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Abstract

This paper performs a further investigation on the g-Bernoulli polynomials and
numbers given by Acikgdz et al. (Adv. Differ. Equ. 2010, 9, Article ID 951764) some
incorrect properties are revised. It is pointed out that the definition concerning the
g-Bernoulli polynomials and numbers is unreasonable. The purpose of this paper is
to redefine the g-Bernoulli polynomials and numbers and correct its wrong
properties and rebuild its theorems.

1 Introduction/Preliminaries
Many mathematicians have studied the g-Bernoulli, g-Euler polynomials and related
topics (see [1-11]). It is worth that Acikgoz et al. [1] give a new approach to the g-Ber-
noulli polynomials and the g-Bernstein polynomials and show some properties. That is,
Acikgoz et al. introduced a new generating function related the g-Bernoulli polyno-
mials and gave a new construction of these polynomials related to the second kind
Stirling numbers and the g-Bernstein polynomials in [1]. The purpose of this paper is
to redefine a generating function related the g-Bernoulli polynomials and numbers and
correct its wrong properties and rebuild its theorems.

In this paper, we assume that g(€ C) is indeterminate with |g| < 1. The g-number is

defined by [x]; = ¢ "] (see [4-9]).

It is known that the Bernoulli polynomials are defined as
t [o¢] t"
t_
;o 1e’C = ,,%0 Bn(x)n! for |t| <2m (1.1)

and that B,,(0) = B,, are called the Bernoulli numbers.
The recurrence formula for the classical Bernoulli numbers B,, is as follows:

Bo=1land (B+1)"=B,=0 if n=> 0. (1.2)

The g-extension of the following recurrence formula for the Bernoulli numbers is
given by

lifn=1

Oifn>1 (1.3)

Bog=1and q(gB+1)" — B4 = {

with the usual convention of replacing B by B, (see [2,4]).

© 2011 Rim et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.


mailto:shrim@knu.ac.kr
http://creativecommons.org/licenses/by/2.0

Rim et al. Advances in Difference Equations 2011, 2011:34 Page 2 of 6
http://www.advancesindifferenceequations.com/content/2011/1/34

2 On the g-Bernoulli polynomials and numbers
In this section, we first recall the g-Bernoulli polynomials and numbers, then indicate
the ambiguities on the Acikgoz et al. [1]’s definition for the g-Bernoulli polynomials
and redefine it. Counter-examples show that some properties are incorrect. Specially,
these examples show that the concept on the generating function of the g-Bernoulli
polynomials is unreasonable.

Definition 2.1 (A¢ikgoz et al. [1]) For g € C with |g| < 1, let us define the g-Ber-
noulli polynomials as follows,

o0 . o0 tﬂ
Dy(t, x) = —thyelx Yt — ZBM(x)n!. (2.1)
y=0 n=0
Note that
, t . - "
(l;_r)r}Dq(t, =, = an(x)n! for |t| < 2m, (2.2)

where B,,(x) are the classical Bernoulli polynomials.
In the special case x = 0, B, ;(0) = B,,; are called the g-Bernoulli number.
That is,

& o0 n
Dy(t) = Dylt, 0) = =t qrelht = ZBM:‘I. (2.3)
y=0 n=0 )

Remark 2.2 Definition 2.1 (A¢ikgoz et al. [1]) is unreasonable, since it is not the
generating functions of the g-Bernoulli polynomials and numbers. This can be seen
the following counter-examples.

Counter-example 2.3 If we take ¢ = 0 in (2.2) of Definition 2.1 (Agikgoz et al. [1]),
then we have lim,_,; D,(0, x) = 0. But lim; ¢ ett_lex‘ = 1 does not hold in the sense of
Definition 2.1 (Agikgoz et al. [1]).

Counter-example 2.4 From (2.1) of Definition 2.1 (Agikgoz et al. [1]),

Dyt )= Y B

n=0

(2.4)
o0 t”
= Bo,q(x) + ZBn,q(x) o’
n=1 !
and
Dy(t, x) = —t Y _ glelht
y=0
[ [ i
==t d' D leevly
y=0 n=0 ) (2 5)

+1

1 nn_llxoo(l+1) "
( DY ) "
1=0 y=0

n—1
_n n—1 1y "
( w20 e lqm)n!.

e 02

=
I
(=}
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Comparing these identities (2.4) and (2.5), we obtain

n—1
Bog() =0 and Bug() = — " S (" H-nlg

(2.6)
(1 - q) 1=0

1 _ql+1'

