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1 Introduction
The notion of statistical convergence was introduced by Fast [1] and Schoenberg [2] in-
dependently. Over the years and under different names, statistical convergence was dis-
cussed in the theory of Fourier analysis, ergodic theory and number theory. Later on it
was further investigated from the sequence space point of view and linked with summa-
bility theory by Fridy [3], Connor [4], Salat [5], Cakalli [6], Miller [7], Maddox [8] and
many others. However, Mursaleen [9] defined the concept of A-statistical convergence as
a new method and found its relation to statistical convergence, (C,1)-summability and
strong (V, 1)-summability. Recently, for « € (0,1], Colak and Bektag [10] have introduced
the A-statistical convergence of order  and strong (V, 1)-summability of order « for se-
quences of complex numbers.

In this paper we define and study A-double almost statistical convergence of order «.
Also, some inclusion relations have been examined.

The notion of statistical convergence depends on the density of subsets of N. A subset
E of N is said to have density §(E) if

1 n
8(E) = lim — ZXE(k) exists.
n—-oo k=1

Note that if K C N is a finite set, then §(K) = 0, and for any set K C N, §(K¢) =1 - §(K).

Definition 1.1 A sequence x = (xx) is said to be statistically convergent to ¢ if for every
e>0,

S({fkeN:|x -] =¢})=0.

We write st-limxy = L in case x = (xz) is st-statistically convergent to L.
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Let w; be the set of all real or complex double sequences. By the convergence of a double
sequence we mean the convergence in the Pringsheim sense, that is, the double sequence
x = ()7 has a Pringsheim limit L denoted by P-limx = L provided that, given € > 0,
there exists N € N such that |x; — L| < € whenever i,j > N. We will describe such an x
more briefly as ‘P-convergent’ (see [11]).

We denote by ¢, the space of P-convergent sequences. A double sequence x = (x;) is
bounded if || x| = sup; i~ |x;| < 0o. Let 15° and c5° be the set of all real or complex bounded
double sequences and the set of bounded and convergent double sequences, respectively.
Moricz and Rhoades [12] defined the almost convergence of the double sequence as fol-
lows: x = (x;) is said to be almost convergent to a number L if

m+p n+q

P- lim sup X =0,
pq—>oom,, (p +1)( q+1)ZZ v

i=m j=n

that is, the average value of (x;;) taken over any rectangle
={i,j):m<i<m+pn<j<n+q)

tends to L as both p and g tend to oo, and this convergence is uniform in m and n. We
denote the space of almost convergent double sequences by ¢; as

Cy = {x = (%) : klli_r)nthklpq(x) - L‘ = 0, uniformly inp,q},

where

k+p l+q

Pipa ) = k+1) [+1) 4 ZZ i

The notion of almost convergence for single sequences was introduced by Lorentz [13]
and some others.

A double sequence x is called strongly double almost convergent to a number L if

k+p l+q

1
p- kllﬁoo m g lzq |xij —L| =0 uniformlyin p,q

By [¢,] we denote the space of strongly almost convergent double sequences. It is easy
to see that the inclusions ¢5° C [¢2] C € C I5° strictly hold.

The notion of strong almost convergence for single sequences has been introduced by
Maddox [8].

A linear functional L on [5° is said to be a Banach limit if it has the following properties:

(1) Lx) > 0ifx>0 (i.e, x;; > 0 for all 4, /),

(2) L(e) =1, where e = (e;;) with e;; = 1 for all 4,j and

(3) L(x) = L(S10x) = L(Sp1) = L(S11x), where the shift operators Syox, So1x, S11¢ are

defined by Si0x = (%i41,7), So1% = (%ij41), Sux = (Kis1j1)-

Let B, be the set of all Banach limits on /5°. A double sequence x = (x;;) is said to be

almost convergent to a number L if L(x) = L for all L € B, (see [14]).
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The idea of statistical convergence was extended to double sequences by Mursaleen and
Edely [15]. More recent developments on double sequences can be found in [16-18], where
some more references can be found. For the single sequences, statistical convergence of
order « and strong p-Cesaro summability of order o was introduced by Colak [19]. Quite
recently, in [10], Colak and Bektas generalized this notion by using de la Valée-Poussin
mean.

