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Abstract

In this article, we investigate the Hyers-Ulam stability of the following functional
equation

flx+2y) + fx = 2y) = flx + y) + fx = y) + 3f2y) - 6f(y)

on quasi-B-normed spaces.
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1 Introduction
The stability problem of functional equations originated from the following question of
Ulam [1] concerning the stability of group homomorphisms:

Give a group (Gi, *) and a metric group (G, -, d) with the metric d(-,-). Given € > 0, does
there exists a 8 > 0 such that if f : Gy — Gy satisfies d(f (x xy),f(x) - f(y)) < S forallx,y € Gy,
then there is a homomorphism g : G — Gy with d(f (x),g(x)) < € forall x € G,?

Hyers [2] gave the first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’s theorem was generalized by Aoki [3] for additive mappings and by Ras-
sias [4] for linear mappings by considering an unbounded Cauchy difference. The study
of Rassias has provided a lot of influence on the development of what we called the gen-
eralized Hyers-Ulam-Rassias stability of functional equations. In 1990, Rassias [5] asked
whether such a theorem can also be proved for p > 1. In 1991, Gajda [6] gave an affirmative
solution to this question when p > 1, but it was proved by Gajda [6] and Rassias and Semrl
[7] that one cannot prove an analogous theorem when p = 1. In 1994, a generalization was
obtained by Gavruta [8] who replaced the bound (||x||? + ||y||”) by a general control func-
tion ¢(x,y). Beginning around 1980, the stability problems of several functional equations
and approximate homomorphisms have extensively been investigated by many authors
and there are many interesting results concerning this problem [9-22].

The functional equation

S+ y)+fx—y) =2f(x) + 2/ () 1.1)
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is called the quadratic function equation. Function f(x) = ax? satisfies (1.1). Every solution
of (1.1) is called a quadratic mapping. Skof [9] solved the Hyers-Ulam stability problem
of the quadratic functional equation in Banach spaces. Kim and Rassias [10] proved the
stability of the Euler-Lagrange quadratic mappings. Park [11] considered the stability of
quadratic mappings on Banach modules. Moslehian et al. [12] considered the approxima-
tion problem of quadratic functional equation on multi-normed spaces.

Hyers [2] considered the stability of the additive functional equation

flx+y)=fx)+f() (1.2)

Function f(x) = dx satisfies (1.2). Every solution of (1.2) is called an additive mapping. The
Cauchy type additive functional equation and its generalized Hyers-Ulam ‘product-sum’
stability have been studied in [21, 22].

In this article, we consider a new functional equation

S+ 2y) +flx—2y) = flx+y) +fx - y) + 3f(2y) - 6/ (¥) 1.3)

deriving from the quadratic functional equation (1.1) and the additive functional equation
(1.2). It is not difficult to check that f(x) = ax® + bx is a solution of (1.3).

The notion of quasi-8-normed space was introduced by Rassias and Kim [20]. This no-
tion is similar to quasi-normed space. We fix a real number S withO < <landletK=R
or C. Let X be a linear space over K. A quasi-S-norm || - || is a real-valued function on X
satisfying the following conditions:

(1) =]l =0 for all x € X and ||x|| = 0 if and only if x = 0.

(2) |Iax]l = [x|8||x] forall A e K and all x € X.

(3) There is a constant K > 1 such that ||x + y|| < K(||x]| + [|ly]|) for all x,y € X.

The pair (X, || - ||) is called a quasi-B-normed space if || - || is a quasi-B-norm on X. The
smallest possible K is called the modulus of concavity of | - ||. A quasi-S8-Banach space is
a complete quasi-B-normed space.

In the following, we recall some fundamental results in fixed point theory. Let X be a
set. A function d: X x X — [0, 00] is called a generalized metric on X if d satisfies

(1) d(x,y)=0ifand only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,2z) <d(x,y) +d(y,z) for all x, 7,z € X.

We also recall the following theorem of Diaz and Margolis [23].

Theorem 1.1 [23] Let (X, d) be a complete generalized metric space and let] : X — X be a
strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given element
x € X, either

d(J]"x,]" %) = 00

for all nonnegative integers n or there exists a nonnegative integer ngy such that
(1) d(J"x,]™'x) < 0o for all n > no;
(2) the sequence {J"x} converges to a fixed point y" of J;
(3) ¥ is the unique fixed point of ] in the set Y = {y € X : d(J"0x,y) < oo};
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(4) d(y,y") < 75dW.Jy) forally e Y.

In 2003, Cadariu and Radu [24, 25] applied the fixed-point method to the investigation
of the Jensen functional equation. By using fixed point methods, the stability problems of
several functional equations have extensively been investigated by a number of authors
(see [26-28]).

In this article, we will consider the solution and the Hyers-Ulam stability of the func-

tional equation (1.3) on quasi-8-normed spaces using fixed point method.

