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Abstract
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1 Introduction
Plenty of sophisticated dynamical systems are described by stochastic differential equa-
tions in physics, biology, chemistry, economics, control engineering, and financial market
theory []. Now, first order nonlinear stochastic equations have recently received a lot of
attention on the investigation of stability in the literature; for instance, see the book []
and specially important papers [, ]. Moreover, the asymptotic stability results for vari-
ous second-order stochastic differential equations have also been established in [–]. It
is well known that Lyapunov’s method has been the classical technique to study stability
of deterministic and stochastic differential equations and functional differential equations
for more than  years, for example [, ]. However, there are a lot of difficulties to con-
struct Lyapunov functions for examining stability. Burton et al. [–] have successfully
applied fixed point theory to overcome these problems.
Volterra-Levin equations are often applied in biological problem [], which were first

studied byVolterra. Specially, stability of Volterra-Levin equation always attractsmany au-
thors’ attentions. In detail, Zhao and Yuan in [] obtained / stability conditions for de-
terminate Volterra-Levin equation. Furthermore, by fixed point theory, Lou in [] studied
the stochastic Voltera-Levin equationwhich is equippedwith constant delay andGaussian
noise, and he obtained the mean square exponential stability. Unfortunately, the stochas-
tic disturbances in real world do not obey Gaussian noise, but they are variable structures
subject to stochastic abrupt changes, which may come from abrupt phenomena. For this
case, it is recognized that stochastic differential equations with Lévy noise are quite suit-
able to describe such stochastic abrupt phenomena. Thus, Guo and Zhu in [] studied
the stochastic Voltera-Levin equation with Poisson jumps, which is a special case of Lévy
noise, and they obtained pth moment stability of this equations. Their results are more
generalized and obviously extended ones in []. Real systems depend on not only present
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and past states but also on derivatives with delays. As a result, these systems are often built
in the form of neutral differential equations. Recently, Ardjouni and Djoudi in [] have
addressed the deterministic neutral Volterra-Levin equation with variable delay by using
fixed point theory. As far as we know, the stochastic version for a neutral Volterra-Levin
equation with variable delays and Lévy noise has been not investigated. To this end, in this
paper wemake the first attempt to fill this gap and study pth moment exponential stability
of the stochastic neutral Volterra-Levin equation with variable delays and Lévy noise by
fixed point theory and using the Bukhölder-Davis-Gundy inequality.
This paper is organized as follows. In Section , some necessary basic preliminaries and

the form of the stochastic neutral Volterra-Levin equation with variable delays and Lévy
noise are introduced. In Section , we show themain result about pthmoment exponential
stability and the proof of this result. In Section , we make some remarks and an example
is given to test our result. Finally, a necessary discussion is given.

2 Preliminaries
Let {�,F , {F}t≥,P} be a probability space with a filtration satisfying the usual conditions,
i.e., the filtration is continuous on the right andF contains allP-zero sets. Let {B(t), t ≥ }
be a standard Brownian motion defined on {�,F ,P}. Ñ(dt,du), t ∈ R+, u ∈ R is a centered
Poisson random measure with parameter π (du)dt.
Now, we consider the following stochastic neutral Volterra-Levin equationwith variable

delay and Lévy noise:

d
[
x(t) –G

(
t,x

(
t – τ(t)

))]
= –

(∫ t

t–τ(t)
a(t, s)g

(
x(s)

)
ds

)
dt

+ σ
(
t,x(t),x

(
t – τ(t)

))
dB(t)

+
∫
R
h
(
t,x(t),x

(
t – τ(t)

)
,u

)
Ñ(dt,du), t ≥ , ()

with the initial condition x =ψ(t), where ψ(t) ∈ C([–m(), ];R) and –m() =mins≥{s–
τi(s), i = , , , }.
Assume that the function G(t,x(t – τ(t))) is continuous and G(t, ) = g() = σ (, , ) =

h(, , ,u) = , τi(t) ∈ C(R+,R+) satisfies t–τi(t) → ∞, i = , , , . Ñ(dt,du) =N(dt,du)–
π (du)dt is a compensated Poisson random measure which is independent of {B(t)}t≥.
We assume that the following conditions hold:
(i) there exists a positive constant k such that |G(t,x) –G(t, y)| ≤ k|x – y|;
(ii) there exists a positive k such that

