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1. Introduction
Finite difference inequalities in one or two independent variables which provide expli-
cit bounds play a fundamental role in the study of boundedness, uniqueness, and con-
tinuous dependence on initial data of solutions of difference equations. Many
difference inequalities have been established (for example, see [1-11] and the references
therein). In the research of difference inequalities, generalization of known inequalities
has been paid much attention by many authors. Here we list some recent results in the
literature.

In [[12], Theorems 2.6-2.8], Pachpatte presents the following six discrete inequalities,
based on which some new bounds on unknown functions are established.

m—1 oo
(a1) : u(m, n) <a(m, n) +b(m, n) Z Z c(s, u(s, t),
s=0 t=n+1
Preprint submitted to Advances in Difference Equations June 16, 2011

(a2) : u(m, n) <a(m, n)+b(m, n) i i c(s, u(s, t),

s=m+1 t=n+1

m—1 0 [}
(a3) :u(m, n) <a(m, n) + Z b(s, n)u(s, n) + Z Z c(s, u(s, t),
s=0

s=m+1 t=n+1

(as) : u(m, n) <a(m, n) + i b(s, n)u(s, n) + i i c(s, u(s, t),

s=m+1 s=m+1 t=n+1
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m—1 oo

(as) : u(m, n) <a(m, n) + Zb(s, n)u(s, n) + Z Z L(s, t, u(s, t)),

s=0 t=n+1

oo oo oo
(ag) : u(m, n) <a(m, n) + Z b(s, n)u(s, n) + Z Z L(s, t, u(s, t)),
s=m+1 s=m+1 t=n+1
where u, a, b, ¢ are nonnegative functions defined on m € Ny, n € Ny, and L : Ny x
Ny x R, — R, satisfies 0 < L(m, n, u) - L(m, n, v) < M(m, n, v)(u - v) for u > v > 0,
where M : Ny x Ny x R, — R,.
Recently, in [[13], Theorems 1-6], Meng and Li present the following inequalities

with more general forms.

m—1 oo

(b1) : W (m, n) < a(m, n) +b(m, n) Y Y [c(s, tu(s, t) +e(s, 1)],

s=0 t=n+1

(b2) : uP(m, n) < a(m, n) +b(m, n) i i [c(s, u(s, t) +e(s, 1)],

s=m+1 t=n+1

(b3) : vP(m, n) < a(m, n) + Zb (s, n)uP(s, n) +’”Z i [c(s, Du(s, t) +e(s, )],

(b4) : uP(m, n) < a(m, n) + i b(s, n)uP(s, n) + i i [e(s, D)u(s, t) +e(s, 1)].

s=m+1 s=m+1 t=n+1

m—1 oo

(bs) : P (m, n) <a(m, n)+ Zb(s, (s, n)+ Y Y L(s, 4, u(s, 1)),

s=0 t=n+1

o0 o0 o0
(bs) : uP(m, n) < a(m, n)+ Z b(s, n)u’(s, n) + Z Z L(s, t, u(s, 1)),
s=m+1 s=m+1 t=n+1

where p > 1 is a constant, u, 4, b, ¢, e are nonnegative functions defined on m € N,
n e Ny, and L is defined the same as in (a5)-a(6).

As one can see, (b1)-(b2) are generalizations of (al)-(a2), while (b4)-(b6) are general-
izations of (a4)-(a6).

More recently, Meng and Ji [[14], Theorems 3, 4, 7, 8] extended (b1)-(b4) to the fol-
lowing inequalities.

m—1 oo

(c1) :u”(m, n) < a(m, n)+b(m, n) Y " [c(s, Dui(s, 1) +d(s, )’ (s, 1) +e(s, 1)),

s=0 t=n+1

(c2) : u’(m, n) < a(m, n)+b(m, n) i i [e(s, Oul(s, ) +d(s, D)u'(s, t) +e(s, 1)]],

s=m+1 t=n+1

m—1 oo

(¢3) : uP(m, n) < a(m, n)+2b(s mul (s, n)+y > [e(s, Duls, 1) +d(s, u'(s, 1) +e(s, 1)),

s=0 s=0 t=n+1
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(c4) : uP(m, n) < a(m, n)+ i b(s, n)ul(s, n)+ i i [e(s, )ul(s, ) +d(s, (s, t) +e(s, D]
s=m+1 s=m+1 t=n+1

where p, g, r are constants with p > ¢, p 2 r, p 2 0, and u, a, b, ¢, d, e are nonnega-
tive functions defined on m € Ny, n e N,

The presented inequalities above have proved to be very useful in the study of quan-
titative as well as qualitative properties of solutions of certain difference equations.

