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Abstract

In this manuscript, by using the fixed point theorems, the existence and the
unigueness of solutions for multi-term nonlinear fractional integro-differential
equations are reported. Two examples are presented to illustrate our results.
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1 Introduction
The study of fractional differential equations ranges from the theoretical aspects of ex-
istence and uniqueness of solutions to the analytic and numerical methods for finding
solutions. Fractional differential equations appear naturally in a number of fields such as
physics, polymer rheology, regular variational in thermodynamics, biophysics, blood flow
phenomena, aerodynamics, electro-dynamics of complex medium, viscoelasticity, Bode’s
analysis of feedback amplifiers, capacitor theory, electrical circuits, electron-analytical
chemistry, biology, control theory, fitting of experimental data, efc. An excellent account
in the study of fractional differential equations can be found in [1, 2] and [3]. For more
details and examples, one can study [4-13] and [14]. It is considerable that there are many
works about fractional integro-differential equations (see, for example, [15-18] and [19]).
In 2007, Xinwei and Landong reviewed the existence of solutions for the nonlinear frac-
tional differential equation

D% u(t) :f(t, u(t),CDﬁu(t)) (0<t<1)

with boundary values #(0) = 2/(1) = 0 or #'(0) = u(1) = 0 or #(0) = u(1) = 0, where 1 < & <
2,0 < B <1,andf is continuous on [0,1] x R x R [20]. In 2009, Su and Zhang studied
the existence and uniqueness of solutions for the following nonlinear two-point fractional

boundary value problem
°D*u(t) :f(t,u(t),cDﬁu(t)) (0<t<1)

with boundary values a;u(0) — a,u/(0) = A and b1u(1) + byu'(1) = B, where «, 8, a;, b;
(i = 1,2) satisfy certain conditions [21]. In 2010, Ahmad and Sivasundaram studied the
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existence of solutions for the nonlinear fractional integro-differential equation
DTu(t) :f(t, u(t), (pu)(t), (1/fu)(t)) (0O<t<landl<g=<2)

with boundary values #'(0) + au(n1) = 0, bu'(1) + u(n2) =0 and 0 <y < 1y <1, where °D7 is
the Caputo fractional derivative, a,b € (0,1), f : [0,1] x X x X x X — X is continuous and
for the mappings y, 4 : [0,1] x [0,1] — [0, co) with the property sup,¢(o ;| fot)\(t,s) ds| < 00
and sup,c( 1 | fot y(t,5)ds| < 0o, the maps ¢ and v are defined by (¢u)(t) = fot y(t,s)u(s)ds
and (Y u)(t) = fék(t, s)u(s) ds. Here, X is a Banach space (see [22]).

2 Main results

2.1 The basic problem

In this paper, we study the existence and uniqueness of solutions for the multi-term non-
linear fractional integro-differential equation

‘Du(t) =f(t, u(t), (pu)(®), Yu)(®), D u(t),"DP2u(t), ..., Du(t)) (0<t<1) (1)

with boundary values #(0) + au(l) = 0 and #'(0) + bu'(1) =0, where 1 < <2,0< ;< 1,
a-Bi>1,a,b+#-1,f:[0,1] x R”*3 s R is continuous, and for the mappings

A:[0,1] x [0,1] = [0, 00)

with the property sup,o 1 |f0t (%) ds| < 00 and sup;(gy |f0t (¢,8)ds| < oo, the maps ¢
and v are defined by (¢u)(¢ fo s)ds and (Yu)(t) = fo (t,8)u(s) ds. In this way,
we need the following result, which has been proved in [2].

Lemma 2.1 Let o >0 and n=[a] +1. Then
I°D%u(t) = u(t) + co + 1t + Cot + - + Cua t™
where ¢y, ci,...,Cq1 are some real numbers.

The proof of the following result by using Lemma 2.1 is straightforward.

Lemma 2.2 Let y € C[0,1], a,b # -1 and 1 < o < 2. Then the problem °D*u(t) = y(t) with
boundary values u(0) + au(1) = 0 and u'(0) + bu/(1) = 0 has the unique solution

1
7(1+:r o / (1—5)2Yy(s) ds

ab - b(1 + a)t w2
T Ura)l+ bl @-1) /(1—5) ys)d

u(t) = %/ (t—5)* " y(s)ds —

2.2 Some results on solving the problem
Let C(J) be the space of all continuous real-valued functions on I = [0,1] and

X={u:ueC(l)and “Dfiue C(I) (0<p;<1)fori=1,2,...,n}

endowed with the norm ||| = maxe; [u(£)| + Y1, maxeer [°DPiu(z)|. It is known that (X,
Il - II) is a Banach space.
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Theorem 2.3 Assume that there exist k € (0, — 1) and u(t) € L¥ ([0,1], (0, 00)) such that

