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Abstract

Investigated here are interesting aspects of the positive solutions for two kinds of m-
point boundary value problems for an increasing homeomorphism and positive
homo-morphism on time scales. By using the Avery-Peterson fixed point theorem,
we obtain the existence of at least three positive solutions for these problems. The
interesting point is that the nonlinear term depends on the first-order delta-
derivative explicitly.
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1 Introduction

With the development of boundary value problems for differential equations [1-5], dif-
ference equations [6,7], and the theory of time scales [8-12], the existence of solutions
for boundary value problems on time scales have attracted many author’s attention.
Recently in [13], the authors considered positive solutions for boundary value problem
of the following second-order dynamic equations on time scales

(¢ ()" +a(Of (Lu() =0, te(0,T), (1.1)
u(0) = 2_: aiu(&)g (u™(T)) = 2_: Bio (u™(&)), (1.2)

i=1 i=1

where ¢: R — R is an increasing homeomorphism and positive homomorphism and
¢(0) = 0. Here a projection ¢: R — R is called an increasing homeomorphism and
homomorphism, if the following conditions are satisfied:

(i) if x < y, then @(x) < @(y), Vx, y € R;
(ii) @ is a continuous bijection and its inverse mapping is also continuous;

(i) @ (xy) = @ (W (), Yx, y € R.

By using a fixed point theorem, they obtained an existence theorem for positive solu-
tions for this problem. In [14], Han and Jin established existence results of positive
solutions for problem (1.1, 1.2) by using fixed point index theory. Sang et al. [15]
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considered the problem

(¢ ()" +a(Of(Lu®) =0, te(0,T), (1.3)
m-2 m—2
¢ (u®(0)) = Z aip (u(&)), u(T) = Z Biu(&). (1.4)

i=1 i=1

By using a fixed point index theorem, the existence results of positive solutions for
this problem were established.

However, the nonlinear terms fin [13-15] does not depend on the first order delta
derivative. It is well-known that many difficulties occur when the nonlinear term f
depends on the first order delta derivative explicitly. To the author’s best knowledge,
positive solutions are not available for the case when the boundary value problem for
an increasing homeomorphism and positive homomorphism on a time scale in which
the nonlinear term depends on the first order delta derivative. This article will fill this
gap in the literature. In this article, we consider the existence of positive solutions for
the second-order nonlinear m-point dynamic equation on a time scale with an increas-

ing homeomorphism and positive homomorphism,

(™))" +a(0)f (tu(t),u*(®) =0, te(0,T) (1.5)
u(0) = 2_: aiu(&), ¢ (u®(T)) = 2_: Bi¢ (u® (&) or (1.6)
¢ (u*(0)) = i aip (u™(&)), u(T) = i Biu(&) (1.7)

where &; € T,’: for i e {1,2,..,m -2}, T is a time scale.

We will assume that the following conditions are satisfied throughout this:

m—2 m—2

(H1) o, B; € [0, +o0) satisty 0 < Zai <1, 0< Z'Bi < 1.

i=1 i=1

(H2) fe [0, TT x [0, ) x R — [0, o) is continuous.

Our main results will depend on an application of a fixed point theorem due to
Avery and Peterson which deals with fixed points of a cone-preserving operator
defined on an ordered Banach space. By using analysis techniques and the Avery-Peter-
son fixed point theorem, we obtain sufficient conditions for existence of at least three
positive solutions of the problems (1.5, 1.6) and (1.5, 1.7).

2 Preliminaries
First we present some basic definitions on time scales which can be found in Atici and
Guseinov [8].

A time scale T is a closed nonempty subset of R. For ¢ < sup 7 and r > inf T, we
define the forward jump operator ¢ and the backward jump operator p respectively by

o(t)=inflr e Tt >t} €T,
p(r)=sup{t €Tt <1} €T,
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for all t € T. If o(t) >¢, t is said to be right scattered, and if o(¢) = ¢, ¢ is said to be
right dense. If p(¢) <t, t is said to be left scattered, and if p(¢) = ¢, ¢ is said to be left
dense. A function fis left-dense continuous, if fis continuous at each left dense point
in T and its right-sided limits exists at each right dense points.

