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Abstract

We consider the Witt-type formula for the nth twisted Daehee numbers and
polynomials and investigate some properties of those numbers and polynomials. In
particular, the nth twisted Daehee numbers are closely related to higher-order
Bernoulli numbers and Bernoulli numbers of the second kind.
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1 Introduction

In this paper, we assume that Z,, Q, and C, will, respectively, denote the rings of p-adic
integers, the fields of p-adic numbers and the completion of algebraic closure of Q,. The
p-adic norm | - |, is normalized by |p|, = 1/p. Let UD[Z,] be the space of uniformly differ-
entiable functions on Z,,. For f € UD[Z,], the p-adic invariant integral on Z,, is defined by

152
I(f) /;pf(x) dpo(x) = nllgloﬁ ;f(x) (see [1,2]). W

Let fi be the translation of f with fi(x) = f(x + 1). Then, by (1), we get

df (x
I(fi) =I(f) +£'(0), wheref'(0) = J;( ) (2)
X lx=0

As is known, the Stirling number of the first kind is defined by

@ =x(x=1)--@=n+1)=)_ Sinda, (3)

1=0
and the Stirling number of the second kind is given by the generating function to be
o ¢
(e -1)"=m> S, m) (see [3-5)). (4)

I=m

For « € Z, the Bernoulli polynomials of order « are defined by the generating function
to be

( t )ae"' = ;B;“)(x);—yz (see [3,6,7]). (5)

el -1
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When x = 0, BY = BEf')(O) are called the Bernoulli numbers of order c.
For n € N, let T, be the p-adic locally constant space defined by
T, = JCp = lim Cp,
ol n—00
where Cyn = {w|w”" =1} is the cyclic group of order p”. It is well known that the twisted
Bernoulli polynomials are defined as

t
et -1

o0
t}’l
o= Z B (x);, £ € T, (see [8]),
n=0 !

and the twisted Bernoulli numbers B,,; are defined as B,z = B,,£(0).
Recently, Kim and Kim introduced the Daehee numbers and polynomials which are
given by the generating function to be

oo

(2 a0t Ypuwl (e, 100, “

n=0

In the special case, x = 0, D,, = D,,(0) are called the nth Daehee numbers.
In the viewpoint of generalization of the Daehee numbers and polynomials, we consider
the nth twisted Daehee polynomials defined by the generating function to be

(log(l +&t)

= )(l+ét)’“ =3 Dusw ?)
n=0

In the special case, x = 0, D,z = D,,£(0) are called the nth twisted Daehee numbers.

In this paper, we give a p-adic integral representation of the nth twisted Daehee num-
bers and polynomials, which are called the Witt-type formula for the nth twisted Daehee
numbers and polynomials. We can derive some interesting properties related to the nth

twisted Daehee numbers and polynomials. For this idea, we are indebted to papers [9, 10].
2 Witt-type formula for the nth twisted Daehee numbers and polynomials

First, we consider the following integral representation associated with falling factorial
sequences:

/ (%), duo(x), whereneZ,=NU{0} (see [10]). (8)
Zp

By (8), we get

>e / p(x)ndmx);—n! -/ ZE"(i)t”duo(x)

P n=0

=/Z (1 + &% dpo(x), )

: 1
where t € C, with |t], < 1
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1
For t € C, with [t], < p 7T, let us take f(x) = (1 + ££)*. Then, from (2), we have

_log(1 +&¢)

/ (0ot =

By (9) and (10), we see that

[e¢]

ZD " log(1 + &¢)

n,g_' =
— n! &t

- / L+ £0)* dpao()

Zp
o0 ., tn
_ Zos /Z ol )

Therefore, by (11), we obtain the following theorem.

Theorem 1 For n > 0, we have
&' [ (hdna) =Dy
Zp

For n € Z, it is known that

log(1+1)\” = —n+ £
(2£09) et =B e 3-5) 12)

Thus, replacing ¢ by e/ — 1 in (12), we get

Die =&" / (W dpol) = EBEQ) (k= 0), 13)

Zp

where Bﬁ(") () are the Bernoulli polynomials of order #.
In the special case, x = 0, B;:') = B,(:')(O) are called the nth Bernoulli numbers of order 7.
From (11), we note that

areor [ syt - (“g(lé—ft))um)x
_ fg‘ Dy (x);_"!. (14)
Thus, by (14), we get
£ || 4 dna0) = Duse) (120 15)
and, from (12), we have
Dy (%) = E"BI D (x + 1). 16)

Therefore, by (15) and (16), we obtain the following theorem.
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Theorem 2 For n > 0, we have
Do) =€" [ (x4 dnaly)
Zp
and
D (x) = "B (x +1).

By Theorem 1, we easily see that
n
Dye =" Si(n1)By, (17)
1=0

where B; are the ordinary Bernoulli numbers.
From Theorem 2, we have

Dye(x) =&" | (x+y)ndpo(y)

Zp

=&Y Si(mDBi(x), (18)

1=0

where B(x) are the Bernoulli polynomials defined by a generating function to be

t o0 t”
XL _
ef—le = EOB,,(x)—n!.
n=

Therefore, by (17) and (18), we obtain the following corollary.

