > 0 and 6 > 2 such that
0 > 0F(k,x) > f(k,x)x, ke Z[1,N],|x|>r.
(f) For any a fixed number 7 > 0, there exists C > 0 such that
|F(k,x)| < C(1 + |x]"), keZ[1,N],x€R.

Therefore we regard the problem (P) as resonance at origin under the assumption (f;).

Critical point theory has been widely used to study the existence of periodic solutions
and solutions for nonlinear difference boundary value problems since the first result was
established by using variational methods in 2003 (see [2]). Since then, by using critical
point theory, minimax methods and Mores theory, the existence of solutions for non-
resonant difference equations has been extensively investigated (see [3—9] and the ref-
erences therein). As for resonant cases, Zhu and Yu [10] applied critical point theory to
study the existence of positive solutions for a second order nonlinear discrete Dirichlet
boundary value problem

~ A’ u(k -1) =f(k,u(k)), keZ[1,N], (1.7)
u#(0) =0, u(N+1)=0

when nonlinearity f is odd and resonant at infinity. Zheng and Xiao [11] employed critical
groups and the mountain pass theorem to study the existence of nontrivial solutions for
(1.7) when the nonlinearity f(k,u) = V'(u) and is resonant at infinity. Liu et al. [12] used
Morse theory, critical point theory and minimax methods to study the existence of mul-
tiple solutions for (1.7) with resonance at both infinity and origin, one can refer to [13,
14].

However, we note that only a few papers concern the existence of periodic solutions
for difference equations with resonance. In 2011, Zhang and Wang [15] used variational
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methods and Morse theory to study the multiplicity of periodic solutions for (P) with
double resonance between two consecutive eigenvalues at infinity. The main aim of this
paper is to study the multiplicity of nonzero periodic solutions for (P) with resonance at
origin. The approach is based on critical theory, Morse theory and homological linking.

The rest of this paper is organized as follows. In Section 2, we collect some useful prelim-
inary results about Morse theory. In Section 3, we give some auxiliary results. Our main
results and proofs will be given in Section 4.

2 Preliminaries about Morse theory

In this section, we recall some facts about Morse theory and critical groups [16, 17]. Let E

be a real Hilbert space. We say that J satisfies the (PS) condition if every sequence {u,} C E

such that J(u,) is bounded and J'(#,) — 0 as n — 0o has a convergent subsequence.
Suppose that / € C!(E,R) is a functional satisfying the (PS) condition. Let u, be an iso-

lated critical point of J with J(u) = ¢ € R, and let U be a neighborhood of 1. The group

CqU uo) = Hy(J*NU, J*\{uo}) NU), qeZ
is called the gth critical group of J at ug, where J° = {u € E | J(u) < c}, H.(A, B) denotes
the singular relative homology group of the topological pair (A4, B) with coefficient field FF.
Define

K= {ueEU’(u):O}.
Assume that [C is a finite number. Take a < infJ(XC). The group

CqJ,00) :=H,(E,J*), qe€Z
is called the gth critical group of J at infinity (see [18]). The Morse type numbers of the

pair (E,J*) are defined by M, := ), ;- dim C,(J, u). Denote by B, := dim C,(/, 00) the Betti
numbers of the pair (E,J*). By Morse theory, the relationship between M, and g, is de-

scribed by
D DM =Y (1) (21)
j=0 j=0

and
D )M, = (-1, (2.2)
q=0 q=0

From M, > B, for each g € N, it follows that if C;(J,00) 22 0 for some / € N, then J must

have a critical point »* with C;(J,u*) 22 0. If K = {u*}, then C,(J,00) = C,(J,u*) for all

q € N. Thus if C;(J, 00) 2 C;(J, u*) for some [ € N, then / must have a new critical point.
For some k € Z, define

F, gq=k,

Sq i :=
ok 0, g+k.
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Then

.0 t) = 840F if ug is an isolated local minimum of J,
U =
7o 84 F  if ug is an isolated local maximum of / and / = dim E < oo.

Suppose that J € C2(E,R) and ug € K. Then J”(uy) is a self-adjoint linear operator on E.
The dimension of the largest negative space of J” (1) is called the Morse index of J at uo,
and the dimension of the kernel of J”(uy) is called the nullity of J at uy. We say that
is nondegenerate if the nullity of J at uy is zero, i.e., J”(uo) has a bounded inverse. For an

isolated critical point, the following important result is valid.

Proposition 2.1 ([16, 17]) Suppose that ug is an isolated critical point of ] € C*(E,R) with
finite Morse index (uo) and nullity v(ug).