Motivated by the work mentioned above, in this paper, we will establish some more
generalized finite difference inequalities, which provide new bounds for unknown func-
tions lying in these inequalities. We will illustrate the usefulness of the established
results by applying them to study the boundedness, uniqueness, and continuous depen-
dence on initial data of solutions of certain difference equations.

Throughout this paper, R denotes the set of real numbers and R, = [0, ), and Z
denotes the set of integers, while Ny denotes the set of nonnegative integers. I := [m19, ] N
7 and T := [0, oo]() Z are two fixed lattices of integral points in R, where 1, ny € Z.
Let Q.= [ x T c 72 We denote the set of all R-valued functions on Q by ¢(Q), and
denote the set of all R, -valued functions on Q by ¢, (Q). The partial difference operators
Ay and A, on u € p(Q) are defined as A; u(m, n) = u(m +1, n) - u(m, n), Aou(m, n) = u
(m, n + 1) - u(m, n).

2. Main results
Lemma 2.1. [[15]] Assume thata >0, p > ¢ > 0, and p = 0, then for any K >0

q q-p _ q
af qu p a+p qKP.

Lemma 2.2. Let u(m, n), a(m, n), b(m, n) are nonnegative functions defined on Q
with a(m, n) not equivalent to zero.

(1) Assume that a(m, n) is nondecreasing in the first variable. If

m—1
u(m, n) <a(m, n) + Z b(s, n)u(s, n)
S=mop
for (m, n) e Q, then

m—1
u(m, n) <a(m, n) [ ] [1+b(s, n).

S=mo

(2) Assume that a(m, n) is decreasing in the first variable. If

u(m, n) <a(m, n) + Z b(s, n)u(s, n)
s=m+1
for (m, n) e Q, then

u(m, n) <a(m, n) ﬁ [1+b(s, n)].

s=m+1
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Remark 1. Lemma 2.2 is a direct variation of [[12], Lemma 2.5].

Theorem 2.1. Suppose u, a, b, f, g, h, w e ¢, (Q), and b, f, g, h, w are nondecreasing
in the first variable, while decreasing in the second variable. ¢ : I — I is nondecreasing
with & (m) < m for Vm e I, while 8 : T — T is nondecreasing with (1) > n for vy, ¢ T.
P, q 1 L are constants withp > g, p>2r,p>1 p = 0.

If for (m, n) € Q, u(m, n) satisfies the following inequality

am-1

w(m, n) < a(m, n)+b(m, n) > Y [f(s (s, £) +8(s (s, 1) +h(s, t) *ZZW(S mu'e, )l (1)

s=a(mg) t=p(n)+1 £=0 n=t

then we have

m—1 00
u(m, n) < f{a(m, n)+b(m, n)H(m, n) [T {1+ Y_ [a(s+1) — a(s)][B(1) — B(t—1)]

s=mg t=n+1
q qa-p r (2)
[f(s ) K P +g(s 1) K7 +ZZw(s n) Kﬂ]
p p £=0 n=t

provided H(m.n) >0, where K > 0 is a constant, and

a(m)—1 oo _ .
Hm n)= Y Y (fGs t)[ k' ats, 0+ , qu]+g(s, OILK Ppa(s, £+ p;’m]

s=a(mg) t=B(n)+1

- ®3)
+h(s, 1) ZZw(s, n)[ K a(& n Kﬂ]},
£=0 n=t
f=f(m, n)b(m, n), g=g(m, n)b(m, n), w=w(m, n)b(m, n).
a(m)—1 00 s o0
Proof. Let z(m n)= Y > [f(s 0ulls, 0)+g(s, (s, ) +h(s, )+ Y Y f(& n)u'(&, n)l.
s=a(mg) t=B(n)+1 £=0 n=t
Then we have
1
(4)

u(m, n) < [a(m, n)+b(m, n)z(m, n)]*r.

Furthermore, if given (X, Y) € Q, and (m, n) € ([mo, X]x[Y, «]) N Q, then using (4)
and Lemma 2.1 we have

a(m)-1 o

z(m )< > Y {f(s Dlals ) +b(s 0z, t)]v +8(s, )als, 1) +b(s, 1)z(s, t)]ﬂ

s=a(mp) t=p(n)+1

s o0 I
+h(s, 0+ Y w(E, n)la(, n)+b(E, n)z(E, n)]P)
£=0 n=t
a(m)—-1 oo
=Y > G t)[ K o (a(s, t) +b(s, t)z(s, t))+p qKP]

s—ot(mn] t= ﬁ(n)+1

+8(s, t)[ K /’ (a(s, t) +b(s, t)z(s, t)) + p ; TK;]

_ 1
s 0+ Yl l, L e bt mee, )+ Kﬂ]} 5)
£=0 n=t
a(m)— )

