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1 Introduction and preliminaries
In this paper, we consider the following nonlinear Volterra-type difference equation:

A

x(n) = Z[ﬁ(n,x(n)) . Z ai(n, m)gi(m,x(m))], nez, (L.1)

i=1 meZ

where A is a fixed positive integer and f; : Z x R > R, 4;: Z xZ - R, g : Z x R— R
(i=1,2,...,) satisfy some conditions recalled in Section 3.

For the background of discrete Volterra equations, we refer the reader to the well-known
monograph [1] by Agarwal. The first motivation for this paper is some recent work on
asymptotical periodicity for Volterra-type difference equations in [2—6] by Diblik et al. In
fact, asymptotical behavior for Volterra-type difference equations, including periodicity,
asymptotical periodicity, etc., has been of great interest for many mathematicians. How-
ever, to the best of our knowledge, there is seldom literature available about asymptotically
almost periodicity for Equation (1.1). Thus, in this paper, we will investigate this problem.
In addition, it is needed to note that compared with asymptotically periodic sequences,
in general, it is more difficult to obtain the compactness for a set of asymptotically almost
periodic sequences.

On the other hand, in a recent work [7], by using the classical Schauder fixed point the-
orem, Ding et al. established an interesting existence theorem for the following functional

integral equation:

y(t) = e(t,y(a(®))) + g (£ y(B())) |:h(t) + /Rk(t,s)f(s,y(y(s))) ds], teR. (1.2)
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In fact, the existence of almost periodic type solutions has been an interesting and impor-
tant topic in the study of qualitative theory of difference equations. We refer the reader to
[8-13] and references therein for some recent developments on this topic. Equation (1.1)
can be seen as a discrete analogue (but more general) of Equation (1.2). That is another
main motivation for this work.

Throughout the rest of this paper, we denote by Z (Z*) the set of (nonnegative) integers,
by N the set of positive integers, by R (R*) the set of (nonnegative) real numbers, by €2 a
subset of R, and by X a Banach space.

First, let us recall some notations and basic results of almost periodic type sequences
(for more details, see [11, 14, 15]).

Definition 1.1 [14] A function f : Z — X is called almost periodic if Ve, 3N (¢) € N such
that among any N(g) consecutive integers there exists an integer p with the property that

Ifk+p)-f(0)] <&, VkeZ

Denote by AP(Z, X) the set of all such functions. Moreover, we denote AP(Z,R) by AP(Z)
for convenience.

Lemma 1.2 [14, Theorem 1.26] A necessary and sufficient condition for the sequence
f:Z — R to be almost periodic is that for any integer sequence {n,}, one can extract a

subsequence {ny} such that {f (n + ny)} converges uniformly with respect to n € Z.

Remark 1.3 Let f,g € AP(Z). By Lemma 1.2, it is not difficult to show that Ve, IN(¢) e N
such that among any N(g) consecutive integers there exists a common integer p with the
property that

[f(k +p) —f(k)| <e and |g(k +p)—g(k)| <e
forall k € Z.

Next, we denote by Cy(Z,X) the space of all the functions f : Z — X such that
limy, o0 [f (1) ]| = 0.

Definition 1.4 A function f : Z — X is called asymptotically almost periodic if it admits
a decomposition f = g + i, where g € AP(Z,X) and h € Cy(Z, X). Denote by AAP(Z, X) the
set of all such functions. Moreover, we denote AAP(Z,R) by AAP(Z) for convenience.

Definition 1.5 Let 2 C R and f be a function from Z x € to R such that f(, -) is contin-
uous for each # € Z. Then f is called almost periodic in n € Z uniformly for w €  if for
every ¢ > 0 and every compact ¥ C £, there corresponds an integer N;(X) > 0 such that

among N, (X) consecutive integers there exists an integer p with the property that

[f(k +p,) —f(k,a))| <e

for all k € Z and w € . Denote by AP(Z x 2) the set of all such functions.
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Similarly, for each subset 2 C R, we denote by Cy(Z x €2) the space of all the functions f :
Z x 2 — R such that f(n, -) is continuous for each n € Z, and lim, ;. o f (1, x) = 0 uniformly

for x in any compact subset of .