V(t;x,y, W, Uy, Uz, ..., un) —f(t;x/:y/; W/, VirV2yeees V}'l) ’

<u@(jx—a| + =5+ [w=w|+|u =il + lug = val + -+ + |ty — v

forallt € [0,1] and x,y,w,x,y, W, u1,us,..., Uy, V1, V2, ..., Vy € R. Then problem (1) has a
unique solution whenever

(1+2|a|)m<1-x)1-“ b1 + 2|al)pu* ( 1-« )1—“

A=0+y+Ar +
1+ O)|:|1+a|r(0!) N+alll+blMNa-1)\a-—k-1

- Mo —k)u* 1-« \'™
+;(F(a—1)r(a—ﬂi—x+1)<05—K—1>

|b|* 1-x \'™ 1
+|1+b|r(2—ﬂ,»)r(a—1)<a—x-1> ) <

where yo = sup,; | fot y(t,8)ds|, ko = sup,; | fot)»(t,s) ds|, u* = (fol(/x(s))% ds)~.

o —-K

Proof Define the mapping F : X — X by

t _ -1
(Fu)(?) :/0 (tF(So)c) £ (s, us), (q’)u)(s),(wu)(s),CDﬁlu(s),CDﬂzu(s),...,CDﬁ”u(s)) ds

a L1 -s)!
S l+a )y T@
x f(s,u(s), (pu)(s), (Yu)(s), D u(s), ‘D2 u(s), ..., " DP" uls)) ds
ab-b1+a)t ['1-s)*?
T Ura)+b) Jo T-1)
x f (s, uls), (pu)(s), (Yu)(s), DPru(s),“DPu(s), ..., CDﬂ"u(s)) ds.

For each u,v € X and ¢ € [0,1], by using the Hélder inequality, we have

|(Fu)(®) - (Fv)(0)|

t _ -1
/0 (tF(So)z) ( (s, u(s), (@u)(s), (Wu)(s), ‘D u(s), D2 u(s), .., “DPru(s))

—f (s, v(s), (@v)(s), (Yv)(s), *DPry(s),°DP2v(s),...,°DPn v(s))) ds

a 1(1_5)0[71 cnp cnB cnB
"ol T (f (s, (), (Pu)(s), (Yu)(s), D u(s), “D? u(s), ..., “DP" u(s))
—f (5, v(5), (@v)(s), (Yv)(s), *DPry(s),°DP2(s),..., D v(s))) ds

ab-b(l+a)t ['(1-s)22

cnb1 cnb2
Fraian | T ) @00, (v, D), Dus)

s CDﬁ”u(s)) —f(s, w(s), (@v)(s), (Yv)(s), “DP1u(s), DP2v(s), ..., DPr V(s))) ds

< /t w[f(s,u(s), (@u)(s), (Yu)(s), D u(s), DP2u(s), ..., DP"u(s))
“Jo T
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—f (s, v(5), (@) (5), (Yv)(s), “DP1w(s), “DP2w(s), ..., “DP v(s)) | ds

la| 11 —g)t - - .
+ |1+6l| o F(O[) lf(sl M(S), (¢M)(5)r (WM)(S); D M(S), D M(S) ..... D M(S))
—f(8,v(5), (@V)(s), (Yv)(s), ‘D1 w(s),“DP2w(s), ..., “DP"v(s)) | ds
b— b o 2
|ﬂ|1+a||11++z|t| i(as Ty U (5 4(6), (@)(s), (0 10)(s), ‘D uls), ‘D u(s),

< DPru(s)) — £ (s, v(s), (@v)(s), (Y v)(s), “DPru(s), ‘D2 (s), ..., “DPv(s)) | ds

=< /Ot (l';(so)t‘;‘_1 ,LL(S)(’M(S) —V(S)’ + ’(q&u)( (pv) 5)’ ’ wu )(s) - (WV)(S)‘

+ |CDﬁ1u s) — °DPry(s) | + |CDﬁ2u(s) - CDﬂ2v(s)‘ +oeeet ‘CDﬁ" u(s) — ”Dﬁ”v(s)’) ds

Otl
|1+ﬂ|/ IF(S) w(s)(us) = vis)| + |(@u)(s) — (pV)(s)| + |(Yu)(s) — (¥v)(s)|

+ |CDﬂ‘u s) — ¢DP1y(s) | + |cDﬁzu(s) —CDﬁzv(s)| +oot |CDﬂ”u(s) - CDﬂ”v(s)|) ds

|b|(1+2]a]) [* (1—5)“‘2
|1+ al|l+b] I -1)

+ [(pu)(s) - (Y)(s \+|CD“"1 s) = “DFi(s)|

(©)([uts) = v(s)| + |(@u)(s) - (@V)(s)]