H(m, n) + Z > UG 0bs, t) T " z(s 1) +8(s, Ob(s, t) K W (s, 1)

s=a(mg) t=B(n)+1

*ZZ“’@' n)b(§, ’I) K ; (&, n)}
£=0 n=t
a(m)-1 oo
HEX )+ > Y {f(s t) Ko z(s, 1) +(s, z) K z(s, 1)

s=a(mg) t=, ﬁ(n)+1

ZZw(s, n) Kﬂz(s, )},

£=0 n=t
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where H, f, g, w are defined in (3).
Let the right side of (5) be v(m, n). Then

z(m, n) <v(m, n), (6)
and

[vm+1, n) —v(m, n)]—[vm+1, n+1) —v(m, n+1)]
a(m+1)—1 B(n+1)

> s t) K7 2(s,0) + 805, 0, "K' d(s) + Zzw(s m, LY 2(&,1)]

s=a(m) t=p(n)+1 £=0 n=t
a(m+1)—1 B(n+l)

= X ) e, Tk s, )5 0, K s 00 3 Yt m, 'K e,
s=a(m) t=p(n)+1 £=0 n=t
a(m+1)—1 B(n+1) r—p

= Y Y I r) K" gt 0, kv +ZZw(s n, L'y Ju(s, 1)
s=a(m) t=p(n)+1 £=0 n=t

q-p
< fa(m+1) = a(m)|[B(n+ 1) — B(m)][f((m+1) — 1, B(n) + 1)"K :
r—p a(m+1)—1 00
+g(a(m+1) —1, ﬁ(n)+1) Koo+ oY wE )pKﬂ J(a(m +1)—1, B(n)+1)
§=0  p=p(n)+1
q-p —p
<la(m+1)—a(m)][B(n+1)— Bn)]lf(m n+ 1)pK P g(m, n+ 1);1( »

+Z Z w(é, 17) K P lv(m, n+1).

£=0 n=n+1

Considering v(m, n) > v(m, n + 1), we have

vim+1,n)—v(mmn) vim+1l,n+1)—v(imn+1)
v(m, n) - v(m,n+1)

- (7)
< [a(m+1) —a(m)][B(n+1) — B(n)][f(m, n+1) K 0 +g(m, n+1) "K b +Z Z w(g, n) K ) 1.

£=0 n=n+1

Setting # = t in (7), and a summary with respect to ¢ from # to r - 1 yields

v(m+1,n) —v(mn) v(m+1,1)—v(mr)

u(m, n) v(m, ) (8)
—p
<3 lalm+ 1) a(mlIBE) — B~ DIlfm, 0] TS+ glm, 0, Y e ", el
t=n+1 £=0 n=t

Letting r — o in (8), using v(m, «) = H(X, Y') we obtain

v(m +1,n) —v(m,n)
v(m, n)

> a-p m. I-p
< 3 fa(m+ 1) —a(m)][BO) ~ At~ VI (m, r);’K P gm0 LS w ) 1< Pl

t=n+1 £=0 n=t
which is followed by

v(m+1,n)
v(m, n)

r—p m I-p
<{1+Z [e(m+ 1) = (m)[BO A1 (m, 1) e gm0 "k +ZZw(s,n);1< "1 (9)

t=n+1 £=0 n=t

Setting m = s in (9), and a multiple with respect to s from 1, to m - 1 yields

m—1

<[la-+ Z leCs + 1) — (A ~ AU~ DIIf(s 0 Ty +8(s 0, "o +ZZw(s n) K"] (10)

s=mo t=n+1 £=0 n=t

v(m, n)
v(mo,n) ~

Page 5 of 17
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Considering v(mg, n) = H(X, Y ), and then combining (4), (6) and (10) we obtain

m—1 00
u(m, n) < {a(m, n) +b(m, MHX, ) [T+ D la(s +1) —a)][BE) — Bt —1)]
a-p l: :_";0 I-p ! =
G 07K vgs 0 K 7+ wle ) K0 0P
p p parfr p

Setting m = X, n = Yin (11), and considering (X, Y') € Q is selected arbitrarily, then
after substituting X, Y with m, n we obtain the desired inequality.

Remark 2. If we take Q = Ny x No, w(m, n) =0, a (m) = m, f(n) = n, and omit the
conditions “b, f, g, h, w are nondecreasing in the first variable, while decreasing in the
second variable” in Theorem 2.1, which is unnecessary for the proof since a(m) = m, B
(n) = n, then Theorem 2.1 reduces to [[14], Theorem 3]. Furthermore, if g(m, n) = 0,
q =1, p > 1, then Theorem 2.1 reduces to [[13], Theorem 1].

Following a similar process as the proof of Theorem 2.1, we have the following three
theorems.