Definition 1.6 A function f :Z x Q — R is called asymptotically almost periodic in n
uniformly for x € Q if it admits a decomposition f = g + h, where g € AP(Z x Q) and
h € Cy(Z x 2). Denote by AAP(Z x 2) the set of all such functions.

Lemma 1.7 Let E € {AP(Z,X),AAP(Z,X)}. Then the following hold true:
(a) f € E implies that f is bounded.
(b) f,g € E implies that f + g € E. Moreover, f -g € Eif X =R.

(c) E is a Banach space equipped with the supremum norm.

Proof The proof is similar to that of the continuous case (cf [14, 15]). So, we omit the
details. O

2 A compactness criterion
The following theorem is a well-known result for the continuous case (see, e.g, [16, p.24,

Theorem 2.5]). Here, we give a discrete version.
Theorem 2.1 Let f be a function from Z to R. Then f € AAP(Z) if and only if Ve,

AM(e),N(e) € N such that among any N(g) consecutive integers there exists an integer p
with the property that

[f(k+p)—f(K)| <&
for all k € Z with |k| > M(g) and |k + p| > M(e).
Proof We first show the ‘only if” part. Let f € AAP(Z). Then there exist g € AP(Z) and

h € Cy(Z,R) such that f = g + h. By g € AP(Z), for each ¢ > 0, IN(¢) € N such that among

any N(¢e) consecutive integers there exists an integer p with the property that
gk + p) — g(k)| < g Vk € Z.

In addition, since % € Cy(Z, R), for the above ¢ > 0, there exists M(g) € N such that |2(k)| <
5 for all k € Z with |k| > M(e). Thus, we have

[f(k+p) —f(K)| < |gk +p) - g(K)| + |k + p)| + | (k)| < &

for all k € Z with |k| > M(e) and |k + p| > M(e).

Next, let us prove the ‘if” part. First, let us show that f is bounded. Letting ¢ = 1, there
exists M(1), N(1) € N such thatamong any N (1) consecutive integers there exists an integer
p with the property that

[f (k +p) —f(k)| <1
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for all k € Z with |k| > M(1) and |k + p| > M(1). Then, for each k € Z with |k| > M(1), there
exists px € [M(1) — k, M(1) + N(1) — k] N Z such that

If (k + pi) = f (k)| <1

Noting that k + p € [M(1),M(1) + N(1)], we get

V(k)’f[f(k+pk)’+1§ max [f(k)|+1

ke[M@),M(1)+N(1)]

for all k € Z with |k| > M(1). Thus,

sup Lf ‘

[f(/<)| +1< +00.
ke ke[~ M(l M(1)+N(l)]

Now, let us show that f € AAP(Z). We divide the remaining proof into three steps.
Step 1. Since f is bounded, we can choose a sequence {s,} C N such that lim,_, ;0 S, =
+00 and limy,_, ;o0 f (kK + s,,) exists for each k € Z. Let

gk)= lim f(k+s,), keZ.
n—>+00

For each ¢ > 0, among any N(g) consecutive integers there exists an integer p with the
property that

[f(k+p)~fR)| <&

for all k € Z with |k| > M(e) and |k + p| > M(e). Then, for each fixed k € Z, we have
[fk+s,+p)—fk+s,)| <

for sufficiently large n, which yields that
gk +p)~g(K)| <.

Thus, g € AP(Z).
Step 2. Now fix & > 0. Then, for each n € N, there exists £, € [s, — N(¢g),s,] N Z such that

[fk+t,) - f(k)| <& 2.1)
forall k € Z with |k| > M(¢) and |k +¢,| > M(e).Letr, =s,—t,. Thenr, € {0,1,2,...,N(g)},

which means that there exist a subsequence {r,} C {r,} and r(¢) € {0,1,2,...,N(¢g)} such
that

Thus, for all k € Z with |k| > M(g), we have

[f(k) —g(k = ()| = [fk) = f(k +£,)| + |f (k= r(e) +5,,) —g(k —r(e))|.
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Combining this with (2.1), lim,,_, ;o £, = +00, and
gk)= lim f(k+s,), VkeZ,
n—>+00
we conclude