Foru:T — Rand t € T, we define the delta derivative of u(t), #*(¢), to be the num-
ber (when it exists), with the property that for each ¢ > 0, there is a neighborhood U of
t such that

|u(a(t)) —u(s) —ut(t)(o(t) — s)| <e |a(t) )

for all se U.
For u: T — R and t € T, we define the nabla derivative of u(t), u"(¢), to be the num-

’

ber (when it exists), with the property that for each ¢ > 0, there is a neighborhood U
of ¢ such that

|u(p() — u(s) — u” ()(p(0) —s[ < & |p(t) =

forallse U.
We present here the necessary definitions of the theory of cones in Banach spaces

’

and the Avery-Peterson fixed point theorem.

Definition 2.1. Let E be a real Banach space over R. A nonempty convex closed set
P c E is said to be a cone provided that:

(1) aue P, forall ue P, a > 0;

(2) u, -u € P implies u = 0.

Definition 2.2. An operator is called completely continuous if it is continuous and
maps bounded sets into pre-compact sets.

Definition 2.3. The map « is said to be a nonnegative continuous convex functional
on a cone P of a real Banach space E provided that & : P — [0, + ) is continuous and

a(tx+ (1 —=t)y) <ta(x) + (1 —t)a(y), forallx,yeP, te]0,1].

Definition 2.4. The map f3 is said to be a nonnegative continuous concave functional
on a cone P of a real Banach space E provided that B : P — [0, + =) is continuous and

B(tx+ (1 —1t)y) <tB(x)+(1—1t)B(y), forallx,yeP, te]0,1].

Let % 6 be nonnegative continuous convex functionals on P, o be a nonnegative con-
tinuous concave functional on P and y be a nonnegative continuous functional on P.

Then for positive numbers a, b, ¢ and d, we define the following convex sets:
P(y,d) ={x e Ply(x) <d},
P(y,a,b,d) = {x € Plb < a(x), y(x) < d},
P(y,0,a,b,¢c,d) = {x e Plb < a(x),0(x) <c y(x) <d},
and a closed set

R(y, ¥, a,d) = {x € Pla < y(x), y(x) < d}.

Lemma 2.1. [16] Let P be a cone in Banach space E. Let %, 0 be nonnegative contin-
uous convex functionals on P, o be a nonnegative continuous concave functional on P,
and y be a nonnegative continuous functional on P satisfying
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Y(Ax) < Ay¥(x), forO<A <1, (2.1)

such that for some positive numbers / and d,
a(x) <¥(x), lxl <Iy(x) (2.2)

for all x € P(y, d). Suppose T : P(y,d) — P(y,d) is completely continuous and there
exist positive numbers a, b, ¢ with a <b such that
(S1) {x € P(y,0,a,b,¢,d)|a(x) > b} #0 and o(Tx) >b for x € P(y, 0, &, b, ¢, d);
(S2) a(Tx) >b for x € P(y, a, b, d) with 0(Tx) >c;
(S3) 0 € R(y, ¥, a,d) and y(Tx) <a for x € R(Y, w, a, d) with y(x) = a.
Then T has at least three fixed points x1, x5, x3 € P(y, d) such that:
y(x) <di=1,23;
b<a(x1);a < ¢¥(x) alx) <b;
¥(x3) < a.

3 Positive solutions for problem (1.5, 1.6)
Lemma 3.1. [13] Suppose that condition (/) holds, then the boundary value problem

(¢ ()" +h()=0, te(0,T), (3.1)

m—2 m—2
u(0) = > au(&), ¢ (ut(T)) = Y Bip (u(&)), (3.2)
i=1

i=1

has the unique solution

t T
u(t) = fd)’l (f h(r)Vr —A) As+ B
0 0

where
T T
S B [ h(r)Ve Sm? ozlfqﬁ [ h(t)VTt —A| As
A= E;n72 ’B = sm—z
1= Bi =300

Lemma 3.2. Suppose that condition (H;) holds, for & € C;,[0, T] and k() > 0, the
unique solution of problem (3.1, 3.2) satisfies

Du(t) =0, te [0, T].

(2) inf, ¢ 0,77 u(t) =2 0 max, ¢ (o) |u(t)|, where
S ek |

(1= i) 7o X2 )

S =

(3) max;efo,r} |u(t)| < Imaxieory,,

((1 -y e ) T+ 07 Oli&‘)
1= .
(1 - Zl 1 Ol,)
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Proof. Parts (1) and (2) were established in [13]. We give the proof of (3). It is easy
to check that

max lu()| = u(T), mln |u(t)| = u(0).