∣∣a(u, s)∣∣ ≤ k, for u ∈ [
–m(),∞)

, s ∈ R+;

(iii) there exists a positive k such that

∣∣g(x) – g(y)
∣∣ ≤ k|x – y|;

(iv) τ(t) is differential with respect to t and there exists a positive constant k such that
|τ ′

(t)| ≤ k, t ∈ R+;
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(v) the global Lipschitz condition: there exists a positive constant k such that

∣∣σ (t,x, y) – σ (t,x, y)
∣∣ ∨

∫
R

∣∣h(t,x, y,u) – h(t,x, y,u)
∣∣π du

≤ k
(|x – x| + |y – y|

)
.

Definition . The system () is said to be exponentially stable in the pthmoment if there
exist a pair of positive constant δ and K such that

E
∣∣x(t)∣∣p ≤ KE‖ψ‖pe–δt , t ≥ .

Lemma . ([], Bukhölder-Davis-Gundy inequality) There exists a universal constant Jp
for any p ∈ (,∞) such that for every continuous local martingale M vanishing at zero and
any stopping time T ,

E
(|MT |p) ≤ E

(
sup

≤s≤T
|Ms|p

)
≤ JpE

(〈M,M〉T
) p
 ,

where 〈M,M〉 is the cross-variation of M.

To study stability of the system (), we rewrite () into

d
[
x(t) –G

(
t,x

(
t – τ(t)

))]
= A

(
t, t – τ(t)

)(
 – τ ′

(t)
)
g
(
x
(
t – τ(t)

))
dt

+ d
(∫ t

t–τ(t)
A(t, s)g

(
x(s)

)
ds

)

+ σ
(
t,x(t),x

(
t – τ(t)

))
dB(t)

+
∫
R
h
(
t,x(t),x

(
t – τ(t)

)
,u

)
Ñ(dt,du), ()

where

A(t, s) =
∫ s

t
a(u, s)du, A

(
t, t – τ(t)

)
=

∫ t–τ(t)

t
a
(
u, t – τ(t)

)
du. ()

3 pth moment exponential stability
In this section, we study the pth moment exponential stability of ().

Theorem. Suppose that there exists a continuous function H(t) : [,∞) → R+ such that
it satisfies the following conditions:
(a) there exists a positive constant n ≥  such that H(t) > n, t ∈ R+;
(b) For t ∈ R+, z ∈ [, t] and a positive constant α < , the following inequality holds:

r := p–
(
k + k

∫ z


e–

∫ z
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
ds

+ k
∫ z

z–τ(z)
A(t, v)dv + k

∫ z


e–

∫ z
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)dvds

)p

+ × p–k( + π )
(∫ z


e–

∫ z
s H(μ)dμ ds

) p


≤ α < ,
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where p≥  and A(t, v), A(s, s – τ (s)) are defined as (). Then the zero solution of () shows
pth moment exponential stability.

Proof Multiplying both sides of () by the factor e
∫ t
 H(μ)dμ, and integrating from  to any

time t < +∞, we obtain

x(t) =
[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t
 H(μ)dμ +G

(
t,x

(
t – τ(t)

))

+
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

+
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds

+
∫ t


e–

∫ t
s H(μ)dμd

[∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dv

]

+
∫ t


e–

∫ t
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

+
∫ t


e–

∫ t
s H(μ)dμ

∫
R
h
(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du). ()

Performing an integration by parts, we obtain

x(t) =
[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t
 H(μ)dμ +G

(
t,x

(
t – τ(t)

))

+
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

+
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds

+
∫ t

t–τ(t)
A(t, v)g

(
x(v)

)
dv – e–

∫ t
 H(μ)dμ

∫ 

–τ()
A(, v)g

(
x(v)

)
dv

–
∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dvds

+
∫ t


e–

∫ t
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

+
∫ t



∫
R
e–

∫ t
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

:=
∑
i=

Ii(t), ()

where

I(t) =
[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t
 H(μ)dμ,

I(t) =G
(
t,x

(
t – τ(t)

))
,

I(t) =
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds,

I(t) =
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds,
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I(t) =
∫ t

t–τ(t)
A(t, v)g

(
x(v)

)
dv,

I(t) = –e–
∫ t
 H(μ)dμ

∫ 

–τ()
A(, v)g

(
x(v)

)
dv,

I(t) = –
∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dvds,

I(t) =
∫ t


e–

∫ t
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s),

I(t) =
∫ t



∫
R
e–

∫ t
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du).