Theorem 2.2. Suppose u, a, b, f, g, h, we @, (Q), and b, f, g, h, w are decreasing
both in the first variable and the second variable. & : I — I is nondecreasing with (1)
> m for Vm € I, while g : T — T is nondecreasing with (n) > n for vy €T. p, ¢, 1, |
are defined as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the following
inequality

w(m, n) <a(m, n)+b(m, n) Y > [f(s Oulls, 1) +g(s (s, ) +h(s 1) + Y > w(E, nu'(E )]

s=a(m)+1 t=p(n)+1 E=s n=t

then we have

u(m, n) <{a(m, n) +b(m, n)H(m, n) l_[ {1+ Z lee(s + 1) —a(s)][B(t) — B(t —1)]
s=or(m)+1 t=n+1

g o S A
(s 0K P #8600 K7 333wl n) K7 )2

E=s n=t

provided H(m.n) >0, where f, g w are defined as in Theorem 2.1, and

H(m, n) = i i i t)[ZKq;pa(s, 0+ p;qKZ]+g(s, t)[;Kr;pa(s, 0+ p;rzor)]

s=a(m)+1 t=(n)+1

s 0033 we UK P age, my s ),
E=s n=t p p

Remark 3. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “b, f, g, h, w are decreasing both in the first variable and the second vari-
able” in Theorem 2.2, which are unnecessary for the proof since a(m) = m, B(n) = n,
then Theorem 2.2 reduces to [[14], Theorem 4]. Furthermore, if g(m, n) =0,g=1,p =
1, then Theorem 2.2 reduces to [[13], Theorem 2].

Theorem 2.3. Suppose u, a, b, f, g, h, w e ¢, (Q), and b, f, g, h, w are nondecreasing
both in the first variable and the second variable. « : I — I is nondecreasing with (1)
< m for Vm e I, while g :T — T is nondecreasing with (1) < n for vy ¢T.p, ¢, 1,
are defined as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the following
inequality
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a(m)—1 p(n)—1
w(m, n) < a(m, n)+b(m, n) Y " [f(s, Oui(s, ) +g(s (s t) +h(s, 1) +ZZW(§ ', m)l

s=a(mo)t =p(no) £=0 1=0
then we have
m—1 n—1
u(m, n) < f{a(m, n) +b(m, )H(m, n) [ J(1+ ) [a(s+1) —a(s)][B(1) — B(t—1)]
p p— 1
[f (s, t) Ko K +8(s, t) K +ZZw(E n) K p ]}}P
£=0 n=0

provided H(m.n) >0, where f, g, w are defined as in Theorem 2.1, and

a(m)—1 B(n)—1 q=r q r—=p T

H(m, n)= " > (s t)[ K P oa(s t)+p TP+ g(s, t)[ K P oas 0+? KP]
s=a(mo) t=P(no)
I

+h(s, 1) + ZZw(s nl, ey ae, m+" " Kpn.

§=0 n=0

Theorem 2.4. Suppose u, a, b, f, g, h, we ., (Q), and b, f, g h, w are decreasing in
the first variable, while nondecreasing in the second variable. o : I — I is nondecreas-
ing with a(m) > m for Vm e I, while 8 :T— T is nondecreasing with (n) < n for
vn el P g 1, [ are defined as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the
following inequality

o A1

w(m, n) < a(m, n)+b(m, n) Y > [f(s (s, £) +8(s (s, 1) +h(s, t) *ZZW(S nuE )l

s=a(m)+1 t=p(no) £=s n=0
then we have

00 n—1
u(m, n) < {a(m, n)+b(m, n)H(m, n) [ 1+ la(s+1)—a@]BE) - At —1)]

s=a(m)+1 t=nop

/s t) T» W +8(s, t) "k b i +ZZW(S n) K 3 ]}}”

E=s n=0

provided H(m.n) >0, where f, §, w are defined as in Theorem 2.1, and

oo B(n)—1 -
Hom = Y (s t)[ K7 as, t)+” Ter+ g ol "k a0 P KP]

s=a(m)+1 t=B(no)

_ 1
+h(s, 1)+ ZZw@ n)[ L' a(e, m+" Kﬂ]}.

E=s n=0

Next we will study the following difference inequality:

m—1

w(m, n) <a(m, n)+ Z b(s, n)uf(s, n)+
o o . (12)
S s 0wt 0 4gls UG 0+ hs 0+ Y3 wE, Ml )l
s=a(mg) t=p(n)+1 £=0 n=t

where u, a, b, f, g, h, w € ©,(Q) with a(m, n) not equivalent to zero, and f, g, i, w
are nondecreasing in the first variable, while decreasing in the second variable, a is
nondecreasing in the first variable, and b is decreasing in the second variable, o, B, p,
q, 1, | are defined as in Theorem 2.1.