+ |CD’32M s) — ”D’Szv(s)| +oeeet |CD’3”u(s) - ”D‘S”v(s)‘) ds

B (1+yo+)»o)||u V“/(t 5)* " uls) ds

lal(L+ yo + Ao)llu— v
1+ all(a)

1bI(1+2]al)(1 + yo + Ao)llu — V||
1+alll+b T (x-1)

W+ yo+ho)lu=vil (' ik )1( (o )
= ') (/0 ((t s) ) ds /O(M(S)) ds

al(+ o+ 2l —vil [ (L o N\
Y irar@) </0 (@-9"7) ds) </0 (1) ds)

1bI(1 +2]al)(L + yo + Ao)llu — vl
1+alll+b T (x-1)

([ a) ([ vt a)

_ WAt yo+do)llu—vl (1-k 1_K+|ﬂ|M*(1+Vo+)~o)||M—V|| 1-k\'™
- I'(x) o—K 11+ all'(x) o—-K

1L+ 2]ap* A+ yo + r)llu—vl [ 1-k \'7*
+
1+alll+bT(x-1) I |

* 1-«
<1+ +Ao)[(l+2|al)u <1_K>

1+a|l(a) \a—«

161(1 + 2al)p* 1-k \"™
+ |z —v|.
l+a|ll+blMNa-1)\a-k-1

/ (1— 5 pu(s) ds

/ (1-95)uls)ds
0
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Also, we have

|°DPi(Fu)(t) - D (Fv)(?)|

A - £

_fuﬂﬂqcr)
o TA-8)\Jo T(-1)

Xf(‘L' u(z), (pu)(z), Yu)(z),“ D u(z), DPu(t),..., D" u(r)) dt

/ 1 .(oz2
1+bJ, T(a-1)

xf(r,u(r), (pu)(t), (Yu)(t), DPru(r),*DP2u(t), ..., DP u(t)) dr) ds
Et—s)Pi ( S (s—1)*2
0

“Jo ra-p)\Jy Tle-1)
x f (7, v(1), (V) (1), (Yv)(7), “DPru(x),“DP2v(t), ..., °DPr (1)) dt
b tA-7)2

" 1+b ), T(@-1)

x f (7, v(1), (9v) (1), (Yv)(7), *D1y(t),°DP2v(1),...,° DPr V(1)) dt) ds

E(t—s)Pi ( S (s— )% 2
o F'A-4) I —1)

X V(t u(z), (pu)(r), Wu)(r), DPru(t),*DP2 u(r),. ..,CDﬁ”u(r))

—f (z,v(2), (V) (1), (Yv)(7), *DPry(t),°DP2v(1), ..., CDﬁ”v(t)) | dt) ds

|1+b|/ ra- ,31

(1 T)a 2
(/ r u(t), (pu)(r), (wu)(r),”Dﬂlu(r),cDﬂzu(r),...,CD‘S”u(T))

(1 +7y0 +ro)u—v| . N
rd-g)l(a-1) /(t—) (/ (s-1) Zu(r)dr>d5

[b|(1 + yo + Ao)llu— v » 1 .
T BT AT - 1) /0 -9 (/0 (1-7) M(T)dr) ds

A+ 9y +Ao)|lu—v 1- I et
1L+ yo + Aol |I< K > /(t_s)—ﬁisot—/(—lds
0

ra-pB)re«-1) oa—Kk—-1

bl (L+ yo + 2o)lu—vll ( 1-« 1‘“/f i
T+ b= )@ -1) <a—/<—1> | (E-s) s

/’L*(l + Y+ )\,0)”” — V” 1-« 1-k 1 e
T(1-B)l(a-1) (a_K_1> /0(1—5) g2 dg

blw*(L+yo + rolu—vll ( 1-k \"*
+ .
N+ T2-B)T(x—-1) \a—k-1
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Since B(o —k,1— ;) = fo (1-¢g)Pigar-ldg = %,we obtain

epbi _ephi Pla—p ( 1-« )1‘”
|°DPi(Fu)(t) - °D (FV)(”‘5(“VO”O)[r(a_l)r(a_,s,._K+1) —

bl 1-« 1_’(]
+ |1+b|I‘(2—ﬁi)I‘(a_1)<a_K_1) llee — vl

foralli=1,2,...,n. Hence, we get

|Fue — Fv||

A +2|a)u* (1-«
I1+a|l(e) <

)
IMNa-x)p* 1-x \7*
+Z<F(a DI« - ,3,-—/<+1)<05—K—1)

s -k ™ A
+|1+b|r(2—ﬁ,-)r(a—1)<a—x—1) )””_V”_ e =il

Since A <1, F is a contraction mapping, therefore, by using the Banach contraction prin-

1b|(1 + 2|al)p* ( -k )1‘”