Let (B,‖ · ‖B) be the Banach space of all bounded and continuous in the pth mean F-
adapted process φ(t,ω) : [–m(),∞)× � → R with the following supremum norm:

‖φ‖B := sup
t≥

E
∣∣φ(t)∣∣p, for φ ∈ B.

Moreover, letZ denote the completemetric space with the supremummetric consisting of
functions φ ∈ B such that φ(s) = ψ(s) on s ∈ [–m(), ] and eλtE|φ(t,ω)|p →  as t → ∞,
where n > λ. Then we define an operator P : Z → Z as follows:

P(x)(t) :=

⎧⎨
⎩

ψ(t), t ∈ [–m(), ],∑
i= Ii(t), t ≥ .

We will finish this proof in three steps.
Step : we will show that the operator P is continuous in the pth moment on [,∞). Let

x ∈ Z, t ≥  and |a| be sufficiently small. By using the Cp inequality we obtain

E
∣∣P(t + a) – P(t)

∣∣p ≤ p–
∑
i=

E
∣∣Ii(t + a) – Ii(t)

∣∣p. ()

As |a| → , we have

E
∣∣I(t + a) – I(t)

∣∣p
=

[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t+a
 H(μ)dμ –

[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t
 H(μ)dμ

=
[
ψ() –G

(
,ψ

(
–τ()

))]
e–

∫ t
 H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)
→ ,

E
∣∣I(t + a) – I(t)

∣∣p
= E

∣∣G(
t + a,x

(
t + a – τ(t + a)

))
–G

(
t,x

(
t – τ(t)

))∣∣p
→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a


e–

∫ t+a
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds
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–
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

∣∣∣∣
p

= E
∣∣∣∣
∫ t+a

t
e–

∫ t+a
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

+
∫ t


e–

∫ t
s H(μ)dμH(s)

(
e–

∫ t+a
t H(μ)dμ – 

)[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

∣∣∣∣
p

≤ p–E
(∫ t+a

t
e–

∫ t+a
s H(μ)dμ

∣∣H(s)
[
x(s) –G

(
s,x

(
s – τ(s)

))]∣∣ds
)p

+ p–E
(∫ t


e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)

× ∣∣H(s)
[
x(s) –G

(
s,x

(
s – τ(s)

))]∣∣ds
)p

→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a


e–

∫ t+a
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds

–
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds

∣∣∣∣
p

≤ p–E
(∫ t+a

t
e–

∫ t+a
s H(μ)dμ

∣∣A(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))∣∣ds
)p

+ p–E
(∫ t


e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)

× ∣∣A(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))∣∣ds
)p

→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a

t+a–τ(t+a)
A(t + a, v)g

(
x(v)

)
dv –

∫ t

t–τ(t)
A(t, v)g

(
x(v)

)
dv

∣∣∣∣
p

= E
∣∣∣∣
∫ t



[
A(t + a, v) –A(t, v)

]
g
(
x(v)

)
dv +

∫ t+a

t
A(t + a, v)g

(
x(v)

)
dv

+
∫ t–τ(t)



[
A(t, v) –A(t + a, v)

]
g
(
x(v)

)
dv

–
∫ t+a–τ(t+a)

t–τ(t)
A(t + a, v)g

(
x(v)

)
dv

∣∣∣∣
p

≤ p–
{
E
[∫ t



∣∣A(t + a, v) –A(t, v)
∣∣∣∣g(x(v))∣∣dv

]p

+ E
[∫ t+a

t

∣∣A(t + a, v)g
(
x(v)