Page 7 of 17
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Theorem 2.5. If for (m, n) € Q, u(m, n) satisfies (12), then we have

m—1
u(m, n) <{{a(m, n)+ H(m, n) [J{1+ Z [a(s + 1) — a(s)][B(t) — B(t— 1)]
s=mg pt =n+1 1 (13)
(s, 0, Iy +3(s, 0, 'K 0 +ZZw(s m, LY Y(m, n)}e

§=0 n=t

provided ﬁ(mn) > 0, where K >0 is a constant, and

a(m)—1
H(m, n)= 3" Z {f(s z)[ Ko ' a(s, OJ(s, )+ " KZ]

s=a(mg) t= ﬁ(n)+1

(s t)[ K7 a(s, )G o)+ p;err)]

_ 1
+hs, 0+ZZW(S n)[ K7 a(e, (e n)+ " Kﬂ]}, (14)

£=0 n=t
~ T 1
f(m, n) = f(m, n)f”(m/ n), Z(m, n) =g(m, n)J* (m, n),w(m, n) =w(m, n)]?(m, n),

m—1

J(m, n) = [T 11 +b(s, n)l.

s=mg

(m)—1 00
Proof: Denote zm n)= > > [f(s (s, ) +g(s (s 0+h(s, 0+ ZZws (¢ ), and v(m, n)

s=almo) t=p(n)+1

= a(m, n) + z(m, n). Then v(m, n) is nondecreasing in the first variable, and

m—1

w(m, n) <v(m, n)+ Z b(s, n)u’(s, n). (15)

s=p

By Lemma 2.2 we obtain
m—1
w’(m, n) <v(m, n) l_[ [1+b(s, n)] = (a(m, n)+z(m, n))(m, n), (16)

S=mMo
where J(m, n) is defined in (14). Furthermore, using Lemma 2.1 we have
a(m)—1 0

q T
gmom)< Yo D0 Af(s Ollats, ) +2(s (s 17 +8(s Dl(als &) +=(s, DN(s, ]

s=a(mg) t=(n)+1

s o 1
+h(s, )+ Yy w(E n)l(aE n)+z(& n)VE 07
£=0 1=t
a(m)—1 oo
<> > UG I Gs t)[ K (s, 0 s, 1)+ " K7
s=a(mg) t=B(n)+1

vals (s, t)[rKr; (als, 1) +2(s, 1) + p;rK;] 17)

hs 0+ 303wl I, l, LY e myeete KP]}
£=0 n=t

a(m)—-1 oo
=H(m, n)+ Z Z Lfs tpKﬂz(st) +g(st)KPz(st)

s=a(mg) t=p(n)+1

+h(s, 1)+ ZZw(s n)[ K 2(&, )

£=0 n=t

where [7, f, ¢, w are defined in (14).
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Obviously, 7, ¢, w are nondecreasing in the first variable, while decreasing in the sec-

ond variable. Following in a same manner as the proof of Theorem 2.1 we obtain

m—1 o0
z(m, n) <H(m, n) [ J(1+ )" [e(s+1) —a(s)][B() — B(t— 1)]
s=myg t=n+1
(18)

~ q q-p - r T—p S o0 - l I-p
[F(s; ) K P +3(s, 1) K P +) > (g n) K» b
p p parden p

Combining (16) and (18) we obtain the desired result.

Remark 4. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “f, g, i, w are nondecreasing in the first variable, while decreasing in the
second variable” and “b is decreasing in the second variable” in Theorem 2.5, then
Theorem 2.5 reduces to [[14], Theorem 7]. Furthermore, if g(m, n) =0, g =1,p > 1,
then Theorem 2.5 reduces to [[13], Theorem 3].

Following a almost same process as the proof of Theorem 2.5, we have the following
two theorems.

Theorem 2.6. Suppose u, a, b, f, g, h, w € g, (Q) with a(m, n) not equivalent to
zero, and f, g, 1, w are decreasing both in the first variable and the second variable, a
is decreasing in the first variable, and b is decreasing in the second variable, ¢, 3 are
defined as in Theorem 2.2, and p, g, r [ are defined as in Theorem 2.1. If for (m, n) €

Q, u(m, n) satisfies the following inequality

w’(m, n) <a(m, n) + i b(s, n)uf(s, n)+

s=m+1

Do Y (s 0uis ) +g(s Ow (s 1) +h(s )+ YD w(E, mu'(E ),

s=a(m)+1 t=(n)+1 §=s n=t

then we have

u(m, n) <{la(m, n)+Hm, n) [ 1+ 3 [a(s+1) — a@)IBE) - Bt - 1)]

s=m+1 t=n+1
~ —r X X ] b 1
s 07K 7 +3s 0 K » 30306 ) K » iim, m)?
E=s n=t

provided f—](mn) > 0, where

~ s i q-p _ q
Him my= 32 > UG K e a(s, i, 0+ P Tk
s=a(m)+1 t=p(n)+1 p P
T

(s t)[;K + as, ), 1) + p;rK;]
= 1 p—1 1
+h(s, )+ ) Y w(E )l K7 ale e m " K
E=s n=t