<(1+y+A
=1+y 0)[ N+all+bT@-D\a—r-1

ciple, F has a unique fixed point, which is the unique solution of problem (1) by using
Lemma 2.2. |

Corollary 2.4 Assume that there exists L > 0 such that

A / /
’ - oo
V(t X%, ), W, Uy, Mz,...,un) f(t;x YW, V1, V2, 7V}’l)|

<L(lx—a[+ |y—y/|+|w=w]+u—vi| + lug = val + -+ + |1ty — vs])

forallt € [0,1] and x,y,w,x',y,W,u1,u3, ..., Uy, V1,V2,...,V, € R. Then problem (1) has a

unique solution whenever

1 +2|a))@ + (a +1)|b|)L
[1+alll+bT(a+1)

= L |bIL
* ;(F(a “pi+1) |1+b|F(2—ﬁi)F(o¢)>i| <k

where yo = sup,¢;| [y v (&,8)dsl, Ao = sup,e; | [ A(t,s)ds.

(1+V0+)»0)|:

Now, we restate the Schauder’s fixed point theorem, which is needed to prove next result
(see Theorem 1.10.16 in [23]).

Theorem 2.5 Let E be a closed, convex and bounded subset of a Banach space X, and let
F : E — E be a continuous mapping such that F(E) is a relatively compact subset of X. Then
F has a fixed point in E.

Page 6 of 17
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Theorem 2.6 Let f : [0,1] x R™3 — R be a continuous function such that there exists a
constant | € (0,«a — 1) and a real-valued function m(t) € L1 ([0,1], (0, 00)) such that

lf(tr x;y; W, Uy, Uz, ..., un)|

<m(@) +dxl” +d |y +d"|w”" + di|us | + dalua| + -+ dy |l (*)
whered,d',d",d; > 0and 0 < p,p’,p", pi<1fori=1,2,...,n,or

V(t;xd” W, U, U, ..., un)|
<dlxl” +d'|y" +d' 1wl + dilin |+ dolus]” + -+ dy |y,
where d,d',d",d; >0 and p,p’, p",p; >1 fori=1,2,...,n. Then problem (1) has a solution.

Proof First, suppose that f satisfy condition (x). Define B, = {u € X, ||u|| < r}, where

A

r> max{((n +4)Ad) ™, ((n + 4)Ad'v§ )

( 0, ((n+ DAY (0 + 9 Ady)
((n + 4)Ad2) ﬁ s ( n+ 4)Adn)m, (n+ 4)1(},
1-

(4 20ahM (1-1\" b|(1 + 2|a))M 1-1 \*'
_|1+a|l"(a)( ) +|1+a||1+b|F(a—1)<a—l—1>

Mo -OM 1-7 \*
+Z(F(oz DI (a - ﬁ,—l+1)(a—l—1>

|b|M 1-1 \"!
+|1+b|F(2—,Bi)F(oz—1)(a—l—l) )

n

~(1+2]a)(1+ (1 +a)|b]) . Z( 1 . || )
- [l+alll+bT(@+1)  “Z\T(@-pi+1) 1+bT@T2-4)

1

and M = ( fol (m(t))% ds)!. Note that B, is a closed, bounded and convex subset of the Banach
space X. For each u € B,, we have

t _ o)1
|(Fu)(8)| = ‘/ (tri)[ £ (s, u(5), (du)(s), Wu)(s), ‘D u(s), D2 u(s), .., DPru(s)) ds

1+a) / F(a)
xf(s, u(s), (@u)(s), (Yu)(s), °DPLY(s),*DP2us), ..., CDﬁ"u(s)) ds

ab-b(l+a)t ['(1-s)*2
T Ara+b) Jy T@-1

x f (s, uls), (pu)(s), (Yu)(s), *DPru(s),*DP2u(s), ..., CDﬁ"u(s)) ds

(t—S)a 1
(a)

|1 + 4l _/ F(a)

s u(s), (pu)(s), (Wu)(s), “DPru(s),“DP*u(s), ..., DPr u(s)) ! ds

Page 7 of 17
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X [f(s, u(s), (pu)(s), (Yu)(s), “DPru(s), D2 u(s), ..., CDﬂ”u(s)) | ds
b|(1+2]al) (' Q-9
|1+a||1+b| INa-1)
X [f(s, s), (Yu)(s), “DP u(s), DP2 u(s), ... ,CDﬂ”u(s)) | ds
(t _ S)a—l
')

m(s)ds

1
/ ’ // v (t S)a
+(dr? +d'yy r? +d'XG "+ dvir™ + dor™ 4+ dyr™) /

I'a)
(1 )01—1
" +a| / M) "%

|a]
Tli+al

(1- |b|(1+2|ﬂ|) T(1-9)?
/ F(oz) |1+a||1+b| o Na-1)