(i) CqU,u0) =0 for g ¢ [u(uo), j1(u0) + v(us0)].
(ii) If uo is nondegenerate, then Cy(J, o) = 84, (ug)F.
(iil) If Ci(J,uo0) 2 0, then Cy(J, uo) = 844 for I = (o) or I = pluo) + v(uo).

Proposition 2.2 ([19-23]) Let 0 be an isolated critical point of ] € C*(E,R) with finite
Morse index 11(0) and nullity v(0). Assume that ] has a local linking at 0 with respect to a
direct sum decomposition E=E~ @ E*, | =dimE~ < o0, i.e., there exists p > 0 such that

J(z) <0 forzeE,|lull < p,

Ju) >0 forueE"|ull <p.
Then C,4(J,0) = 8,,F for either | = u(0) or I = 11(0) + v(0).

Proposition 2.3 ([16, 19]) Let E be a real Banach space with E = X & Y and suppose that
[ = dim X is finite. Assume that ] € C*(E,R) satisfies the (PS) condition and

(Hy) there exist p > 0 and a > 0 such that
Ju)>a, ueYNB, (2.3)

where B, ={u € E | |lu|| < p},
(Hy) there exist R> p >0 and ¢ € Y with ||¢|| = 1 such that

Ju)<a, uecdqQ, (2.4)

where Q={u=v+s¢p|veX,||v| <R 0<s<R}

Then ] has a critical point u, with J(u,) = c, > « and

Cin(,u,) 20. (2.5)

3 Auxiliary results
We first show that the functional J satisfies the (PS) condition.
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Lemma 3.1 Assume that f satisfies (f) or (fy), then ] defined by (1.4) satisfies the (PS)

condition.

Proof We only prove the case where (£} ) holds; the other case can be proved similarly. Let
{u,} C E be such that

’](u,,)| <C, neN, J(u,) — 0 asn— oo. (3.1)

We only need to show that {u,} is bounded. Taking positive number « € (1/6,1/2), it fol-
lows from (3.1) that there exists K € N such that

C +allunl = J(wn) — ) (Un), un)y n>K.
By (f%), there exist C;, C; > 0 such that

F(k,x) > Ci(jx° -1), xeR,keZ[1,N], (3.2)

|0F(k,x) - f(k,x)x| < Co,  |x| <71,k € Z[L,N]. (3.3)
Hence, by (1.2), (£%), (3.2) and (3.3), we have
C +a ”un ” > ](un) - 0[(]/(14,,,), un)

(1 A 1 2 2
_<§—0[>( MH,M,,)—<§_0(> m”un”

[F(k, un(k)) - af(k, un(k))un(k)]

M=

>
Il

1

- (a i} %) Sollitall? =3 [E (ke 1008)) — af (s 14 0 16, (0]

[n (K)|>r

= 7 [E(k unlk)) = auf (K 1 (k) )0, ()]

un (K)| <1

1 N
> (a - E)AW,HM,,HZ +Ba-1) ZF(I(, un (k))

k=1

—a Y [0F (kun(k)) — f (k4 (K)) 14 (k)]

[un (k)| <r
1 2 0
= (o= 5 )Amllnl® + (6o = )Ci () - N) - NC,
1 2 0 0
> (=5 Jrmllul® + o =D Crat 14|
—N[(Oa -1)C + Cz], n>K.
Since# >2and a € (%, %); we get that {u,} is bounded. -

Remark 3.1 By the proof of Lemma 3.1, we have that if f satisfies (f}) or (fL), then -/
satisfies the (PS) condition.
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For k € Z[0,N; — 1], defining
Ey = span{o, $1, Y1, .., di, Yich E=E ®Eg, wg = dim Ey,

then wy = 2k + 1 and

1 span{@i.1, Vists - - Oy Uy ) while N is odd,
span{@x.1, Yis1r - - Ony—1, W1, Oaq - while N is even.

Now we construct a linking with respect to the decomposition E = E,, @ E.- or E= E;- | @

E,1.