F(m, n) = f(m, n)fz(mr n), g(m, n) =g(m, n)f‘r’(m/ n), w(m, n) = w(m, n)f‘l’(mr n),

J(m, n)= [T [1+b(s, n)]-

s=m+1

Theorem 2.7. Suppose u, a, b, f, g, h, w € ., (Q) with a(m, n) not equivalent to
zero, and f, g, i, w are decreasing both in the first variable and the second variable, a
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is nondecreasing in the first variable, and b is decreasing in the second variable, ¢,
are defined as in Theorem 2.2, and p, g, r, [ are defined as in Theorem 2.1. If for (m,

n) € Q, u(m, n) satisfies the following inequality

m—1
w’(m, n) < a(m, n) + Z b(s, n)uf(s, n)+
S [ 0us 0 +gls Ow(s 0+ hs 0+ 33w, e ),
s=a(m)+1 t=(n)+1 E=s n=t

then we have

u(m, n) < {{a(m, n)+ H(m, n) T[T 1+ )" [a(s+1) —a()][B() — (t - 1)]

s=m+1 t=n+1
~ ar r—p © ~ I I-p 1
(7, r)ZK b3 r);K P D0 m) K D m, )
E=s n=t

provided ﬁ(mn) > 0, where K >0 is a constant, and

y SRS a."r P—d.
H(m, n)=" 3" > {f(s Ol K ? a(s, )I(s, 1)+ K?]
s=a(m)+1 t=(n)+1 p p
—p _ r
+8(s, t)[;K Poa(s, £))I(s, t) + P ) TKP]

0o 00 I—p _ i
ORI % R OR) W OB ORI R T

E=s n=t

and f(m, n) §(m, n), w(m, n), J(m, n) are defined as in Theorem 2.5.

Remark 5. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “f, g, h, w are decreasing both in the first variable and the second variable”
and “b is decreasing in the second variable” in Theorem 2.6, then Theorem 2.6 reduces

o [[14], Theorem 8]. Furthermore, if g(m, n) =0, g = 1, p = 1, then Theorem 2.6
reduces to [[13], Theorem 4.

Remark 6. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “f, g, i, w are decreasing both in the first variable and the second variable”
and “b is decreasing in the second variable” in Theorem 2.7, then Theorem 2.7 reduces
to [[12], Theorem 2.7(q1)].

In the following, we will study the difference inequality with the following form

m—1 a(m)—1 o0 s oo
w(m, n) <a(m, n)+y bls, nyul(s, m)+ Y Y [L(s 4, u(s )+ > Y w(E nu'E 0l (19)
s=my s=a(mg) t=p(n)+1 £=0 n=t

where u, a, b, w € 9,(Q) with a(m, n) not equivalent to zero, and w is nonde-
creasing in the first variable, while decreasing in the second variable, a is nonde-
creasing in the first variable, and b is decreasing in the second variable, o, 3 are
defined as in Theorem 2.1, L : Q x R, — R, satisfies 0 < L(m, n, u) - L(m, n, v) <
M(m, n, v)(u - v) for u > v > 0, where M : Q x R, - R,. p, [ are defined as in The-
orem 2.1 with p > 1.
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Theorem 2.8. If for (m, n) € Q, u(m, n) satisfies (19), then

m—1 [t}
u(m, n) <{{a(m, n)+H(m, n) [T{1+ D" [als + 1) = a()][B() — Bt - 1)]

s=tg t=n+1 (20)
[f(s, 0, L'y +Zzw@, m, LY DGm, m)?
£=0 n=t

provided that ﬁ(mn) > 0, and ?(m, n) is nondecreasing in the first variable and
decreasing in the second variable, where K >0 is a constant, and

a(m)—1 oo
H(m, n)= > > {L(s ¢ ]P(s, t)( K P a(s, n+P~ Kil7))

5= oz(mo)t ﬁ(n)+1

+ZZw(s WP, n)[ K7 a(e, )+ 7 Kﬂ]}
£=0 n=t (21)

1-p

~ 1 p—1 1 1 1
f(m, n) =M(m, n, ]ﬁ’(m, n)( K P a(m, n)+ p K?))j? (m, n)pK r,

w(m, n) = w(m, n)]P(m n), J(m, n)—ni_[[1+b(s n)].