// "
(dr” + d/yp - dA'Xg P+ dir™ + dor® + -+ dyr)

m(s)ds

. 1B(1 + 2|al)
[1+alll+b]

/ (1 s)a 2
1 1-/ t 1 !
o ot
|| 1 a 1 1-1 1 1 1
+|1+:|F(01)</0 (-9 1)Hds) (/0 (m(s))lds>

1bI(1+ 2lal) L NHp
+|1+a||1+b|r(a_1)(f0 (=) )lds> (/o (m(s)! d )

1 +2]a])d+0+a)|b|)
1+alll+bl(x+1)

’y 2
(drp +dyfr” +d' W "+ dir + dyr™ e+ d,,r””)

x (dr’” + d/yg/r”/ + d”kg//rp” +dy 1+ dar™ 4+ dyr™)
<a+mmm11-114+ b|(1 + 2|a))M 1-1 \"'
T 1+all(ax) \a-1 N+alll+blN(a-1)\a-I-1

1 +2|a)@+Q+a)b])
1+alll+bIl(x+1)

ry vy
x (dr® +d'yy P +d'x5 "+ di™ 4 dor™ + -+ ™).

Also, we have

(F )'(s)ds

cnbi _
D ED)] - V - /31

L(t—s)Pi (fs (s—1)*2
o T1=-p)\Jo T(a-1)

x f(t,u(t), (pu)(x), (Yu)(r), ‘D u(r),*DP?u(v),...,"DP*u(r)) dr

b L(q-r)x?
_1+bA Ma-1)

Page 8 of 17
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x f(t,u(x), (pu)(r), (Wu)(x),

DA Y(T),°DP2u(x),... ,CDﬁ"u(t)) dr) ds

t _ OB S (e _ +)2—2
< [t ([ 52 e um o, g,

‘DA y(T), DP2u(7),... ,CDﬂ”u(r)) | dr) ds

— Bi 1 _ a2
|1+b|/ 5)” <0 (1-7) lf(f’u(f)»(¢u)(1'),(1/114)(7:),

T(1-8) T(a-1)

DA u(T), DP2u(7),... ,CDﬂ”u(r)) | dr) ds

Bi o
=< - ra S),B (/ -7) 2m(r dr) ds
0 l

v (@ dyE e d0E " v dy ok dyr® ke dyr™)
t t— -Bi N _\a—2
(t-s) ( (s-7) dt)ds
0

X
0 F(l—ﬁi) Mo -1)
—s)7Fi Lq-rg)e?
dt ) d.
|1+b| Ti-8) ( ra-1 "@ T) S
b / / /! "
+ ﬁ(dr" +d'yd r” +d' N "+ dir™ +dyr® + -+ dyr™)

-9 A )M
X[) 1—,3, </ )
i), ¢

x [(/OS((S— £y dr)l_l</os(m(t))} drﬂ ds

dre +dyl v+ d'2 "+ i+ dyr®? 4+ dyrtn)
C'e)T'(1-B)

e 16|
_ Bi a—1
x/o (t—s) " ds+ [1+b|T (e -1)I(1-B)

x /Ot(t ) [(/01((1 e dr)l_l (/:(m(t))} dr)l} ds

bl(dr? +d'y '+ d"3 "+ dir? + dyr®? 4 -+ dyrtn)
.
[1+b|T(a)I(2 - )

M _ 1-1
— ﬁlall
SF<<>f—1>F<1—ﬁi)< I- 1> /(t §) Pt ds

(drf’ + d/yo '+ d”)»‘” "+ dyrP + doyrP? 4 -+ dren)

(o)1~ B1)
X /Ot(t—s)_ﬁfs“_lds
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i ST
+|1+b|r<a—1>r<1—ﬁi>< e 1) /(t $)7ds

. |b|(dr” + d’y{)’/r”/ + d”kg,/r”,/ +dirPt + dorP? + -+ - + d,rPn)
[1+5T()I(2 - B)

i Il P |
SF<o¢—1>F(1—ﬁi><oz-z_1> f0(1-$>é d

/ ’ i Y
(dr° +d'yl r? +d' )\ rP + dir? + dor?? + -+ dyrtn)

T(e)I'(1-B))

1
< f (1—g)Piget de

0

|b|M —1 \"!
T+ bT@-Dre-8) (a _1_1>

|b|(dr” + d’yé?/r”/ + d”k‘gﬁr"” +dir™ +dyrP? + -+ drPr)
+ .
[1+D|T(e)I'(2 - Bi)