Lemma 3.2 Suppose that f satisfies (fy) and (f). Then
(i) for any fixed m € Z[0, Ny — 1], there exist p,;, > 0 and oy, > 0 such that

Ju) >, forue E,J,; with || u|| = om; (3.4)
(ii) for any fixed m € Z[1,Ni], there exist p,, > 0 and &, > 0 such that
—J(4) > &,y for u € E,,,_y with ||u| = py- (3.5)
Proof By (fo) and (f), for any € > 0, there exists C, > 0 such that
|F(k,%)| < %wcz +C.|x|°, keZ[l,N],xeR. (3.6)

(i) For any u € EL, it follows from (3.6) that

N

1 1
J() = - (Au, ) 5x,,,||u||2 = > F(ku(k))
k=1

1 N o1 )

> = Cumer = Al ;(;ﬁu(k)l + Ce|u(k))| )
1 2 T T

> 5(km+1 = dm —E)lull” - C.bZ || ull
1 2 ~ T

= E(Amu — A —)lull* = Cellull™

. sl —h
Taking & = =5, we then have

1 ~
J(u) = 58|IM|I2 = Cellul”

Because 1 > 2, the function 4(p) = %8,02 - apr defined on [0, 0o0) achieves its maximum
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at

~

pm = (e77C;) %.

Hence we get (3.4), where «,, := %hmax.
(ii) For any u € E,;,_1, by (3.6), we obtain

1 1 , -
J(at) = o (A1) = —hlll]® = D F (k, ()
k=1

N =

=

N
(oot = A ] + Z(%sw(knz + cg|u(/<)|f>
k=1

1
= 5(?%_1 = A+ &)l + CebT [lu)”

1 ~
= i(km—l = A + )] + Cellul|”.

Taking ¢ = k’”_zk”"l , we then obtain

1 ~
J(u) < —ESIIMII2 + Cellull”

As T > 2, the function h(p) = —%spz + C,p" defined on [0, 00) achieves its minimum

T-2 T2
hmm =- 9 (7_18) i 527{
at
R
Pm = (8 rCa) =T
Therefore, we obtain (3.5), where &, := %hmin. O

Now we define

B, = {L{GE,J;I, [lal] =pm}) gt =Em®span{¢m+l}7 m EZ[Ole_l]v
By={u€Euylul=pn},  E™ =span{¢y1) ®E,,, meZLll,N],
F(k,x) = max{—F(k,x),O}, F*(k,x) = max{F(k,x), 0},

M = sup F(k,x), M= sup F*(k,x).
(kx)€Z[1LN] xR (kx)€ZILN] xR

Lemma 3.3 (i) Suppose that f satisfies (f.). Then, for any fixed m € Z[0, Ny —1], there exist
o >0 and R > 0 such that when M~ <o,

J(u) < ay, fOY’ u € 0Qu, (3.7)

where Q,, = {u € E™V | |lull <Rt =V + tdsts Vi € Epyt > 0).

Page 8 of 14


http://www.advancesindifferenceequations.com/content/2014/1/236

Zhang et al. Advances in Difference Equations 2014, 2014:236
http://www.advancesindifferenceequations.com/content/2014/1/236

(ii) Suppose that f satisfies (f). Then, for any fixed m € Z[1,N1], there exist o > 0 and
R > 0 such that when M* < o,

_](u) f aWn fOVM € aam;
where Q= {u € E™ | |ull < R 14 =ty + Vin-t, Vi1 € Em1,£ > O},

Proof We only prove (i); the proof of (ii) is similar. For any u € E"*!, it follows from (f3,)
and (3.2) that

1 1 , -
J) = S {Au,u) = Zdomllul)® - > F(k, u(k))
k=1

=

N
(oot = 2l = 3 G (Juti)|” 1)

k=1

N =

< 2 G = )l = Cuul” + NG,
As 0 > 2, we get
J(u) = —00, ueE™,|u| - .
Therefore, there exists R > p,, such that
J() <0, wueE™ |lul|l =R (3.8)

Foru € E,,

1 1 N
J(at) = o (A1) = S hllul]® = D F (k, ()

k=1
<- Y F(kuk)
Fllk,u(k)) <0
<NM".
Taking o = "’W’”, when M~ <o,
J(u) <a,, foruekE, with |u| <R. (3.9)
By (3.8) and (3.9), we get (3.7). O

4 Main results and proofs
In this section, we give our main results and proofs. First, we compute the critical groups
of J at both infinity and the origin.

Lemma 4.1 Assume that f satisfies (fy). Then
(i) CqU,00) = 8,NF iff satisfies (f3,).
(ii) Cy(=J,00) = 84nTF if f satisfies (f).