)∣∣dv
]p

+ E
[∫ t–τ(t)



∣∣A(t, v) –A(t + a, v)
∣∣∣∣g(x(v))∣∣dv

]p
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+ E
[∫ t+a–τ(t+a)

t–τ(t)

∣∣A(t + a, v)g
(
x(v)

)∣∣dv
]p}

→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣e–

∫ t+a
 H(μ)dμ

∫ 

–τ()
A(, v)g

(
ψ(v)

)
dv – e–

∫ t
 H(μ)dμ

∫ 

–τ()
A(, v)g

(
ψ(v)

)
dv

∣∣∣∣
p

= E
∣∣∣∣e–

∫ t
 H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)∫ 

–τ()
A(, v)g

(
x(v)

)
dv

∣∣∣∣
p

→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a


e–

∫ t+a
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dvds

–
∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dvds

∣∣∣∣
p

≤ p–
{
E
[∫ t


e–

∫ t
s H(μ)dμ

∣∣e– ∫ t+a
t H(μ)dμ – 

∣∣ ∫ s

s–τ(s)

∣∣H(s)A(s, v)g
(
x(v)

)∣∣dvds
]p

+ E
[∫ t+a

t
e–

∫ t+a
s H(μ)dμ

∫ s

s–τ(s)

∣∣H(s)A(s, v)g
(
x(v)

)∣∣dvds
]p}

→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a


e–

∫ t+a
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

–
∫ t


e–

∫ t
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

∣∣∣∣
p

≤ p–E
∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)
σ
(
s,x(s),x

(
s – τ(s)

))
dB(s)

∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t+a

t
e–

∫ t+a
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

∣∣∣∣
p

≤ p–JpE
[∫ t


e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)
σ (s,x(s),x(s – τ(s)

))
ds

] p


+ p–JpE
[∫ t+a

t
e–

∫ t
s H(μ)dμσ (s,x(s),x(s – τ(s)

))
ds

] p


→ ,

E
∣∣I(t + a) – I(t)

∣∣p

= E
∣∣∣∣
∫ t+a



∫
R
e–

∫ t+a
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

–
∫ t



∫
R
e–

∫ t
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

∣∣∣∣
p
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≤ p–E
∣∣∣∣
∫ t



∫
R
e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)
h
(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

∣∣∣∣
p

+ p–E
∣∣∣∣
∫ t+a

t

∫
R
e–

∫ t+a
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

∣∣∣∣
p

≤ p–JpE
[∫ t



∫
R
e–

∫ t
s H(μ)dμ

(
e–

∫ t+a
t H(μ)dμ – 

)

× h
(
s,x(s),x

(
s – τ(s)

)
,u

)
π dsdu

] p


+ p–JpE
[∫ t+a

t

∫
R
e–

∫ t
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
π dsdu

] p


→ .

Thus, we can conclude that the operator P is pth continuous on [,∞).
Step : We will prove that P(Z) ⊆ Z. Then we only need to prove eλtE|Ii(t)|p →  as t →

∞ for i = , . . . , , where n > λ. In fact, for ∀ε > , there exists T >  such that eλtE|x(t)|p < ε

and eλtE|x(t – τj(t))|p < ε, j = , ,  when t > T –m(). We have

eλtE
∣∣I(t)∣∣p = eλt∣∣ψ() –G

(
,ψ

(
–τ()

))∣∣pe–p ∫ t
 H(μ)dμ

≤ ∣∣ψ() –G
(
,ψ

(
–τ()

))∣∣pe–(pn–λ)t

→ ,

eλtE
∣∣I(t)∣∣p = eλtE

∣∣G(
t,x

(
t – τ(t)

))∣∣p = keλtE
∣∣x(t – τ(t)

)∣∣p ≤ kε → ,

eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))]
ds

∣∣∣∣
p

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)ds
]p

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)ds
]p

≤ eλtE
[(∫ t


e–

∫ t
s H(μ)dμH(s)ds

)p–

×
∫ t


e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)p ds
]

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)p ds
]

= eλtE
[∫ T


e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)p ds
]

+ eλtE
[∫ t

T
e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣ + k
∣∣x(s – τ(s)