Since Bla — ,1-8,) = fo (1-¢g)Piget-14g = % and, on the other hand, B(o,1 —

fo (1-&)Pigetde = %,we conclude that

D(a - )M ( 1-1 )“

cnbi
D (FM)(t)|§F(a_l)r(a_ﬂi—l+l) a-1-1

|b|M —1 \"!
T+ bT@-Dre-8) (a _1_1>

/ ’ v ”
dr? + d/yg P+ d' Ny P+ dirPt + dor? + -+ dyr
Ma-pgi+1)

|b|(dr? + d/y{)’/rpl + d”)»f;”r”” +dir® +dor® + -+ d,rfn)
+
[1+D|T(e)I'(2 - Bi)

foralli=1,2,...,n Thus,

(1 +2]a)M [ 1-1\"" b1 + 2|a|)M 1-1 \*!
| Full < +
T N+all(a) \a-1 N+all+blMNa-1)\a-1-1

5 T(a - )M 121 \™!
+§[F(a—l)r(a—ﬁi—1+n<a_z_1)

|blM 1-1 \"
T+ bT@-1)r2- ) (a—l—l) ]

/ ’ 1/ 7/
+(dr’ +d'yy " +d'xy "+ dir™ 4 dor™ 4+ dyr™)

5 (1+2|a|)(1+(1+a)|b|)+2”:[ 1 N |b| }
1+alll+bI'(a+1) | T(@-pgi+1) [1+bT(@)I(2-4)

=K+ (dr" + d’y(f/r"/ + d”)»ﬁﬁr"” +dir™ +dor™ + -+ d,,r””)A

<

r
x(n+4)=r.
n+4
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Hence, F maps B, into B,. Now, suppose that f satisfy the second condition. In this case,
choose

O<r
1 1

(i) o) ()
Smlni - 7 o\ — 7 ’
(n +3)Ad (n+3)Ad'y! (n +3)Ad" A,

1 e 1 A 1 =
((n+3)Ad1> ’<(n+3)Ad2> ’m’<(n+3)Adn> }

_r_
n+3

B, into B,. Since f is continuous, it is easy to get that F is also continuous. Now, we show

By using similar arguments, one can show that ||Ful|| < x (n+ 3) =r, and so F maps
that F is completely continuous operator on B,. For each u € B,, put
N = maIX{f (£, u(), (Pu)(t), Wu)(t), "D u(t), "D u(t), ..., D u(t)) } + 1.
te

For each £y, t, € I with t; < £, we have

|(Fu)(t2) - (Fu)(t1)|

ty _ -1
= / uf(s, u(s), (pu)(s), (Yu)(s), “DPru(s), D2 u(s), ..., CDﬁ"u(s)) ds
o Tl

- /tl Mf(s, u(s), (pu)(s), (Yru)(s), “DPLu(s), D u(s),...,CDﬁ”u(s)) ds
o Tl

+b(t1—t2) /1 1-s)*2
1+b Jy T@-1

x f (s, uls), (pu)(s), (Yu)(s), *DPru(s),*DP2u(s), ..., CDﬂ”u(s)) ds

t _ -1
./ %f(s, M(S)r (¢M)(S), (1/’14)(5): CDﬂlu(S), cDﬂz M(S), (R CDﬁnu(S)) ds
0

/tz (o9 cph cpb cnB
L e (s, u(s), (Pu)(s), (Wu)(s), "D uls), D uls), ..., DPru(s)) ds

- ! Mf(s, u(s), (@u)(s), (Yu)(s), °DPLY(s),*DP2u(s), ..., CDﬁ”u(s)) ds
0 I'(a)
bth-t) [ (1-s)*2
T b /0 Ta-1)

x f(s,u(s), (pu)(s), (Yu)(s), D u(s), ‘D u(s), ..., "D u(s)) ds

<

/'tl (tr =) = (t1 —5)*!
0 I (er)

X [f(s, u(s), (pu)(s), (Yu)(s), “DPru(s), “DP2u(s), ..., DP» u(s)) | ds

+ /tz MV(S u(s), (pu)(s), (Yu)(s), "D u(s), "D u(s) CDﬁ”u(s))|ds
n Tl T ’ ' ’

bl(ty — 1) (' (1-5)*2
n+b Jo T@-1)
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X [f(s, u(s), (du)(s), (Yu)(s), "D u(s), *DP2 u(s), ... CDﬁ”u(s))|ds
Mty —s5)* = (ty — )" 2 (ty —s)® 1
=N [ @ N / o
NIbl(t, - 1) (' (1-5)"2
|1 + b| 0 (0{ 1)