For the concavity of # and the boundary condition, we get

m—2

m—2
(1 - Zoq) u(0) < Zai max [u® (1)) .
i=1 i=1

This together with conclusion (2) ensures that conclusion (3) is satisfied.
Let E be the real Banach space E = C2[0, 6(T)] to be the set of all A- differential
functions with continuous A-derivative on [0, 6(7)] with the norm

Ju(o)], ;= ma [l [ )

where

lullo,r = supt|u(t)| : t € [0, T},
[lull o, =sup{|uA(t)| :te]o, T]Tk}' uekE.

We define the cone P € E by

m—2
pP= {u € E:u(t) > 0,u(0) = Zau(’éz) ¢ (u™(T)) = Zﬂz (&)

i=1
u is concave and increasing on[0,T]} C E.

Let the nonnegative continuous concave functional ¢, the nonnegative continuous
convex functionals %, € and the nonnegative continuous functional y be defined on the

cone P by
y(u) = o |u =(u) = max a(u) = n[nITll lu(t)] .
By Lemmas 3.3 and 3.4, the functionals defined above satisfy
80 (x) < a(x) < 0(x) = ¥ (x), llxlly,r < Iy (x).
Therefore condition (2.2) of Lemma 2.1 is satisfied.
Define an operator F : P — E by
,
¢ T 21’21_2 Bi [f (z.u(r), ut(z)) Vr
Fu(t) = qurl ff(r,u(r),uA(z))vf+ 5"1 gy, As
m 2
PR T X ﬂ,ff(r u(r), ut (7)) Vr
1 m—2 . . A
oy [ 2 oz,O/(l) s/f(t,u(r),u ())VT + e As

To present our main results, we assume there exist constants 0 <a, b, ¢, d with a <b
<d such that

o(@) (1- 287 5)

Al) t’ , E
) < p o

(L v) €0, 1]r x [0,1d] x [~d, dJ
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(Ay) f(tou,v) > ¢ (b(1 - T ) (1 - X7 5) (6w, v) € [0, 17 x[b, b/8] x [~d, d}
¢<Z -1 al&l 1(131(T 51)))

o(@) (1- X157 4)

f(t/ u, V) <
(A ) m—2
3 (T - ﬂi&') ¢ (T i 0‘151 )

,(t,u,v) € [0, 1] %[0, a]x[—d,d]

-2 % a
Theorem 3.1. Under the assumptions (A;)-(A3), the boundary value problem (1.5)-
(1.6) has at least three positive solutions u;, u,, us satisfying

max |uf(f)| <d, i=1,2,3;
te[0,1];

b ; , mi t .
=, bl = g Ja O ip Ol < @3
max |u3(t)] < a.
te[0,1]
Proof.
It is easy to check that problem (1.5), (1.6) has a solution u(¢) if and only if u is a
fixed

point of operator F.

If u € P(y,d), then y(u) = [Er[%g)](k ()] < d. Thus

o) (1- X025
f(tu(e), ub (1) < ngjﬁ;z;;& )
Then,

T :nlzﬂlff (6 u(®) u (9)) Vo
y(Tu) = ¢~ /f(tr”(t)r“A(t))VH 1-Y" 28
J i=1 !

1 T m—2 &
=¢! (1 g2 /5-) ¢! (/f(t,u(t),uA(t)) Vit — Z ﬁi/f(t, u(t), u® (1)) Vt)
i=1 Pi s

=19
<d.
Hence F : P(y,d) — P(y, d).
To check condition (S;) of Lemma 2.1, we choose u(t) = b =c. It’s easy to see
u(t) =% e P(y,0,a,b,¢d) and a( )>b.So {u € P(y,0,a,b, c,d|tx(x) > b)} .
Ifue P(y, 0, a, b, ¢, d), we have b < u(t) < 5 (A,), we

have

o (0(1-Zl ) (1 -7 )

f(tu(t),ut (1) =
o (X0 citio (BT - &)
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Thus,

o | S B f (ru(e), ud (1)) Ve

a(Fu) = ) 5’”’2&- Z%‘/(ﬁ’l [f(r,u(r),uA(r))Vr+ 5'1 s As
- i=1 1 i=1 S - i=1 i

T
N N > IO
d _ Zai0/¢ 1oymtg As| >b,

m—2
1= e | 5

so o(Fu) >b, Yu € P(y, 0, a, b, b/d, d).