s=mp

a(m)—

Proof: Denote z(m, n) = Z Z [L(s, t, u(s, 1))+ XS: io:w(s, nul(&, n)], and v(m, n)
£=0n=t

s=a(mg) t=p(n)+1

= a(m, n) + z(m, n). Then v(m, n) is nondecreasing in the first variable, and

m—1
w(m, n) <v(m, n)+ Z b(s, n)u’ (s, n). (22)
By Lemma 2.2 we obtain
m—1
w(m, n) <v(m, n) l_[ [1 +b(s, n)] = (a(m, n)+z(m, n))](m, n), (23)

where J(m, n) is defined in (21). Furthermore,

a(m)-1 oo
2Am o)< Yo D AL 6 ((als )+ 2(s D), 0)7 ZZw@ (e, ) + =& MIE )P

s=a(mo) t=p(n)+1 £=0 n=t

a(m)-1 oo 1-p p—1 1
=Y Y s ]v(s z)( K ? (a(s t) +2(s, 1) + k7))

s=a(mg) t=p(n)+1 P

_ 1
S ue e N, LW (e my e xe m) + ”p’w))
£=0 1=t

a(m-1 oo 1
= > Y s 1 (s, z)( K7 r (a(s, £) +2(s, z))+ Kr))

s=a(mo) t=B(n)+1
lfﬂ 1

1-p
p—1

K?
5 )

—L(s, t, ]ﬂ(s t)( K P a(s t)+ 71K:’))+L(5, t, ];(s, t)(lK ’ a(s, t) +
’ (24)

+ZZw(s n)] & mi, L (a(e, n)+2(E m)+" KPJ)

£=0 n=t
a(m)-1 oo 111 1 o1-p
=Y Y MGt ]P (s, z( K 5 a(s 0+ ey, I)pK P z(s,t)

s=a(mo) t= ﬁ(n)ﬂ

N z)(lk 7 ats r)+p; "k

_ 1
S ue DK W e, ) et )+ Pl
£20 =t
N a(m)—1 oo = s 00 1 1-p
=fm m)s 3730 (s 0205 0+ 0 D0E 0) K7 (e ),

s=a(mo) (=B(n)+1 €20 1=t
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where 7, f, w are defined in (21).
Then following in a same manner as the proof of Theorem 2.1 we obtain
p X | e

m—1 oS}
<ton, ) < Fitm, ) [T 11+ Y lats s 1) = a@NBO-AC=DIFG 0 K # 43 Y aen K7 1. (25)

s=my t=n+1 £=0 n

The desired inequality can be deduced by the combination of (23) and (25).

Theorem 2.9. Suppose u, a4, b, w € §.,(Q) with a(m, n) not equivalent to zero, and
w is decreasing both in the first variable and the second variable, a is decreasing in the
first variable, and b is decreasing in the second variable, ¢, B are defined as in Theo-
rem 2.2, and L is defined as in Theorem 2.8. p, [ are defined as in Theorem 2.1 with
p = 1. If for (m, n) € Q, u(m, n) satisfies the following inequality

w(m, n) <a(m, n)+ Y b(s, myul(s, m)+ Yo Y0 (LG touls 0)+ Y w(E mu'(E, n)l,

s=m+1 s=a(m)+1 t=p(n)+1 E=s n=t

then

u(m, n) <{{a(m, n)+A(m, n) [T {1+ 3 fals+ 1) —a@IBE) — B —1)]

s=m+1 t=n+1
R 1 1 0 %0 R ] P 1
[f(s. t)pK (3 n)pK P (m, n)ir,
§=s n=t

provided that ﬁ[(m_n) > 0, and ?(m, n) is decreasing both in the first variable and

the second variable, where

(o]

. 00 1 1 1-p P_l 1
H(m, n)= Y Y {L(s t, JP (s, t)[pK P oa(s, t) + ) K*])

s=a(m)+1 t=(n)+1

o oo ! e g
20D wlE P K alE n) + ”p Ko,
E=s n=t
-~ 117 1 1-p P—l 1 1 1 1-p
f(m/ 71) :M(Wl, n, J (m, n)(pK p a(ml n)+ ) Kp))]p (m’ n)pK P

w(m, n) = w(m, n)]li (m, n), J(m, n) = l°_°[ [1+b(s, n)].

s=m+1

The proof for Theorem 2.8 is similar to Theorem 2.7, and we omit it here.

Remark 7. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “w is nondecreasing in the first variable, while decreasing in the second
variable”, “?(m, n) is nondecreasing in the first variable and decreasing in the second
variable”, and “b is decreasing in the second variable” in Theorem 2.8, then Theorem
2.8 reduces to [[13], Theorem 5].