N|b|
raaD & ) @

ds

(ta—t).
On the other hand, for each i € {1,2,...,n}, we have

|°DPi(Fu)(t,) - “DP(Fu)(t)|

_ 2 (tz S) tl S pi
_./0 r(1-p) ()5~ / raop) [ 6ds

_/”(tz S)’SL(/ (s—7)*
o IFA-)\Jo T'le-1)

x f(t,u(t), (pu)(x), Yu)(v), D u(r), ‘D u(x),..., D" u(t)) dr

b l(l_t)a—Z
1+b 0 F(Ol—l)

x f (T, u(t), (pu)(x), (Yu)(v), ‘D u(r), D u(z), ..., D u(z)) d‘L’) ds

_/“ (tl—S)‘f"'< S(s—1)*2
o TA-B)\Jo T(x-1)

x f(t,u(t), (pu)(x), Yu)(x), D u(r), ‘D u(x),..., D" u(t)) dr

s
1+b 0 F(O[—l)

x f (7, u(t), (pu) (), (Yu)(t), DPru(t),*DP2u(t), ..., CDﬂ”u(t)) d‘L’) ds

_ /“ (tz—S)‘f‘f< S(s—1)*?
o -8 \Jo T@-1)

x f(t,u(t), (pu)(x), Yu)(v), D u(r), ‘D> u(x),..., D" u(x)) dr

s
1+b 0 F(Ol—l)

x f (T, u(t), (pu)(x), (Yu)(v), ‘D u(r), "D u(z),..., D u(t)) d‘L’) ds

2(t=s) P [ (s—1)* 7
+L r(-A) <./0 (o —1)

x f (T, u(t), (pu)(x), Yu)(v), ‘D u(r), ‘D u(x),..., D" u(t)) dr

R
1+b 0 F(Ol—l)

x f (T, u(t), (pu)(x), (Yu)(v), ‘D u(r), D u(z),..., D u(z)) d‘L’) ds
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) / (=9 ( [ £y
o TA-B)\Jo T(x-1)

x f(t,u(t), (pu)(x), Yu)(v), D u(r), ‘D u(x),..., D" u(t)) dr

b L(1-r)x?
1+bJy T(ax-1)

x f (T, u(t), (pu) (), (Yu)(t), DPru(t),*DP2u(t), ..., CDﬁ"u(r)) dr) ds

/“ (ty—s)Fi—(ty —s)Fi
0 ra-a)

) ( OS (ls“(—arzalff(r’u(t)’ (@u)(7), (Yu)(7),

DA y(z),°DP2u(x), ..., DP u(r)) dr

b 1 (1_ 7'.)01—2
1+b ), T@-1)

xf(r, u(7), (pu)(v), (Yu)(z), D u(z), D u(t),..., CDﬁ”u(r)) dr) ds

2(ty=s) P ([ (s—T)
+fn r(1-B) <./0 T(a—1)

xf(r, u(t), (pu)(v), Wu)(r), DPru(r), D u(t),...,°DP" u(t)) dr

bo[l1-7)
1+b 0 F(Ol—l)

x f (7, u(t), (pu) (), (Yu)(t), DPru(t),*DP2u(t), ..., CDﬂ”u(t)) d‘L’) ds

B(t—s)Pi—(ty—s)P
= /(; r-a)

S (e _ )22
X(L ﬁwjjn\fﬁﬁﬂﬂi¢uxwxwuxﬂ,

DA y(z),°DP2u(x), ..., DP u(r)) } dr) ds

s D] /tl (tr—5) P = (ty —5) 7P
11+ b] Jo ra-g)

1 _ a-2
([ ol e oo o

o (ty— )P [ 5 (s—1)72
+Aru—5»<ﬂ Do —1)

x |f (v, u(x), (pu)(z), Yu)(z), D u(z), ‘Du(x), ..., DP"u(r))| dr) ds

bl (2 (-5 (A=)
TTIA ru—ﬁ»(ﬁ (o —1)



http://www.advancesindifferenceequations.com/content/2013/1/368

Baleanu et al. Advances in Difference Equations 2013, 2013:368
http://www.advancesindifferenceequations.com/content/2013/1/368

x |f (v, u(x), (pu)(z), Yu)(z), D u(z), ‘DPu(x), ..., DP"u(r))| dr) ds

Bt-s)Pi—(ta—s)P
= r(a)/ racgC ®

s N1b| Bty —s)Pi—(ty—s)Pi
[1+5|T(a) Jo ra-g)

s N /tz (tZ_S)_ﬂiSa_ldS+ N|b| 2 (—s)Pi
') J, T'A-4) 1+56l(@) ), Td-p8)

(L+2[B)N [ (t=5)F - (ta—s5)7F

=+ b0@) Jo r{- )
(L+20B)N 2 (£ —5) P
+|1+b|r(a)/tl ra-p
1+ 2|b|)N

1=pi _ [1-Pi _ -8
S rpr@re-ple —a ") +2Ae-0]

Hence,

| Fu(t2) — Fu(ty) ||

o_ N1b|
= P @ e

n

(1+2[6)N g, i
+; |1+b|F(a)F(2_ﬂt)[(t2 _tl )+2(t2—t1) ],

which implies that ||Fu(t;) — Fu(t)|| — 0 as & — t,. Thus, F is equi-continuous and uni-

formly bounded. By using the Arzela-Ascoli theorem, one can get that F is completely

continuous. Now, by using Theorem 2.5, F has a fixed point in B,. Therefore, problem (1)

has a solution.