[f(k)-g(k-r(e)| <e

for all k € Z with |k| > M(e).
Step 3. By Step 2, we know that for each ¢ > 0, there exists r(¢) € {0,1,2,...,N(e)} such
that

[f(k)-g(k-r(e)| <e

for all k € Z with |k| > M(g). Taking ¢ = 1,1/2,..., we get a sequence {r(1/m)}. On the other
hand, it follows from Step 1 that g € AP(Z). Thus, going to a subsequence, if necessary, we
may assume that g(- — r(1/m)) is uniformly convergent on Z. Let

g(k)= lim g(k - r(l/m)), k e Z.
m—+00
Then g € AP(Z). In addition, noting that

[f (k) - g(k)| < (k) =g (k = r(1/m))| + |g(k - r(1/m)) - (k)|

<1, g (k = r(1/m)) - g(k)|
m

for all k € Z with |k| > M(1/m), we know that f — g € Cy(Z). This completes the proof. [
Definition 2.2 F C AAP(Z) is said to be equi-asymptotically almost periodic if for each

€ > 0, there exist M(g), N(¢) € N such that among any N(¢) consecutive integers there
exists an integer p with the property that

supV(k +p) —f(k)| <e
feF

for all k € Z with |k| > M(¢) and |k + p| > M(e).

Theorem 2.3 Let F C AAP(Z). Then F is precompact in AAP(Z) if and only if the following
two conditions hold:

(i) foreach k € Z, {f(k) :f € F} is bounded,;

(ii) F is equi-asymptotically almost periodic.

Proof ‘only if’ part

Let F C AAP(Z) be precompact. Then F is bounded in AAP(Z). So, (i) obviously holds.
In addition, Ve > 0, there exists N € N and fi,f5,...,fv € F such that

N
Fc| JB(fe). (2.2)
i=1
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By Remark 1.3, we can get that {f}, /2, ..., fn} is equi-asymptotically almost periodic. Comb-
ing this with (2.2), we can show that F is equi-asymptotically almost periodic, i.e., (ii) holds.

‘if part’

Let {f,} C F. Since {f,(k)} is bounded for each k € Z, we can assume that (if necessary
going to a subsequence) {f,(k)} is convergent for each k € Z. On the other hand, since F is
equi-asymptotically almost periodic, for each ¢ > 0, there exist M(e), N(¢) € N such that
among any N(¢) consecutive integers there exists an integer p with the property that

sup[f,,(k +p) —fn(k)| <¢e/3 (2.3)

nez

for all k € Z with |k| > M(e) and |k + p| = M(e). For the above ¢ > 0, there exists a positive
integer K such that for all , m > K, the following hold:

[fn(k) —fm(k)| <¢el3, ke [—M(e),M(e) + N(s)] NZ. (2.4)

For all k € Z with |k| > M(e), taking p € [-k + M(¢g),—k + M(g) + N(¢)] N Z, by (2.3) and
(2.4), we get

oK) = fin(K)| < [fal) = fulk + P)| + [fulk + B) = fon(k + P)| + |fin(k + p) = fin (K|

<&el3+¢e/3+¢/3=¢, nm>K;
also, for all k € Z with |k| < M(g), by (2.4), we have
W(k) —fm(k)| <el3<e, nm>K.
Thus, we get

suplfy (k) = fiu(K)| <&, mm>K,
keZ

which means that {f,(k)} is uniformly convergent on Z, i.e., {f,} is convergent in AAP(Z).
So, F is precompact in AAP(Z). d

3 Application to Volterra difference equations

In this section, we discuss the existence of an asymptotically almost periodic solution to
Volterra difference equation (1.1). Throughout the rest of this paper, p,g > 1 are two fixed
real numbers and

1 1
-+-=1
r 4q

In addition, we denote by (Z) (resp. [1(Z)) the space of all the functions f : Z — R satis-
fying

I, = (Zlf(k)\”)l/p <soo (vesp. 1f1, = (Z[f(k)y’f)uq <o)

keZ keZ

For convenience, we first list some assumptions.
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(H1) Foreachie€ {1,2,...,}, fi(-,x) € AAP(Z) for any fixed x € R, and there exists a
constant L; > 0 such that

filk,x) - fitk,y)| < Lilx—yl, Yk eZ,Vx,yeR.