2 Solution of (1.3)
We assume X and Y are real (or complex) linear spaces in this section.

Lemma2.1 Ifaneven functionf : X — Y satisfies (1.3) forall x,y € X, then f is a quadratic
mapping.

Proof Since f is even, f(—x) = f(x). Letx = y = 0 in (1.3), we have f(0) = 0. Let x = 0 in (1.3),
we have f(2y) = 4f (y) and therefore

fx+29)+flx—2y)=f(x+y) +fx—y) +6f(y) (2.1)

for all x,y € X. Replace x by 2x in (2.1), we have

SQ2x+2y) +f(2x = 2y) =f2x + y) + f(2x — y) + 6f () (2:2)

for all x,y € X. Replace y and x by x and y in (2.1), respectively, we have

S@x+y)+fQ2x—y) =flx+y) +fx-y) + 6f(x) + 6f(y) (2.3)

for all x,y € X since f is even and f(2y) = 4f(y). It follows from (2.2) and (2.3) that

Sr+y) +flx—y)=2f(x) + 2f (y).
Hence f is a quadratic mapping. d

Lemma 2.2 [fan odd functionf : X — Y satisfies (1.3) for all x,y € X, then f is an additive
mapping.

Proof Since f is odd, we have f(—x) = —f(x). Let x = y = 0 in (1.3) we have f(0) = 0. Let
x =0 in (1.3), we have

S(2y) =20 (2.4)

for all v,y € X. Thus for all x,y € X, we have

fx+20)+flx=2y)=f(x+y) +f(x—y). (2.5)
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Replace x by 2x in (2.5), we have

2f(x +y) +2f (x = y) = f(2x + y) + f(2x — y). (2.6)
Replacing y and x by x and y in (2.5), respectively, we have

fQx+y)—fx—y) =flx+y) - flx—y). (2.7)
It follows from (2.6) and (2.7) that

2f (2x—y) =f(x +y) + 3f (x - y). (2.8)
Replacing y by x — y in (2.8), we have

2f (x+y) =f(2x-y) +3f () (2.9)
for all x,y € X. Hence,

3f(2x—y) =3f(x+y) +3f(x—y) - 3/ (). (2.10)
Replacing y by —y in (2.10), we have

3f (2x +y) = 3f (x —y) + 3f (x + ) + 3f (»). (2.11)
By (2.7), (2.10), and (2.11), we have

3f(x +y) = 3f(x~y) = 6f(y). (2.12)
Replacing y and x by x and y in (2.12), respectively, we have

3f(x+y) +3f(x—y) = 6f (x). (2.13)
It follows from (2.12) and (2.13) that

Sx+y)=fx)+f0)
for all x,y € X. Hence, f : X — Y is an additive mapping. d
Theorem 2.1 A function f : X — Y satisfying (1.3) for all x,y € X if and only if there exist
a symmetric bi-additive mapping B : X x X — X and an additive mapping A : X — Y such
that f(x) = B(x,x) + A(x) for all x € X.
Proof If there exist an symmetric bi-additive mapping B : X x X — X and an additive

mapping A : X — Y satisfying f(x) = B(x,x) + A(x) for all x € X, then it is not difficult to
check that

Sl +2y) +f(x—2y) = flx +9) +flx - y) + 3f(2) - 6/ ()

Page 4 of 12
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for all #,y € X. Conversely, let

_fx) +f(=x)
R S
_fx) +f (=)
-

Je(x)

Jo(x)

Then

f@&) = folx) + fo(x)

for all x € X. It is not difficult to check that f, and f; satisfying (1.3). It follows from Lem-
mas 2.1 and 2.2 that f, and f; are quadratic and additive mappings, respectively. Hence,
there exist a symmetric bi-additive mapping B: X x X — X such that f.(x) = B(x,x) for all
x € X. Let A(x) = fo(x). Then we have f(x) = B(x, x) + A(x) for all x € X. O

3 The stability of functional equation (1.3)

Now we consider the stability of the functional equation (1.3) using fixed point method.
In this section, we always assume that X is a complex (or real) linear space and Y is a

quasi-B-Banach space with norm || - ||. Suppose K is the modulus of concavity of || - ||. For

a mapping f : X — Y, we define

Df (x,y) = f(x +2y) + f(x = 29) = f (x +y) = f (x = y) = 3f(2y) + 6/ (¢)
forallx,y € X.

Theorem 3.1 Suppose f:X — Y is an odd mapping and ¢ : X* — [0,00) is a mapping. If
there exist a constant L (0 < L <1) satisfying

|IDf (x,9)] < p(x9), 3.1)
0(2x,2y) <2°Lo(x,y) (3.2)

forall x,y € X, then there is a unique additive mapping A : X — Y such that
) - AW < 5 0(0,2) (33)
X x)| < 6= L)<p X .

forall x € X. The mapping A : X — Y is defined by

A = 1im L (sz).

n—-oo 2

(3.4)
Proof Consider the set 2 = {g: X — Y} and define a generalized metric on 2 by

d(g,h) = inf{C:CeR,C>0,

gx) - h()|| < Ce(0,x),x € X}.