Page 9 of 14
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Proof We only prove (i); (ii) can be proved similarly. Fix 1, € R. Defining B = {u € E |
ll]| <1}, we then have 0B = {u € E | ||u|| = 1}. For any u € dB and ¢ > 0, it follows from
(3.2) and (1.3) that

N
1 1
J(tu) = §t2 (Au,u) — Ekmtz - ;F(k, tu(k))

N
(o = 2 = > Ci(Jul)|” - 1)
k=1

=

N =

< ()“Nl - )»m)tZ - ClaZte + NC1

N =

As 6 > 2, this implies that
J(tu) - —00 ast— +00. (4.1)
On the other hand, by (£}), we have

dj(tu)

N
= AW ) ot > f(k, tu(k))u(k)

k=1

N
= % (2/ (tu) + Y (2F (k, tu(k)) - £ (K, tu(k))tu(k)))

k=1

5%(y0m+ > @F“ﬂuﬁﬂ-f“”mmﬁ”“»)

(k)| <r

< %(2}(m) +NM;),

where M; := maxjx <rkeznny 12F (k, x) — f (k, x)x|. Hence, for any fixed number a with 2a <
—NM;, we obtain that

dj (tu)
dt

J(tu) <a implies <0. (4.2)

By J(0) = 0, (4.1) and (4.2), we get that for any u € 3B, there exists a unique & () > 0 such
that

](E(u)u) =a, ucaiB. (4.3)

By (4.3) and the implicit function theorem, we obtain that § € C(3B,R). Define 4 :
E\{0} > Ras

1 ifJ(u) <a,

h =
W= Y el ) €70 > au 0.

Then & € C(E\{0},R). Now define 1 : [0,1] x E\{0} — E\{0} as

n(t,u) =1 -t)u + th(u)u.
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Clearly, n is continuous, and for any u# € E\{0} with J(u) > a, it follows from (4.3) that
J(n@, ) =T (& (lull ™) Nall ') = .

Therefore
n(l,u)€J* VueE\{0}, n(t,u)=u, Vtel0,1l,ucj’

So J* is a strong deformation retract of E\{0}. Notice that dim E = N. Hence we have
C,U,00) := Hy(E,J*) = Hy(E,E\{0}) = H(B,0B) = §,\F. O

Lemma 4.2 Assume that f satisfies (fp).
(i) Iff satisfies (fy ), then for m € Z[1,N1],

Cq(]: 0) = 8q,2m—lFr Cq(_]; 0) = 8q,N—2m+lIF~
(ii) Iff satisfies (fy), then for m € Z[0,N, —1],
Cq(]) 0) = 8q,2m+1]F7 Cq(_]: O) = aq,N—Zm—lF'

Proof By (fy) and (1.6), we have J"(0) = A — A, Iy.

It follows from (fy) that u = 0 is a degenerate critical point of ] with Morse index ©(0) =
;-1 and nullity v(0). This implies that u = 0 is a degenerate critical point of —J with Morse
index j1(0) = N — w,, and nullity 7(0) = v(0).

(i) By (fy), we can verify that / has a local linking structure at 0 with respect to E =
E,.16 E,i,l (see [12]). That implies —J has a local linking structure at 0 with respect to
E=E. | ®E,.;. Notice that ,,; = 2m — 1 and (0) + V(0) = N — 2m + 1 for m € Z[1,N;].
Using Proposition 2.2, we get

Cq (]: O) = 8q,2m—1]F: Cq(_]; 0) = 8q,N—2m+l]F-

(ii) Similarly, by (f;), we can verify that J has a local linking structure at 0 with respect
to E = E,, ® E- (see [12]). That implies —/ has a local linking structure at 0 with respect to
E = E. ®E,,. Notice that 1£(0) + v(0) = ®,, = 2m +1 for m € Z[0,N; —1]. By Proposition 2.2,
we have

Cq(]; O) = 8q,2m+l]F) Cq(_]y 0) = Sq,N—Zm—l]F- D
Next, we give our main results.

Theorem 4.1 Let f satisfy (fy) and (f).
(i) Iff satisfies (f.), then for any fixed m € Z[0, Ny — 1], there exists o > O such that
when M~ < o, (P) has at least one nonzero periodic solution u, satisfying

Comea(J,u1) 2 0. (4.4)

Page 11 of 14
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(ii) Iff satisfies (f3), then for any fixed m € Z[1,N1], there exists o > 0 such that when

