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Abstract

The Fibonacci sequence has been generalized in many ways. One of them is defined
by the relation u, = au,_1 + up_5 if nis even, u, = bu,_1 + U, if n is odd, with initial
values up =0and u; = 1, where g and b are positive integers. In this paper, we
consider the reciprocal sum of u, and then establish some identities relating to
[[$3pa uik)‘1 I, where ||x|| denotes the nearest integer to x.
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1 Introduction

For any integer n > 0, the well-known Fibonacci sequence F, is defined by the second-
order linear recurrence sequence F,,3 = F,;;1 + F,,, where Fy = 0 and F; = 1. The Fibonacci
sequence has been generalized in many ways, for example, by changing the initial values,
by changing the recurrence relation, and so on. Edson and Yayenie [1] defined a further
generalized Fibonacci sequence u,, depending on two real parameters used in a non-linear
recurrence relation, namely,

au,_1 + U,_o ifnisevenandn > 2,

1)

Uy = .
bu, 1 +u,, ifnisoddandn>1,

with initial values #o = 0 and u; = 1, where a, b are positive integers. This new sequence
is actually a family of sequences where each new choice of a and b produces a distinct
sequence. When a = b = 1, we have the classical Fibonacci sequence and when a = b =2,
we obtain the Pell numbers. Even further, if we set a = b = k for some positive integer k,
we obtain the k-Fibonacci numbers.

Various properties of the Fibonacci numbers and related sequences have been studied by
many authors, see [2—4]. Recently, Ohtsuka and Nakamura [5] studied the partial infinite
sums of reciprocal Fibonacci numbers and proved that

oo -1 . .
Z 1 | Fu ifnisevenand n > 2,
— Fy F,»,-1 ifnisoddandn>1,
where |x] (the floor function) denotes the greatest integer less than or equal to x.

Some related works can also be found in [6—13]. In particular, in [13], the authors stud-
ied a problem which is a little different from that of [5], namely that of determining the
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1
Vi
function), and {v,},>0 is an integer sequence satisfying the recurrence formula

nearest integer to () 7, =)'. Specifically, suppose that ||x|| = |x + %J (the nearest integer

Vi = @1Vy1 + AaVyg + -+ + AV (> 2)

for any positive integer a;,ay,...,d,,, with the initial conditions vy > 0, vy e N, 1 <k <
s—1. Then, provided a1 > a; > --- > a,, > 1, we can conclude that there exists a positive
integer 1y such that

00 1 -1
Z V_ =Vn—Vn-1
k=n k

for all n > ny.

Because the Fibonacci sequence has been generalized to a higher-order recursive se-
quence, any study on linear recursive sequences has little significance in this context, and
we have to consider other non-linear recursive sequences. The main purpose of this paper
is concerned with finding expressions for

)]

In fact, this problem is difficult because each item of this sequence relies on the previous

relation. In order to resolve the question, we consider the reciprocal sums in two direc-
tions: on the one hand to the subsequence u,,, and on the other to the product form

UrUki2c41, Where p, g, ¢ are non-negative integers and p > 2. The results are as follows.

Theorem 1 Let {u,} be a second-order sequence defined by (1). For any even p > 2 and
non-negative integer q < p, there exists a positive integer n such that

-1
oo
1
Z = Upn+q — Upn-p+q
k=n

Upk+q

foralln> n.

Theorem 2 Let {u,} be a second-order sequence defined by (1). For any integer ¢ > 0, there
exists a positive integer ny such that

-1
o kpk+2c+l
Z a"p<reer UpUpi2crl  Un-1Unyoc -0
p anbn+2c+1 an—lbn+20 -

" UiUk+2c+1

foralln> n,.

Open problem In the light of our investigation, for any positive integer s > 2 and |,
whether there exist identities for

o] 1 -1 00 1 -1
() = (T

k=n k

represent two interesting, albeit challenging, open problems.
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2 Proofs of the theorems
We need the following lemma.