)∣∣)p ds
]

≤ ( + k)pE
[

sup
s∈[–m(),T]

∣∣x(s)∣∣p]
∫ T


e–(n–λ)t+sn ds

+ eλt
∫ t

T
E
[
p–

(∣∣x(s)∣∣p + kp
∣∣x(s – τ(s)

)∣∣p)]e– ∫ t
s H(μ)dμH(s)ds

http://www.advancesindifferenceequations.com/content/2014/1/106
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≤ ( + k)pE
[

sup
s∈[–m(),T]

∣∣x(s)∣∣p]
∫ T


e–(n–λ)t+sn

+ p–
(
 + kp

)
ε
(
 – e–

∫ t
T H(μ)dμ

)
→ ,

eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
g
(
x
(
s – τ(s)

))
ds

∣∣∣∣
p

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμkk

∣∣m()
(
 – τ ′

(s)
)
x
(
s – τ(s)

)∣∣ds
]p

≤ eλtE
[(∫ t


e–

∫ t
s H(μ)dμ ds

)p–

×
∫ t


e–

∫ t
s H(μ)dμ(kk)p

∣∣m()
(
 – τ ′

(s)
)
x
(
s – τ(s)

)∣∣p ds
]

≤ eλtE
[(∫ t


e–

∫ t
s H(μ)dμH(s)ds

)p–

×
∫ t


e–

∫ t
s H(μ)dμ(kk)p

∣∣m()
(
 – τ ′

(s)
)
x
(
s – τ(s)

)∣∣p ds
]

≤ [
kkm()( + k)

]peλtE
[∫ t


e–

∫ t
s H(μ)dμ

∣∣x(s – τ(s)
)∣∣p ds

]

≤ [
kkm()( + k)

]peλtE
[∫ T


e–

∫ t
s H(μ)dμ

∣∣x(s – τ(s)
)∣∣p ds

+
∫ t

T
e–

∫ t
s H(μ)dμH(s)

∣∣x(s – τ(s)
)∣∣p ds

]

≤ [
kkm()( + k)

]p{E[
sup

s∈[–m(),T]

∣∣x(s)∣∣p]
∫ T


e–(n–λ)t+ns ds

+ ε
(
 – e–

∫ t
T H(μ)dμ

)}

→ ,

eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t

t–τ(t)
A(t, v)g

(
x(v)

)
dv

∣∣∣∣
p

≤ eλtE
[∫ t

t–τ(t)

∣∣A(t, v)g(x(v))∣∣dv
]p

≤ eλtE
[(∫ t

t–m()

∣∣A(t, v)∣∣ p
p– dv

)p–

×
∫ t

t–m()

∣∣g(x(v))∣∣p dv
]

≤ kpkm
p()ε → ,

eλtE
∣∣I(t)∣∣p = eλte–p

∫ t
 H(μ)dμ

∣∣∣∣
∫ 

–τ()
A(, v)g

(
ψ(v)

)
dv

∣∣∣∣
p

≤ eλte–p
∫ t
 H(μ)dμ

(∫ 

–τ()

∣∣A(, v)g(ψ(v)
)∣∣dv

)p

≤
[
kkm() max

s∈[–m(),]

∣∣ψ(s)
∣∣]pe–(np–λ)t

→ ,
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eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)g

(
x(v)

)
dvds

∣∣∣∣
p

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)

∣∣A(s, v)g(x(v))∣∣dvds
]p

= eλtE
[∫ t


e–

∫ t
s

p–
p H(μ)dμH

p–
p (s)

× e–
∫ t
s


pH(μ)dμH


p (s)

∫ s

s–τ(s)

∣∣A(s, v)g(x(v))∣∣dvds
]p

≤ eλtE
[(∫ t


e–

∫ t
s H(μ)dμH(s)

)p–

×
∫ t


e–

∫ t
s H(μ)dμH(s)

(∫ s

s–τ(s)

∣∣A(s, v)g(x(v))∣∣dv
)p

ds
]

≤ eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

(∫ s

s–τ(s)

∣∣A(s, v)g(x(v))∣∣dv
)p

ds
]