Corollary 3 For n >0, we have
Dye(®) =" Si(n,DBy(x).
1=0

In (11), we have

o] t”

(L+&0)" =) Dye(w)—. 19)

n!
n=0

log(1 + &¢)
&t

Replacing t by ef — é, we put
> 1 1\"
D)= (et ==
; g (%) - <e S)

_log(1+£(ef - 7)) (1+g<ef— l))
S Ee-D &

t N
= Eet—l(ge)
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t
et -1

= &" an,g(x)%.

n=0

tx

= £*

Therefore, we have

> PA— 1 1\"
;Bn,g () — = HZDM(x); (ef - g)

=0

nd 1 ad t
= D, £y Sy (m,n)—
ZO £)—¢ an 2(m,m)—
o0 m
=3 Dus@E"S2(m,m),
m=0 n=0

where S, (m, n) is the Stirling number of the second kind.

Hence,

E*Bue(x) = Y Dyg ()& "Sy(m, n).

n=0

Therefore, we have

B ()= Y Dye()E " Sy(m, ).
n=0

In particular,

m
By =Y Dys& "Sy(m,n).
n=0

Therefore, by (20) and (23), we obtain the following theorem.

Theorem 4 For m > 0, we have

B (®) = Y £ Dy (%)Sy(m, m).

n=0

In particular,

m
Byg =Y £ DysSa(m,n).
n=0

Remark For m > 0, by (18), we have

& [ e dua) =" Y- D, WS ).
Zp n=0

(20)

(21)

(22)

(23)

(24)
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For n € Z,>0, the rising factorial sequence is defined by
A =x(x+1) - (x+n—1). (25)
Let us define the nth twisted Daehee numbers of the second kind as follows:

Dy =¢&" ; (~0)ndpo(x) (1 € L) (26)

By (26), we get
A = (“1)"(=x)n = Y Si(m, (1) (27)
=0

From (26) and (27), we have

Dy = £" ) (=), dpo(x)

=¢&" i x(=1)" dpuo ()

=&"> Si(mD(-1)'B:. (28)

=0

Therefore, by (28), we obtain the following theorem.

Theorem 5 For n > 0, we have
Due=£"> Si(n,)(-1)'B..
=0

Let us consider the generating function of the nth twisted Daehee numbers of the second
kind as follows:

o0 . tn o0 tn
> Dusty =S¢ [ oduo)’,
n=0 n! n=0 ZP n!

= f > e (_nx) t" dpo(x)

Zp n=0

= /Z (1 + St)_x d/,Lo(x) (29)

From (2), we can derive the following equation:

f (1 + 607 dpglx) = LT EDI0EM +E0) 30)
Z £t

1
where ¢, <p 7.
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By (29) and (30), we get

é(l + ) log(1+ 1) = /Z (e dat)

o] R tn
= ZD,,,E—‘. (31)
n.
n=0

Let us consider the nth twisted Daehee polynomials of the second kind as follows:

(1+E&t)logl+£8) 1 >
£t (1 +Et) Z )_' (32)
Then, by (32), we get
) L+ duo(y) = Y Dg (x)%. (33)
4 n=0 :

From (33), we get
Do () = & / (cx—yndpoly) (n=0)
Zp

=& S ('S DBy(x). (34)

1=0

Therefore, by (34), we obtain the following theorem.

Theorem 6 For n > 0, we have
Due)=8" [ (x=)udito) =" Y (-1'Si0n D)
Zp 1=0

From (32) and (33), we have

o0

L(? 501 4 ey - Z - (35)

Replacing ¢ by e’ — , we get

X1, 1\" logl+&(e-3) . 1\
ZD"’“’“)E(E ‘5) T @D (“5(6 ‘5))

n=0
t 1-x
) Eet -1 (&)
1-x t t(1-x)
=4 Eet -1
[o¢] t”
- gl‘xZBn,E(l—x);. (36)
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Therefore, we have

sl-’fZBmé (1-x)— tn = Zf)

I
D)
<1
‘m
3..
.8’
§
E

Hence,

§'7Be(1l-%) = Y Dye()E " Sy(m, n). (38)

n=0

Therefore, we have

Bug(=%) =) Dye(®)e "S5 (m, n). (39)

n=0

Therefore, by (37) and (38), we obtain the following theorem.

Theorem 7 For m > 0, we have

Bug(-x) =) &' D,e(x)Sy(m,n).

n=0

From Theorem 1 and (26), we have

()22 = /Z ,, <’;) o)
g fzp <—x +nn - 1) ()
(2
()

_ <n_1>%—"—m% (40)
m

and
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m=
N\ (n-t Sn_mDm,E
— m-1 m!
" (n-1 D,
_ ( )g”—m Dons. (41)
— m—1 m!

Therefore, by (40) and (41), we obtain the following theorem.

Theorem 8 For n € N, we have

D " (n-1 D
_qyr ok n-mmg
D n! Z <m - 1)s m!

m=1

and

13,,5 - n-1 _ Dmg
_lrl_v: n-m v'
D n! Z(Vn—l)S m!
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