Then it is not difficult to check that (€2, d) is complete. Consider the mapping A : 2 — Q
defined by

Aglo) = S2(29). (35)
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For any C such that ||g(x) — i(x)|| < Ce(0,x) for all x € X, we have
||Ag(x) - Ah(x)” = 2% ||g(2x) — h(2x) || < %C(p(O,Zx) < LCp(0,x).
Hence d(Ag, Ah) < LC and therefore d(Ag, Ah) < Ld(g, h). Let x = 0 in (3.1), we have
13£(29) - 60| < 0 (0, (3.6)
forall y € X. Let y = x in (3.6), we have

< iﬂ<p(0,x) (3.7)

H S0 [ = 2

for x € X. Thus d(f, Af) < 6%. According to Theorem 1.1, the sequence A”f converges to
a unique fixed point A of A ontheset Y = {g e X :d(f,g) < o0}, i.e,

lim '@

n—oo 21

Ax) = lim A"f(x) =
Also we have
A(2x) = 2A(x)

for all x € X. Since d(f,A) < , we have

1
68(1-L)
@) -A@)]| < =~ ¢(0,)
~6f(1-1)
for all x € X and (3.3) holds true. For all x,y € X, we have

1 1
[DAG,)| = Tim “ S DF(2'5,27) H - tim L D2 2)]

n—00 n—0oo
NS S Ly
= nli>nolo 2nﬁ‘p(2 %2 y) = nll>n<;lo onp ¢x7)

= lim L"¢(x,y) = 0.
n—0Q

Hence, DA(x,y) = 0 for all ,y € X. It follows from Lemma 2.2 that A : X — Y is an additive
mapping. This completes the proof. d

Corollary 3.1 Suppose X is a normed linear space, B =1, 6 and r are nonnegative numbers
withr <1, f: X — Y is an odd mapping and

|Df G| <6 (Il + Iyl + =13 11y11%)
forall x,y € X. Then there is a unique additive mapping A : X — Y such that

ol
I - 4] = gy

forallx € X.
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Proof Forallx,y € X,letp(x,y) =60(||x||"+ |[y|" + x| 3 Iyl 7). Then the results follows from
Theorem 3.1. 0

Similar to the proof of Theorem 3.1 and Corollary 3.2, we have Theorem 3.2 and Corol-
lary 3.2 whose proofs are omitted.

Theorem 3.2 Suppose f : X — Y is an odd mapping, ¢ : X* — [0,00) is a mapping and
there exist a constant L (0 < L <1) such that

[Df @y = o),

Xy L
L)< —
<p<2,2>_2ﬂ<ﬂ(x»y)

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

I/) - 46| < 7550009

forall x € X. The mapping A : X — Y is defined by

A(x) = lim 2"f( )

n—00

Corollary 3.2 Suppose X is a normed linear space, B = 1, 0 and r are nonnegative numbers
withr>1, f: X — Y is an odd mapping and

IDfF )| <Ol + Iyll” + llxl 2 1yl 2)

forall x,y € X. Then there is a unique additive mapping A : X — Y such that

611"

l[fx) - A < -2 (3.8)
forallx € X.

Theorem 3.3 Suppose f : X — Y is an even mapping with f(0) = 0 and ¢ : X*> — [0,00) is
a mapping. If there exists a constant L (0 < L <1) such that

IDf (9| < o(x,9),

3.9)
0(2x,2y) < 2% Lo ()
for all x,y € X, then there is a unique quadratic mapping Q : X — Y such that
[f@ - QW] = (0, %) (310)
= 22(1-1)

forall x € X. The mapping Q: X — Y is defined by

Q) = lim f(2"x)

n—oo 21

forallx € X.
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Proof Consider the Q = {g: X — Y :g(0) = 0} and define a generalized metric on 2 by

d(g, h) = inf

< Cyp(0,%),Vx € X}.