O

Corollary 2.7 Let f : [0,1] x R™3 — R be a continuous function such that there ex-

ists a constant | € (0, — 1) and a real-valued function m(t) € L%([O,l], (0, 00)) such that
ft, %y, w,u1,us,...,u,)| < m(t) for all t € [0,1] and x,y, w,uy,us,...,u, € R. Then prob-

lem (1) has a solution.

Finally, we should emphasize the importance of anti-periodic conditions, which appear

in the case that a =1 and b =1 in the problem. For more details about this note, one can

review the papers [24] and [25].

2.3 Examples

Example 2.1 Consider the boundary value problem

1
c _ ik sint+ef |u(t)| e lcost |(pu)(t)+°D2 u(t)|
D4 M(t) 24\/_+e wtl 1443 + 1+|u(t)] + 1-*—t2 L+ 1+\(¢u)(t)+5D%u(t)|

3
. cpi
+ 1+51§1 nt((wu)(t)_'_ |°D ;d(t)l ),
2(t2 +4) 1+D 4 u(2)|

u(0) + u(1) =0, u'(0)+u'(1) =0,

(2)
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where (¢u)(t) = )¢t) = t e_(b i u(s) ds with yo = <X and A = ‘[ L

Then, we have

If (2, u(2), (@u)(£), (Yru)(£), “D? u(®), DI u(t))
— £ (&, (), (@V)(©), (W v)(®), D3 (), “Diw(p)) |

_24f(|u(t)—V(t)| + [ (@u) (@) - (¢)(0)|

+ [ (e) = ()] + [*D2 () — D3 v()]

+ "Dl ue) - Div(e)]).

Put 11(t) = 577z € L*([0,1],(0,00)), « = § and p* = = (J( ) )i ds) = 57 Since I'(3) =

S P(3) ~1/2,254, T'(3) ~ 0/9,064 and I'(Z) ~0/9,191, we have

a . 3ut [(1-k\7* wr 1-x \'™
T 0)[2F(a)<a—/c) +4F(a—1)<a—/c—1>
M- [ 1-k ' 1 1
i IN'a-1) <O[—K—1) (F(a—ﬁl—/c+1)+F(oz—ﬁz—/c+1)>
w* 1-« \'™ 1 1
+2F(oz—1)<ot—/(—1) (F(2—,31)+F(2—/32))j|

5 i) e )
U T ear@\2) Teeyar)\2

ré)

ser(s) (o i) e 3) (i i)
auyaro\z) \re” FENCINE) ré) )

~ 0/1,466 < 1.

Thus, by using Theorem 2.3, the boundary value problem (2) has a unique solution.

Example 2.2 Consider the boundary value problem

cDau(t) _ re Tt + cosmt (I/l(t))al 1+sm u(t)) ((¢'M)(t))02
ist? Jmm( )1+1<D% u(o) (e
+ (4+t2 (1+\u ((1//u)(t))" (3)
+ (1+a)(t*— Zk l(smzknt)(cDﬁku( ))
() (1+|u(6)+ <p3 u(t )I
u(0) +1u(1)=0,  #(0)+324/(1)=0,
s2¢~(5-1)
where « = g, /31 = %, B2 = g‘, B3 = ﬁ, Ba = % € [0,00), (pu)(t) = t S3+4”2u(s)ds and

we have

Wu)(0) = [y =5

If (£ u(e), (pu)(2), (W) (), “DPrue), “DP?u(t), ‘D ulz), “DF* u(t) ) |

<m(t) + —|u(t)|a1

7

@] + Tl 0] + Z Wea) jepiiyp|,

108 = ["(a)2k+2
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where m(t) = f/‘% forallt € [0,1].1f0 <0j<1,0<é;<1forj=1,2,3and i=1,2,3,4, then

assumption (x) holds. If A = 0 and 0},8; > 1 for j = 1,2,3 and i = 1,2, 3,4, then the second
condition of Theorem 2.6 holds. Thus, by using Theorem 2.6, the boundary value problem

(3) has a solution.

3 Conclusions

Fractional nonlinear differential equations, fractional integro-differential equations and
their applications represent a topic of high interest in the area of fractional calculus and
its applications in various fields of science and engineering [7]. In this article, based on the
Schauder’s fixed point theorem, we have proved some existence results for the multi-term
nonlinear fractional integro-differential equation (1).
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