M* <o, (P) has at least one nonzero periodic solution u; satisfying
Cn-omsa(=J,u1) 20. (4.5)
Theorem 4.2 Let f satisfy (fo) and (f).
() Iff satisfies (fy) and (f3), then, for any fixed m € Z[1, Ny — 2], there exists o > 0 such
that when M~ < o, (P) has at least three nonzero periodic solutions.
(ii) Iff satisfies (fy) and (f3), then, for any fixed m € Z[2, Ny — 1], there exists o > 0 such
that when M* < o, (P) has at least three nonzero periodic solutions.
Finally, we prove our main results.
Proof of Theorem 4.1 We only prove (i); the proof of (ii) is similar. It follows from (f)
and Lemma 3.1 that J satisfies the (PS) condition. By Lemmas 3.2 and 3.3, J satisfies (H;)
and (H;). This implies that B,, and Q,, homologically link with respect to the direct sum
decomposition E = E,, & E;. (see Example 3 of Chapter II in [16]). Notice that dimE,, =
2m + 1. Applying Proposition 2.3, we get that J has a critical point u such that J(u;) = ¢; >

o,, and (4.4). Moreover, it follows from (fy) that J/(0) = 0. Hence u; # 0. |

Proof of Theorem 4.2 We only prove (i); (ii) can be proved similarly. It follows from
Lemma 4.1(i) that

C,(J,00) = 4 TF. (4.6)
Using Lemma 4.2(i), we have

C,(,0) = 852maF. (4.7)
By Theorem 4.1, we know that there exists o > 0 such that when M~ < o, (P) has at least

one nonzero periodic solution #; satisfying (4.4).

By Proposition 2.1(i), we have

C,J,u1)=0 forqgé [//,(ul), wluy) + v(ul)].
Combining with (4.4), we get that 2m + 2 € [u(u1), u(z11) + v(11)]. Note that v(uy) =
dimker /" (u;) < 2.
(1) If v(u1) = O, then by Proposition 2.1(ii) and (4.4),
Cq(]’ u) = 8q,2m+2F~

(2) If v(u1) =1, then 2m + 2 = u(uy) or 2m + 2 = u(uy) + v(i1). By Proposition 2.1(iii),

Cq(]: ul) = 8q,2m+2F'
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(3) If v(u1) = 2, then 2m + 2 = (1) or 2m + 2 = p(uy) + v(y) or Cy(J, 1) = 0 for g #
u(uy) + 1. It follows from Proposition 2.1(iii) and (4.4) that

o | 8g2meaF i 2m + 2 = pu(uy) or 2m + 2 = p(ur) + v(i1r),

Cq(]’ ul) =
Vg #2m+2.

Thus, we conclude that

if v(u1) = 0,1,

. (4.8)
Vg #2m+2,if v(uy) = 2.

SgomsalF
C,U,m) = {Oq,z 2

Assume that K = {0,1}. Then the 2mth Morse inequality (2.1) is expressed as —1 > 0.
This is impossible. Thus / must have another nonzero critical point u,. By Morse theory,
we have either

Com(J, u2) 20 (4.9)

or

Com-a(J, u3) #0. (4.10)

Suppose that (4.9) holds. Then it follows from (4.9) and Proposition 2.1(i), (iii) that

8yomF if =0,1,
C,0up) = | Oo2mt ! Vi) = (4.11)
0 Vq # 2m,if v(uy) = 2.
Noticing that m € Z[1, N; — 2], we have that
2 < hil i ,
m+3<N w?eN%sodd (4.12)
2m+3 <N while N is even.
Assume that I = {0, u1, u»}. We will divide the consideration into four cases.
(1) v(u1) = 0,1 and v(uy) = 0,1. By (4.6)-(4.8), (4.11) and (4.12), we get
(2.2) is described as 1 = -1 while N is odd, (4.13)
the 2m + 3th (2.1) is expressed as —1 > 0 while N is even. '

These are impossible.
(2) v(#1) =2 and v(uy) = 2. By the 2mth and 2m + 1th Morse inequalities, we get that

rank Cy,,,(J, u5) = 1. (4.14)
It then follows from (4.6)-(4.8), (4.11), (4.12) and (4.14) that

(2.2) is expressed as rank Cy,,42(J, u1) = -1 while N is odd,

4.15
the 2m + 3th (2.1) is expressed as —rank Cy,,,,2(J, 1) > 0  while N is even. ( )

These contradict (4.8).
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(3) v(11) = 0,1 and v(uy) = 2. We have (4.14) and (4.13). These are impossible.

(4) v(uy) = 2 and v(u) = 0,1. Then we have (4.15), which contradicts (4.8).

Hence, ] must have a third nonzero critical point #3. The proof of the case where (4.10)
holds is similar. This completes the proof. O
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