Let K € N x N be a two-dimensional set of positive integers and let K,,, , be the numbers
of (i,j) in K such thati <mandj <m.

Then the lower asymptotic density of K is defined as

K,
P-liminf =2 = §,(K).
m,n mmn

K
In the case when the sequence (=22)7 |

has a limit, we say that K has a natural density

and is defined as

. [<Wl n
P-lim —= = §,(K).
mn mn
For example, let K = {(i%,7%) : i,j € N}, where N is the set of natural numbers. Then

K, J
5,(K) = P-lim X7 < pgim YV _
mn  mn nm,n mn

0

(i.e., the set K has double natural density zero).

Mursaleen and Edely [15] presented the notion statistical convergence for a double se-
quence x = (x;;) as follows: A real double sequence x = (x;) is said to be statistically con-
vergent to L provided that for each € > 0,

P—ljg}% {(i,j) ti<mandj<mn,|x;-L| > 6}’ =0.
We now give the following definition.
The double statistical convergence of order « is defined as follows. Let 0 < « <1 be
given. The sequence (x;) is said to be statistically convergent of order « if there is a real
number L such that

a}{ifmandjfnﬂxij—ﬂze}}:O

for every € > 0, in which case we say that x is double statistically convergent of order « to L.
In this case, we write S5 -limx;; = L. The set of all double statistically convergent sequences
of order o will be denoted by S5. If we take « = 1 in this definition, we can have previous
definition.

Let A = (A,,) be a non-decreasing sequence of positive numbers tending to oo such that
Ansl S Ap+1, A =1

The generalized de la Valée-Poussin mean is defined by

b= 3w

n kel
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where [,, = [n — A, + 1, n]. A sequence x = (x,,) is said to be (V, A)-summable to a number L
if t,(x) > L as n — o0.

In [9] Mursaleen introduced the idea of A-statistical convergence for a single sequence
as follows:

The number sequence x = (x;) is said to be A-statistically convergent to the number ¢ if
for each € >0,

1
lim —|{n-A,+1<i<n:|xi-L|>€}|=0.
n n
In this case, we write S;-lim; x; = £ and we denote the set of all A-statistically convergent
sequences by S;.

Definition 1.2 Let A = (A,,) and u = (1,) be two non-decreasing sequences of positive
real numbers both of which tend to co as m and # approach oo, respectively. Also, let
Amsl S A+ 1, A1 =1and py1 < uy + 1, g = 1. We write the generalized double de la
Valée-Poussin mean by

tn(X) =
n (%) o

A sequence x = (x;) is said to be (V% 1, 1)-summable to a number L, if £,,,(x) — L as
m,n — oo in the Pringsheim sense. Throughout this paper, we denote 4,,, by A/, and
(i € Iy, j € I,) by (5,)) € Lyp.

2 Main results
In this section, we define A-double almost statistically convergent sequences of order «.
Also, we prove some inclusion theorems.

We now have the following.

Definition 2.1 Let 0 < o <1 be given. The sequence x = (x;) € w, is said to be S'i-
statistically convergent of order « if there is a real number L such that

. 1 . .
P-m}qlinoo )_»Tmn | {(k, el,,: |tk1pq(x) - L| >€ }| =0 uniformlyinp,q,
where )_L;n denotes the ath power (A,,,)* of A,,,. In case x = (%) is S’;‘—statistically con-
vergent of order « to L, we write 57-limx;; = L. We denote the set of all 57 -statistically

convergent sequences of order « by S’f\‘ We write §2 if A, = mn and « = 1 for Si‘

We know that the 3‘%-statistical convergence of order « is well defined for 0 < « <1, but
it is not well defined for « > 1 in general. For this let x = (x;;) be fixed. Then, for an arbitrary
number L and € > 0, we write

. 1
P—m}qlgloo % ‘ {(k, el : ‘tk;pq(x) —L| > e}|
Jomn] +1
< lim % =0 uniformlyinp,q.