Lemma (Generalized Binet’s formula) The terms of the generalized Fibonacci sequence u,

are given by
a2l_%j—n+1 o — p"

(ab)l8)  a-B’

b+~/a2b2 +4ab b—~/a2b% +4ab
Wherea:ﬂ+ ﬂ2+ﬂ’ﬁ:ﬂ ﬂ2+ﬂ.
Proof See Theorem 2 of [4]. O

Proof of Theorem 1 From the geometric series as € — 0, we have

1
E:1¢6+O(ez)=1+o(€)-

From Lemma and the identity «f = —ab, we have

apk+q_ﬁpl<+q

o kg if g is even (so that pk + ¢q is even),
e

_ 2 (a-p)
Upk+q = k+ K+
e W if g is odd (so that pk + g is odd).
ab 2 (a-p)
Let
T ;,ﬂ if g is even,
A=1]a 2 b 2 (a-p)
ab 2 (a-p)
Thus,
rk
Upprq = Ao + O( I,Bka )
o2
Hence,
1 1 1 Fiki
" ()
o Aapkwa +0( 'ﬂw )) @«
o
rk
1 1812
= +0 .
Aapkra s
Thus,

oo

Lo +O<|ﬂ|”z”): o <1+O(Iﬂ| >)
P upk+q Al - _) as%n AaPm+a(ap —1) oeT
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Taking the reciprocal of this expression yields

)

-1 n
=1 Ao (ol —1) (|,3 7 >
= + 0| —4
o Urk+a a? az
%
= AoP"™ — A" P 4 O( d T >
a7
pn
181z
. ()

= Upniq — Upn-p+q + O( 2
o 2

Therefore, for any even p > 2 and integer 0 < g < p, there exists n > n; sufficiently large
O

such that the modulus of the last error term of identity (2) becomes less than 1/2. This

completes the proof of Theorem 1.
Proof of Theorem 2 In the first place, suppose that k > 2 is even. From Lemma we have

1 O[k _ ,Bk
Uk = . ’
a%’lbé a-pB
and
1 ak+2¢+1 _ ﬂk+25+1
oa-B '

Uk+2c+1 =
oot ]5+cb]7<+c

The identities (o« — 8)* = a?b* + 4ab and af = —ab now yield

a2k+26+1 + ﬁ2k+25+1 _ ((X,B)k(()l2c+1 + IB20+1)
Urthk+erl = akre-1pkre(o — B)?
q2k+2e+1 ap k
ab

= (@b + 4b) (@b
2k+2c¢+1
« o).

T (@b? + ab)(ab)e
Further, if kK > 1is odd, the same identity is similarly obtained. Thus, in both cases we have

1 1
k+2c+ k
(L O(42))

1
L - o 2k+2c+1 -
e v A O
(ab? + 4b)ab)e  ( (ab)*
= o 2kv2ci] * atk

Hence,
akbk+2c+1 (ﬂbs + 4b2)a2k+cb2k+3c
- q2k+2c+1

(ab)3k
()

ac+1b3c+3 + 4a6b36+2 (ﬂb)zk
o2ctl ’ o2k

ik

Ui Uk+2c+1
()
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c+133c+3 cp3c+2
Let B= “r—23¢b— then

Ui Uk+2c+1 ok otk

ﬂkbk+2c+1 B(ab)2k ( (ab)3k )
= +0 .

Consequently,

i ak pk+2e+l & (ab)zk o (ﬂb)gk
Sy oy
k=n +2c+1 k=n

(42)2 (ab)*™
ZB.I—(‘;—b)Z-FO( oy )

Taking the reciprocal of this expression yields

(oo akbk+2c+l)_ 1
= abyon n
con UkUk+2c+1 B- 1(_‘2‘%)!))2 (]_ + O( lgL ))
1- ()2 !
= #(1+O(|ﬁl ))
B.(%)Zn a”
1 (2by2 1
= (aZ) +O< )
B- (5 \er|pl”

1 (a1 az”‘zo 1 )
’E'(%> _E'<E) ’ <a"|ﬁ|">'

On the other hand,

UnUpi2crl  Un-1Unioc

a” bn+20+1 a”—l bn+2c

q2etl a 2n a2+l a 2n-2 o 1
- ac+lb3£+3 + 4acb3c+2 ’ E - dc+1b30+3 +4acb30+2 ) E + abn
B 1 o 2n 1 o 2n-2 o 1 (4)
"B \ab) B \ab T\ e )

Combining (3) and (4), finally we have

-1
o kpk+2c+l
Z a“b (unun+26+1 un—lunJrZC) _ O( 1 ) )
— UpUir2ce1 anbn+26+l an—lbn+2c abn

It follows that for any integer ¢ > 0, there exists n > n, sufficiently large such that the
modulus of the last error term of identity (5) becomes less than 1/2. This completes the

proof of Theorem 2. g
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