≤mp–()eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)

∣∣A(s, v)g(x(v))∣∣p dvds
]

≤ kpk
p
m

p–()eλtE
[∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)

∣∣x(v)∣∣p dvds
]

≤ kpk
p
m

p–()eλtE
[∫ T


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)

∣∣x(v)∣∣p dvds

+
∫ t

T
e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)

∣∣x(v)∣∣p dvds
]

≤ kpk
p
m

p()
[
E
(

sup
s∈[–m(),T]

∣∣x(s)∣∣p)e–(n–λ)t
∫ T


esnH(s)ds

+ ε
(
 – e–

∫ t
T H(μ)dμ

)]

→ ,

eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμσ

(
s,x(s),x

(
s – τ(s)

))
dB(s)

∣∣∣∣
p

≤ JpeλtE
∣∣∣∣
∫ t


e–

∫ t
s H(μ)dμσ (s,x(s),x(s – τ(s)

))
ds

∣∣∣∣
p


≤ kJpeλtE
[∫ t


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣ + ∣∣x(s – τ(s)
)∣∣)ds

] p


≤ kJpeλtE
[∫ t


e–

p–
p

∫ t
s H(μ)dμH(s)

× e–

p

∫ t
s H(μ)dμ(∣∣x(s)∣∣ + ∣∣x(s – τ(s)

)∣∣)ds
] p



≤ kJpeλtE
[(∫ t


e–

∫ t
s H(μ)dμH(s)ds

) p–


×
∫ t


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣ + ∣∣x(s – τ(s)
)∣∣) p

 ds
]
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≤ kJpeλtE
[∫ t


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣ + ∣∣x(s – τ(s)
)∣∣) p

 ds
]

≤ 
p
 –keλtE

[∫ t


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣p + ∣∣x(s – τ(s)
)∣∣p)ds

]

≤ 
p
 –kJpeλtE

[∫ T


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣p + ∣∣x(s – τ(s)
)∣∣p)ds

+
∫ t

T
e–

∫ t
s H(μ)dμH(s)

(∣∣x(s)∣∣p + ∣∣x(s – τ(s)
)∣∣p)ds

]

≤ 
p
 –kJp

[
E

(
sup

s∈[–m(),T]

∣∣x(s)∣∣p)
∫ T


e–(n–λ)t+ns ds

+ ε
(
 – e–

∫ t
T H(μ)dμ

)]

→ .

By the same method as in the inequality of eλtE|I(t)|p, we get the following inequality:

eλtE
∣∣I(t)∣∣p = eλtE

∣∣∣∣
∫ t



∫
R
e–

∫ t
s H(μ)dμh

(
s,x(s),x

(
s – τ(s)

)
,u

)
Ñ(ds,du)

∣∣∣∣
p

≤ JpeλtE
∣∣∣∣
∫ t



∫
R
e–

∫ t
s H(μ)dμ

∣∣h(s,x(s),x(s – τ(s)
)
,u

)∣∣pπ (du)ds
∣∣∣∣
p


≤ kJpπeλtE
[∫ t


e–

∫ t
s H(μ)dμ

(∣∣x(s)∣∣ + ∣∣x(s – τ(s)
)∣∣)ds

] p


→ .

From the above inequalities, we can conclude that the operator P maps Z into itself.
Step : Finally, we will prove that the operator P is contractive. For any x, y ∈ Z, we have

E sup
z∈[,t]

∣∣P(x)(z) – P(y)(z)
∣∣p

= E sup
z∈[,t]

∣∣∣∣G(
t,x

(
t – τ(t)

))
–G

(
t, y

(
t – τ(t)

))

+
∫ t


e–

∫ t
s H(μ)dμH(s)

[
x(s) –G

(
s,x

(
s – τ(s)

))
– y(s) +G

(
s, y

(
s – τ(s)

))]
ds

+
∫ t


e–

∫ t
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)[
g
(
x
(
s – τ(s)

))

– g
(
y
(
s – τ(s)

))]
ds +

∫ t

t–τ(t)
A(t, v)

[
g
(
x(v)

)
– g

(
y(v)