Second, with (4.1), we have o(Fu) > 660(Fu) >6b/6 = b for all u € P(y, o, b, d) with
O(Fu) >b/o. Thus, condition (S,) of Lemma 2.1 is satisfied.

Finally we show that (S3) also holds. Clearly, as y(0) = 0 <a, we see 0 ¢ R(¥% v, a, d).
Suppose that x € R(y, v, a, d) with w(u) = a, then assumption (A3) holds. then

‘ T DRl ij (r,u(z) ut(r)) vVt
v =ram) = [0 | [reunaemmes Gl s
0 i=1 i
2 Y B f (rou(r),ut(x)) Ve

&

1 - / o /T A &

+ e ai [ ¢ f(r,u(r), u®(r)) Vr + . As
1*21':120” ; o s ( ) 1 *Zi=12/3i

<a.

So we verify that condition (S3) of Lemma 2.1 is satisfied. Thus, an application of
Lemma 2.1 implies that the boundary value problem (1.5)-(1.6) has at least three posi-

tive solutions u,, u,, uz satisfying (3.3).

4 Positive solutions for problem (1.5, 1.7)
In this section, we present the existence of positive solutions for problem (1.5, 1.7).
Lemma 4.1. [15] Suppose that condition (H;) holds, then boundary value problem

(™) +h(t)=0, te(0,T), (4.1)

m—2

u?(0)) = Zalas (&), w(T) = Y Biul&), (4.2)

i=1

has the unique solution
T s
u(t) = /¢—1 /h(r)Vr — Ay |As+ By
t 0

where

T s
P alfh(r)Vt SB[ (f h(r)Vr —A1) As
Ar=-— /B1= ) ’ m—2
1_211 o 1_21':1 ﬂi

Lemma 4.2. Suppose that condition (H;) holds, for 1 € C;;[0,7] and h(¢) = 0, the

unique solution of problem (4.1, 4.2) satisfies
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(1) u(t) >0, te [0,T]

(2) inf, ¢ [0, u(t) = 6; max, ¢ [o,7) |u(¢)], where §; = (ZZ;Z Bi(T — Ei)) /T is a
constant.

(3)

constant.
Proof. Parts (1) and (2) are established in [15]. It is easy to check that

where I} =T/ <1 — ZZ;Z ,3,-). is a

zreliloa)T(] |u(t)| =u(0), rmn |u(t)| =u(T).

For the concavity of # and the boundary condition, we get
m—2 m—2
(1 -y m) u(T) < Y Bi(T — &) max [u® (1)) .
i=1 i=1

This together with conclusion (2) ensures that conclusion (3) is satisfied. We define
the cone P; € E by

P, {ueE u(t) > 0,¢ (u*(0)) = Zomb u®(&)) IU(T)=2_:ﬁiu($i)z

i=1

u is concave and decreasmg on[O,T]} CE

Define an operator G : P — E by

r [ Vi asz(r u(r),ut (1)) Ve
_ -1 T A +
G(u(t)) —/d) O/f(r,u( ) ut(r))Vr Ly, As
1 r S [ f (e u(e), ud (1)) Ve
-1 A 0
_ymg, ;ﬁ.fzp /f ©u(e), 1 (2)) Ve + g as

&

To present our main results, we assume there exist constants 0 <a,, by, ¢ 1, d with a,
<b; <d; such that

$(d) (1 - Lo
Ad) f(t,u,v) < 1 <m_2 1 )
T—20" (T = &)
1 by (1 - ZZ;Z ﬂi)

As) f(tuv) > Y2 ai&-db ( Y BT - &)
- YA ) =30

,(t,u,v) € [0,1]7 x [0, lydy] x [—dy, 1}

) (L u,v) € [0, 1]y x[by, b1/81]x[~d1, di }

oy e ) e — gy P () S 10 AR A A

Theorem 4.1. Under the assumptions (A4)-(A¢), the boundary value problem (1.5),

A6)f(t”'/)<¢<

(1.7) has at least three positive solutions w1, u,, us satisfying

max |uf(t)| <dy, i=1,2,3;
tel0,1];

b < mln
te[0,1];

;a1 < II[laX mm |”2(t)| < by;

g, ol <

The proof of Theorem 4.1 is similar with the Theorem 3.1 and is omitted here.
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