This cannot satisfy some well-known results related the Bernoulli polynomials and
numbers. For example, By = 1.
Counter-example 2.5 From Definition 2.1 (A¢ikgoz et al. [1]), we note that

aDg(t, 1) = Dy(t) = =t Yy g et — 1y~ grellet
y=0

par (2.7)
=t
and
o0 t" o0 t”
qDy(t, 1) — Dy(t) = qZBn,q(l)n! - ZBM"!
n=0 n=0
~ o (2.8)
- Z (aBng(1) = Brg) -
From (2.7) and (2.8), we can easily derive that
lifn=1
B4 =0and gB;4(1) —Bnq = {0 =1 (2.9)
From (2.1) of Definition 2.1 (A¢ikgoz et al. [1]),
[o.¢] tn
> Bug(x) =Dyt %)
n=0 :
o0
= ¢ Z gt
y=0
_ o p (it 2.10
=e g ) (2.10)
ad [x]ltl ad q(m—l)xtm
= Z l? X Z erq m!
1=0 m=0
o0 n
n _ )\
3 (S (s )
n=0 \m=0
If we compare the coefficients on the both sides in (2.10),
" n
Bug(x) = D (, )Buqd™ g™, (2.11)
m=0
From (2.9) and (2.11),
1
Boq(x) = quO,q =0. (2.12)

However, these are also incorrect.
Next, we redefine the g-Bernoulli polynomials and numbers.
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Definition 2.6 For g € C with |g| < 1, let us define the g-Bernoulli polynomials B,, ,
(x) as follows,

qg—1 1 t e ad "
_91 1-q° _ +m [x+m] t _
Fy(t, x) = log @y gt ZBn,q(x)n!. (2.13)
m=0 n=0
Note that
t > "
. B -
cl;I—IE}Fq(t’ x) = ;o 1e’C = ;Bn(x)n! for |t| < 2m, (2.14)

where B,,(x) are the classical Bernoulli polynomials.
In the special case x = 0, B, 4(0) = B,,, are called the g-Bernoulli numbers. That is,

o t"
Fy(t) = F4(t, 0) = ZBM"'. (2.15)
n=0 ’

By simple calculations, we get

oo t"
2 Bug(®) | =Fy(t %)
n=0 ’

= e[x]"[Fq (qt)

(5 - (En)
m=0 1=0

- - n Ixp,qn—1 ¢
= Z Z( I )Bl,qq [x]q nl’

n=0 1=0

Comparing the coefficients on the both sides in (2.16), we obtain
"\ n
Bug(x) =Y ( ] )Bigd™ <)~ (2.17)
1=0

From (2.13) and (2.15), we derive the following equation.

_q-1 f1ifn=1
Bo,g = logq and By 4(1) — Bug = {0 ifns1" (2.18)
By (2.17) and (2.18), we can see that
q-1 " | [1ifn=1
Boq = logq and > _( 1B1ad = Bna =\ oifp =1 (2.19)
1=0
Theorem 2.7% For n € N*, we have
_q-1 n_ f1ifn=1
Bog = logq and (qB; +1)" — Bpq = {0 fne 1 (2.20)

with the usual convention of replacing B by B,, .

Remark 2.8 Theorem 2.7% is a revised theorem of Theorem 2.1 in [1].
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From (2. 13), we have

oo t"
2 Bug(®) | =Fy(t, %)
n=0 '

-1 ' <
_ el—d _tqu+me[x+m]qt

logq —
-1 1 & > Lt
= =Y 4" nlx+m];
logq ; (1—q)"n! ; ; 7 nl
_ - qg-1 1 . +m n—1 e
=2 Toga 1 gy = 2o e il nl (2.21)
n=0 m=0
00 oo n—1 n 1 o
_ _ (=" _ n X+ - 1\ (xem)l
- Z( IR D DU DIGIISC VL
n=0 m=0 1=0

-1
(-1 + n nZ (Tl -1 )(_l)l+1 (+)x 1 e
g gyt 2t T g )y

L o
1 I Ix 1
ey 22 (IEDT )
1=0

By (2.21), we obtain the following theorem.
Theorem 2.9* For n € N*, we have

l

[l]q' (2.22)

q-1 1 ~ n I
Bo,g = and By,q(x) = ()=1)q"

T logq " (l—q)";: !
Remark 2.10 Theorem 2.9* is a revised theorem of Theorem 2.3 in [1].
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