(H2) Foreachie({1,2,...,4}, gi(k,-) is continuous for each k € Z, and for each r > 0,
there exists a sequence {u} C #(Z) such that

’gi(k,x)} <uik), |xl<rkel.

(H3) Foreachi€ {1,2,...,A},a; € AAP(Z,19(Z)), where [@;(k)]({) = a;(k, 1), Vk,l € Z.
(H4) There exists a constant M > 0 such that

A
Sk ull], <1,
i=1

where «; = sup, ., |1d;(n) || ;; and

A

S s )] ], ] <K, V> M,

i-1 neZ,|lx|<K

Theorem 3.1 Assume that (H1)-(H4) hold. Then Equation (1.1) has an asymptotically
almost periodic solution.

Proof We denote

(Ax)(n) =f,-(n,x(n)), ne’l,x € AAP(Z),i=1,2,...,A;

(Bx)(n) = Zai(n, m)gi(m,x(m)), neZ,xcAAP(ZL),i=1,2,..., )

mez

and

A
(Mx)(m) =Y (A)(n) - (Bix)(n), n € Z,x € AAP(Z).

i=1

It suffices to prove that M has a fixed point in AAP(Z). We give the proof in three steps.

Step 1. A; and B; both map AAP(Z) into AAP(Z),i=1,2,...,A.

Since f; is Lipschitz, by Remark 1.3, we can first show that for each compact subset K C R
and each i € {1,2,..., A}, {fi(-, %) : x € K} is equi-asymptotically almost periodic. Then it is
easy to show that A;x € AAP(Z) for each x € AAP(Z).

Since 4; € AAP(Z,14(Z)), there exist b; € AP(Z,19(Z)) and ¢; € Cy(Z,14(Z)) such that a; =
b; + ¢;. For each x € AAP(Z), noting that for n,p € Z,

(Bix)(n) = Y _ ai(m, m)gi(m, x(m))

meZ

=Y [bim)]m)gi(m,x(m)) + > [ci(m)|(m)gi (m, x(m)),

meZ meZ

Page 7 of 12
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> [biln + p)|(m)gi(m, x(m)) = > " [bi(n)|(m)gi (m, x(m))

meZ meZ

|«

< |bin+p) =i, - | 4t

[7’

and

Z [ci(n)](m)g; (m, x(m))

meZ

< e, ™,

we know that Bix € AAP(Z).
Step 2. For each y € AAP(Z) with ||y|| < M, there exists a unique x, € AAP(Z) such that

A
Xy = ZAixy - Bjy.
i=1
Let

A
Vx)(n) = Y (Ax)(n) - By)(n), n€Z,xeAAP(Z).

i=1

Then, by Step 1, Y maps AAP(Z) into AAP(Z). For all x1,x, € AAP(Z) and n € Z, we have
|(Vx1) (1) — (Vax2) ()|

A
< Z|(Aix1)(71) — (Aix2)(m)] - |(By)(m)|
i-1

A
=Y lfi(mxi(m) —fi(mxs(m)] - |By)(m)]
i=1

A
<D Liln(n) —xa(m)| - Y ain, m)gi(m,y(m))‘
i=1 mel
A
< ZL‘HM -2 - Z ai(”rm)gi(m’y(m))’
i=1 meZ
A
<Y Lillw - %ol - Y |[@m)]m)| - udom)
i=1 meZ

A
<Y Lilw =l |@am], - |

i=1

A
< (Z o;L; || uM “17) lloer = 21l
i-1

I,

which yields that

A
13 - Vsl < (Z ol ! Hp> 1~ 2.

i=1

Page 8 of 12
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Noting that Zl couLi|| l, <1, Y has a unique fixed point x, in AAP(Z).
Step 3. M has a fixed point in AAP(Z).
LetE = {y e AAP(Z) : |ly|l <M} and

Ny=x, yeE,

where x, is the unique fixed point of ) (see Step 2).
We claim that AV(E) C E. In fact, if there exists yo € E such that |Ny,| > M, then by
(H4), we have

INyoll = [l
= sup Z(A %y0) (1) - (Biyo) ()
< sug(Z[f n, xyo(”) . Zai(n,m)gi(m,yo(m))‘)
ne meZ

nez

< sup(Z[f 71, %y, ( n) H,ul ” )