T n—oo )"ernn

Therefore Sj\“ -limx;; is not uniquely determined for o > 1.
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Definition 2.2 Let 0 < « <1 be any real number and let r be a positive real number.
A sequence x is said to be strongly #*(i)-summable of order a, if there is a real number L
such that

. r . .
P-mlnlgloo Ta Z |tk1pq(x) - L| =0 uniformlyinp,q.

mn (k) €lyun

If we take o = 1, the strong iv‘;‘()_»)—summability of order « reduces to the strong W,(})-
summability.
We denote the set of all strongly w? (A)-summable sequences of order o by ﬁ/z (x).

We now are ready to state the following theorem.
Theorem 2.1 IfO<a < B <1, then 33‘ C Sf

Proof Let 0 < < B <1.Then

1 1
)—LTH(k»l) S |tklpq(x) _L| > GH = )—\TH(IGZ) S |tklpq(x)_L| = 6}|

mn mn

for every € > 0, and finally we have that Sg C Sf . This proves the result. O
We have the following from the previous theorem.

Corollary 2.1
(i) If a sequence is S5 -statistically convergent of order o to L, then it is S;-statistically
convergent to L, that is, S5 C Sj for each o € (0,1],
(i) @=p = §¢ =35,
(i) @ =1 = 8§ =§;.

Theorem 2.2 S§ C S;‘ if

o

A
lim inf —22- > 0. (2.1)
mn— 00 (mn)“

Proof For given € > 0, we write

{kf mand[ <m: !tklpq(x) —L| > e} D {(k,l) €l |tk1pq(x) —L| > e}

and so
1
(mna|{k§mandl§m:|tklpq(x)_L|ZEH
o Jm L [k 1) € Lnn : [trpg () = L[ = €.
~ fmm) g, )

Using (2.1) and taking the limit as mn — oo, we have Sg‘—limxl-j =L = S%—limxkl =L
d

Theorem 2.3 Let 0 <o < 8 <1 and r be a positive real number, then W (r) C ﬂvf (A).
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Proof Letx = (x;) € 171/‘,"()_»). Then given « and 8 such that 0 < ¢ < 8 <1 and a positive real

number r, we write

1
T Z |tklpq(x) _L|r

I (1) e Dy
and we get that W% (1) C ﬁ/f()_\). a
We have the following corollary which is a consequence of Theorem 2.3.
Corollary 2.2 Let 0 <o < 8 <1 and r be a positive real number. Then
(i) Ifa = B, then w* (%) = Wi (1.

(ii) #*(X) C W, (1) for each o € (0,1] and 0 < r < co.

Theorem 2.4 Let « and B be fixed real numbers suchthat 0 <a <8 <land 0 <r<oo.If
a sequence is a strongly W*(1)-summable sequence of order o to L, then it is S'f -statistically
convergent of order f to L, i.e., W* () C Sf

Proof For any sequence x = (x;) and € > 0, we write

D |tupg@ L] Do @ L+ D [t - L]

(kD) eln (k,0)eln (k) elimn
[tkipg(¥)-L|=e€ |tkipg (¥)-Li<e
= Z ’tklpq(x)_L|pz H(krl)ebnn:‘tklpq(x)_lf‘ 26}‘ €
(k1) elmn
|tklpq(x)_u25
and so that
1

o
mn(k,l)elyn mn

r 1
— > |tupg@) - L| ziT‘{(k,l)elmn:‘tk;],q(x)—L|ze}‘-e’

1
= )—LTH(kJ) € Ly : |tklpq(x)—L| > €}| e’

mn

This shows that if x = (x;) is a strongly # (A)-summable sequence of order « to L, then it
is Sf -statistically convergent of order 8 to L. This completes the proof. O

We have the following corollary.

Corollary 2.3 Let o be fixed real numbers such that 0 <a <1and 0 <r < oo.
(i) Ifa sequence is a strongly W*(.)-summable sequence of order a to L, then it is
S/i\“—s_mtisziically convergent of order o to L, i.e., w; () C 55.
(i) w¥(A) C Sz forO<a <1.

3 Some sequence spaces
In present section, we study the inclusion relations between the set of S}i\"-statistically con-
vergent sequences of order « and strongly W [%, M]-summable sequences of order a with

respect to an Orlicz function M.
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Recall in [20] that an Orlicz function M : [0, 00) — [0, 00) is continuous, convex, non-
decreasing function such that M(0) = 0 and M(x) > 0 for x > 0, and M(x) — oo as x — o0.