)]
dv

–
∫ t


e–

∫ t
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)

[
g
(
x(v)

)
– g

(
y(v)

)
dv

]
ds

+
∫ t


e–

∫ t
s H(μ)dμ

[
σ
(
s,x(s),x

(
s – τ(s)

))
– σ

(
s, y(s), y

(
s – τ(s)

))]
dB(s)

+
∫ t



∫
R
e–

∫ t
s H(μ)dμ

[
h
(
s,x(s),x

(
s – τ(s)

)
,u

)
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– h
(
s, y(s), y

(
s – τ(s)

)
,u

)]
Ñ(ds,du)

∣∣∣∣
p

≤ E sup
z∈[,t]

∣∣x(z) – y(z)
∣∣p sup

z∈[,t]

{
p–

(
k

+ k
∫ z


e–

∫ z
s H(μ)dμA

(
s, s – τ(s)

)(
 – τ ′

(s)
)
ds

+ k
∫ z

z–τ(z)
A(t, v)dv + k

∫ z


e–

∫ z
s H(μ)dμH(s)

∫ s

s–τ(s)
A(s, v)dvds

)p

+ × p–k( + π )
(∫ z


e–

∫ z
s H(μ)dμ ds

) p

}

≤ α < .

Thus P is a contraction mapping. �

4 Remarks and an example
Remark . If G(t,x(t – τ(t))) = , τ(t) = L, a(t, s) = p(s – t), σ (t,x(t),x(t – τ(t))) = σ (t)
and h(t,x(t),x(t – τ(t)),u) = , then the system () turns into

dx(t) = –
(∫ t

t–L
p(s – t)g

(
x(s)

)
ds

)
dt + σ (t)dB(t), t ≥ ,

which was recently studied in [] by second moment, i.e., p = .

Remark . When G(t,x(t – τ(t))) = , τ(t) = τ , a(t, s) = q(s – t), g(x(s)) = f (x(s)),
σ (t,x(t),x(t – τ(t))) = g(t) and

∫
R h(t,x(t),x(t – τ(t)),u)du = h(t), the system () degrades

into

dx(t) = –
(∫ t

t–L
q(s – t)f

(
x(s)

)
ds

)
dt + g(t)dB(t) + h(t)dÑ(t), t ≥ .

This system has been investigated in []. However, our model () is more general.

Example . We consider the following stochastic differential equation with variable de-
lays:

d
[
x(t) – ax

(
t – τ(t)

)]
= –a

(∫ t

t–τ(t)
x(s)ds

)
dt + ax

(
t – τ(t)

)
dB(t)

+ ax
(
t – τ(t)

)
dÑ(t), t ≥ . ()

Its initial condition is equipped with x() = c (constant) and ai, i = , , , , are positive
constants. τ(t), τ(t) and τ(t) are variable delays. Set τ(t) ≡  andH(t) ≡ , then accord-
ing to the definition of r under the condition (b) of Theorem ., for t ∈ R+, z ∈ [, t] we
can calculate and obtain

r = p–
(
a + a

∫ z

z–
(v – t)dv +

∫ z


e–

∫ z
s dμ

∫ s

s–
a(v – s)dvds

)p

+ × p–max{a,a}( + π )
(∫ z


e–

∫ z
s dμ ds

) p
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= p–
(
a – a(t – z + .) – .a

(
 – e–z

))p

+
p–


max{a,a}( + π )

(
 – e–z

) p


≤ p–(a – .a)p +
p–


max{a,a}( + π ). ()

Let p = , a = ., a = ., a = a = ., then by () we have r ≤ .. As a result, accord-
ing to Theorem . we can conclude that the zero solution of () is one of first moment
exponential stability.

5 Conclusion
In this paper, we have investigated the stochastic neutral Volterra-Levin equation with
Lévy noise and variable delays, and we obtained the condition of pth moment exponen-
tial stability by fixed point theory and the Bukhölder-Davis-Gundy inequality. Presently
known results are improved and generalized. However, there are many problems to be
solved for the stochastic Volterra-Levin equation, such as stability of this equation driven
by factional Brownian motion [], persistence, and so on.
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