=S s Vo] e ],

i1 “reZlxI<INyol

< [INyoll,

which is a contradiction.
Next, let us show that ' : E — E is continuous. For all 1, € E, we have

Ny = Nyall = [l =%y, I

A
By - ZAixyz - By

A
Z Xy - Biyr — Aixy, - By + Aixy, - Biy1 — Aixy, - Biys||

A
(Z iLi ”V“ )”xyl — % |l

A
+ Z(ML + sup[f(n 0)|) “1Biy1 — Biya |l

i=1

which gives that

A
INyL=Nyall <Y Bi- I1Biys — Bl (31)

i=1
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where

_ ML; +5p,,e |fi(n, 0)|
1=k il M)

Bi: i=1,2,... A

Letting yx — y in E, by (3.1), we have

A
INye =Nyl <Y Bi- 1By — Byl

i=1
A

<Y B sug(Zlai(n, m)| - i (m, yi(m)) —gi(m,y(m))|>
i=1 €L ez,

=2 s, - (ox) -8 (20)],)
l?
< ;azﬂi' lgi (5 3()) — g (¥() ||p' (3.2)
For eachi=1,2,..., A, noting that
i (m, i (m)) = g (m,y0m) | <20 (m), meZ,
gi(m, ) is continuous for each m € Z, and y; () — y(m) for each m € Z, we conclude that
lgi(296() =&y |, — 0.

Combining this with (3.2), we know that N'yx — Ny. So A : E — E is continuous.
Now, let us show that A/(E) is precompact in AAP(Z). In order to show that, we first
prove each B;(E) is precompact in AAP(Z). By a direct calculation, we can get

(By)W| <o M|, i=12,...,2

.

for all y € E and n € Z. In addition, for all n;,n; € Z and y € E, we have

|(Biy)(m) — (Biy)(m)| < Z|ﬂi(l’l1;m) —ai(ny, m)| - |gi(m, y(m))]

meZ

< ||@i(m) - Gi(n2) ||q o p,
which yields that each B;(E) is equi-asymptotically almost periodic since @; € AAP(Z,19(Z)).
Then, by Theorem 2.3, each B;(E) is precompact in AAP(Z). Let {yx} C E. Then {B;y},
if necessary going to a subsequence, is convergent in AAP(Z) for each i € {1,2,...,1}. By
(3.1), we conclude that { V'y;} is convergent in AAP(Z). So, N'(E) is precompact in AAP(Z).

By applying Schauder’s fixed point theorem, there exists a fixed point y- of N in E. Then

we have

A

A
Yy =Ny =x,. = ZAixy, - By~ = ZA,vy* - Biy= = My-,

i=1 i=1

which means that y- is a fixed point of M. This completes the proof. d
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Finally, we give a simple example to illustrate our result.

Example 3.2 LetA=2,p=1,q =00,

>, () = SnGee”)

X . .
n,x)=—|\|SInn+Ssimman+
Filnx) 10(

|n| +1 T 201+ n2)
cosn+cosﬁn + 21 1
ar(n, m) = e,
3(1 + m2)
and
cosnsinx arctan(nx 1
fo(n,x) = 0 &(n,x) = Txf(ﬂ)’ as(n,m) = ge‘”’z sinn.

It is easy to see that (H1) holds with L, = % and Ly = %. Also, (H2) holds with uj(n) =

m and uy(n) =7 - ﬁ In addition, (H3) can be easily verified. By a direct calculation,
we can get
<1 < !
(03 ’ Oy < —,
1= 2 3
and
r T+l r 7T2 + T
||M1HIS 5 ||H2||1§ Vr> 0.

Letting M = 1, we have

2

3(r+1) nwl+w
2:‘)[lll‘l'||'u’§v[”1S 20 + 120 <l
i=1

and

2

, car - luM 3(r +1) T+
;Le;ﬂpﬂlﬁ(wx)l o - |47 ||1]§ e Sy TS

Thus, (H4) holds with M = 1. Then, by using Theorem 3.1, Equation (1.1) has an asymp-
totically almost periodic solution.
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