An Orlicz function M is said to satisfy A,-condition for all values of u if there exists
K > 0 such that M(2u) < KM(u), u > 0.

Lindenstrauss and Tzafriri [21] used the idea of an Orlicz function to construct the se-
quence space

o0
ly = {xew:ZM(M) <ooforsome,o>0}.

k=1 p

The space £,; with the norm

llxl| = inf{p >0: iM('%k') < 1}

k=1

becomes a Banach space called an Orlicz sequence space. The space £, is closely related
to the space £, which is an Orlicz sequence space with M(x) = |x|" for 1 < r < co.

In the later stage, different classes of Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [22], Savas [23—28] and many others.

Definition 3.1 Let M be an Orlicz function, r = (r) be a sequence of strictly positive real
numbers and let « € (0,1] be any real number. Now we write

M(|tagpg () —L|)]’k’ o
> [

Wi A, M] = {x = (xx1) :P-m}qlinoo T
A (f, D)Ly

uniformly in p, g for some L and p > 0}.

If x € W¥[A, M], then we say that x is almost strongly double A-summable of order & with
respect to the Orlicz function M.

If we consider various assignments of M, A and r in the above sequence spaces, we are
granted the following:

(1) If M(x) = %, Ay = mn and rg; = 1 for all (k, 1), then W% [x, M] = [#*].

(2) If ry; =1 for all (k, 1), then ﬁ/‘f[i,M] = WX, M].

(3) If ryy =1 for all (k,1) and A, = mn, then we [h, M] = w*[M).

(4) If Ay = mn, then W2 [X, M] = W% [M].
We now have the following theorem.

Theorem 3.1 If ry; > 0 and x is almost strongly A-double convergent to L, with respect to
the Orlicz function M, that is, xiy — Ly(W* [x, M]), then L, is unique.

The proof of Theorem 3.1 is straightforward. So, we omit it.
In the following theorems, we assume that r = (ry) is bounded and 0 < % = infy; rgy <
T < supy i =H <00,

Theorem 3.2 Let o, 8 € (0,1] be real numbers such that o < B and M be an Orlicz func-
tion, then W*[\, M] C §f
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Proof Let x € W*[A,M], € >0 be given and ), and ", denote the sums over (k, ) € I,

o = Amn, for each

|tkipg (%) — L] > € and (k,[) € Ly, |tgpq(x) — L| < €, respectively. Since A

m, n we write

1 M(Itkzpq(x)—Ll)T”
e, Z [ P

M1 (k1) el

_ )_; I:Xl:[M(ltklpq(x) _L|)]rkl n ;I:M(“klpq(x) _L|)i|rkli|

o P

1 M(|tipq(x) —LI)]’“ |:M(|tklpq(x) —LI)]’“]
> —— - - -
N [Xl“[ ’ 22: 0

i o
1 -
xT Z[ﬂe)] k

)\ﬁ me [M(el)] ) 61:%

v

I V

{0 € s |tpg ) — 2] = €} [ min([M(en)]", [Me]").

mn

v

Since x € W"[A, M], the left-hand side of the above inequality tends to zero as mn — 0o
uniformly in p, g. Hence the right-hand side tends to zero as mn — oo uniformly in p, g
and therefore x € S'f . This proves the result. O

Corollary 3.1 Let « € (0,1] and M be an Orlicz function, then ﬁ/‘;‘[)_»,M] C S‘:’\‘
We conclude this paper with the following theorem.

Theorem 3.3 Let M be an Orlicz function and x = (x;;) be a bounded sequence, then 3‘? -
W [x, M].

Proof Suppose that x € £5° and gi‘ -limx;; = L. Since x € £3°, then there is a constant 7' > 0
such that |, (x)| < T. Given € > 0, we write for all p, g

1 |Zkipq (%) —LI)]’“
Az 2 [M( o

" (k,[)€lun

LB gl
B ST

< max{[M(K)]", [M(K)] }Ai

H(K D) € Lyn « [trapg(6) = L| = €}

+ max{[M(el)]h, [M(el)]H}, % =K, % = €.

Therefore 12/; [x, M]. This proves the result. O
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