Then it is easy to check that (£2,d) is complete. Define A : @ — Q by Ag(x) = €29 1 Cis
a constant such that [|g(x) — #(x)|| < Ce(0,x) for all x € X, then we have

1
”Ag(x) — Ah(x)H = ZTﬂHng) h(2x) ” < 22/3 —Cy(0,2x) < LCyp(0,x),

i.e., d(Ag, Ah) < LC, hence we have d(Ag, Ah) < Ld(g, h). Let x = 0 in (3.9), we have

1F29) - 4/ »)| < 0(0,9)

for all y € X. Thus

” if (%) —f()| < %ﬂw(O,x)

for all x € X. Hence d(f, Af) < ;5. By Theorem 1.1 there is a mapping Q : X — Y which is
the fixed point of A and satlsﬁes

d(fQ)<—d(Aff)_m

Note Q is defined by

f (2"x)

n—>oo 22n

Q) =

for all x € X. Similar to the proof of Theorem 3.1, we have DQ(x,y) = 0 for all x,y € X.
Since Q is also even, Q is a quadratic mapping. This completes the proof. 0

Corollary 3.3 Suppose X is a normed linear space, 8 = 1, 6 and r are nonnegative numbers
withr <2, f:X — Y is an even mapping, f(0) = 0 and

IDfCey) || < o (lll” + Iyll" + %012 1yl 2)

forall x,y € X. Then there is a unique quadratic mapping Q : X — Y such that

Ollxl”
Hf(x) - Q )” — 4(1 or= 2)
forallx € X.
Proof The proof is similar to that of Corollary 3.1 and we omit it. d

Similar to the proof of Theorem 3.3 and Corollary 3.3, we have the following Theo-
rem 3.4 and Corollary 3.4.
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Theorem 3.4 Suppose f : X — Y is an even mapping with f(0) = 0 and ¢ : X*> — [0,00) is
a mapping. If there exists a constant L (0 < L <1) such that

IDf (x,9)|| < ¢(x,9),
Xy L
¢(2 2) = 525 ¢Y)
for all x,y € X, then there is a unique quadratic mapping Q : X — Y such that

1
If (%) - Q)| < PR L)w(O,x)
forall x € X. The mapping Q : X — Y is defined by
Q) = lim 22”f<2"—n>
forallx € X.

Corollary 3.4 Suppose X is a normed linear space, B = 1, 0 and r are nonnegative numbers
withr>2, f: X — Y is an even mapping, f(0) = 0 and

[Df G| <6l + Iyl + =13 11y112)
forall x,y € X. Then there is a unique quadratic mapping Q : X — Y such that

Ollxl"

forallx € X.

Theorem 3.5 Suppose f : X — Y is a mapping satisfying f(0) = 0 and ¢ : X* — [0, 00) is
a mapping. If there exists a constant L (0 < L < 1) such that

|Df (e 9)| < o),
9(2x,2y) < 2P Lo(x,y)

for all x,y € X, then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y such that

2
I - 469 - @l = 55 (53535 * i g w09 +90-9] G

forallx € X.

Proof If we decompose f into the even and the odd parts by putting f.(x) = x)+f =) and

fox) = LT forall x € X, then

S =fo(®) + fo(x).

Page 9 of 12
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Then if it is not difficult to check that

K
[P < Z5 0@ ) +o(=x-y)]

forallx,y € X. Let

lﬁ(x,y) = [w(x!y) + w(_x’ —J’)]

for all x,y € X. Then v/(2x,2y) < 2%/ L (x,) for all x,y € X. It follows from Theorem 3.3
that there is a unique quadratic mapping Q: X — Y such that

[fetx) - Q)| < 22,3(1 a0 (3.12)

for all x € X. Similarly it follows from Theorem 3.1 that there is a unique additive mapping
A : X — Y such that

lfox) - A)| < & 11 L)Iﬁ(o,x). (3.13)

Hence

1 1
+
226(1-L) 6f(1-1L)

K? 1 1
) 2_'3(22/3(1 D) Tef _L)>[¢(0»x) +¢(0,-x)]

for all x € X. This completes the proof. d

[fx) - Qx) - A) | = K ( )I/f(O,x)

Corollary 3.5 Suppose X is a normed linear space, B =1, 0, and r are nonnegative numbers

withr <1, f: X — Y is a mapping and

IDfF @] <0l + Iyl + llxl 2 1yl 2)

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y such that

5K? 6|x|"
I -4 - Qe = 55
forallx € X.

The proofs of Theorem 3.6 and Corollary 3.6 are similar to that of Theorem 3.5 and

Corollary 3.5 and we omit them.

Theorem 3.6 Suppose f : X — Y is a mapping satisfying f(0) = 0 and ¢ : X*> — [0, 00) is
a mapping. If there exists a constant L (0 < L < 1) such that

|Df )] < o(x,9),
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Xy L

for all x,y € X, then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y such that

1(2 1 1
/@) -Aw) - Q] < 5 <6ﬂ(1 —0) T2

) [QO(O, x) + (/)(Or _x)]

forallx € X.

Corollary 3.6 Suppose X is a normed linear space, B =1, 0 and r are nonnegative numbers
withr>2, f:X — Y is a mapping and

IDF || <Ol + Iyl + 2l 2 l1y112)

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y such that

5K% O|«x||”

£6) = AG) - Q] = T3~ 5

forallx € X.
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