Remark 8. If we take Q = Ny x Ny, w(m, n) =0, a(m) = m, f(n) = n, and omit the
conditions “w is decreasing both in the first variable and the second variable”, “}”\(m, n)
is decreasing both in the first variable and the second variable” and “b is decreasing in

the second variable” in Theorem 2.9, then Theorem 2.9 reduces to [[13], Theorem 6].

3. Applications

In this section, we will present some applications for the established results above, and
show they are useful in the study of boundedness, uniqueness, continuous dependence
of solutions of certain difference equations.
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Example 1. Consider the following difference equation

—ApuP(m, n) =Fi(m, n+1, u(m, n+1))+ Y Y F(& n ulg ), (26

E=mg n=n+1
with the initial condition
uP(m, o0) = f(m), uP(mo, n) = g(n), f(mo) =g(oc) =C, (27)

where p > 1 is an odd number, u € @ (Q), F, F, : Q x R > R.
Theorem 3.1. Suppose u(m, n) is a solution of (26) and (27). If |fim) + g(n) - C| < o,
|F1(m, n, u)| < film, n)|u|, and |Fy(m, n, u)| < folm, n)|u|, where fi, f» € ©,(Q), then

we have
lu(m, n)| < {o +H(m, n) ]‘[ {1+ Z [f1 (s, z) 'k W +22f2(.§ n) "k o W ]}}p (28)
s=myg t=n+1 £=0 n=t

where K >0 is a constant, and

m—1 oo

Hon ) = 32 3 s 0l oK K"]+g,;fz($ DK o Ko 29)
Proof. The equivalent form of (26) and (27) is denoted by
W (m, n) = f(m) +g(n) C+m21 i [Fi(s, &, u(s ) + SZ()Z&(& n, u(& ). (30)
s=mg t=n+ n=t
Then we have
lu(m, m)l" < |f(m) +g(n) — C“:nz,:til IFi(s & u(s, 1)+ ;):X;Fz(é n, u(&, )l
< If(m)+g(n) = C| Zf IFi(s, t u(s )] +§§;le($, n u(§ ) (31)
<a+mZ1 ifl(s £)lu(s, t)l+§2fz(€ n)u(&, n)l.

We note that it is unnecessary for fi, f, being nondecreasing or decreasing since o(m) =
m, B(n) = n here, and a suitable application of Theorem 2.1 to (31) yields the desired
result.

The following theorem deals with the uniqueness of solutions of (26) and (27).

Theorem 3.2. Suppose |Fi(m, n, u) - Fi(m, n, v)| < fi(m, n)|u” - V*|, i = 1, 2, where f;
€ ©.(Q),i=1,2, then (26) and (27) has at most one solution.

Proof. Suppose u;(m, n), uy(m, n) are two solutions of (26) and (27). Then

|u"]J (m, n) — ug(m, n)|

m—1 oo s o0

= | Ei(s tow(s 1) = Fi(s tow(s 0)+ )Y (P& 0, wi(E n) = Fa(€ 0, ua(& m)]l

s=mg t=n+1 £=0 n=t

m—1 oo s ) (32)
SR o (s ) = Fi(s, toua(s 0)+ Y IR(E 0, wi(E n)) = Fa(& 0, w(E )|

s=myg t=n+1 £=0 n=t

—1 oo
D TIAG Qs ) — (s t)|+ZZ|fz(s mh (&, 1) — (& n)l

s=mp t=n+1 £=0 n=t

Treat Iuﬁ) (m, n) — ug (m, n)| as one variable, and a suitable application of Theorem

2.1 to (32) yields |u€(m, n) —ug(m, n)| <0 which implies uq(m, n) = ug(m, n).
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Since p is an odd number, then we have u(m, n) = u,(m, n), and the proof is
complete.

The following theorem deals with the continuous dependence of the solution of (26)
and (27) on the functions Fj, F, and the initial value f (m), g(n).

Theorem 3.3. Assume |F;(m, n, u;) — Fi(s, t, u2)| <fi(s, t)|u] —u3}, i = 1,2, where

fie 9.(Q),i=1,2,|f(m)— f(m)+g(n) —g(n) <& where ¢ >0 is a constant, and

furthermore, assume 3SR touls, 0)=Fi(s touls )Y DI Fa(, . u(E, n)—Fa(€, n, u(E, )} <e,

s=m t=n+1 £=0 0=t

u € p(2) is the solution of the following difference equation
m o0
—Apu’(m, n)=Fi(m, n+1, u(m, n+1))+ Z Z Fa(&, n, u(&, n)), (33)
£=0 n=n+1
with the initial condition
u(m, 00) = f(m), uf(mo, n) = g(n), f(mo) =g(o0) = C, (34)

where Fy, F5: Q x R > R, then

[P (m, n) —u’(m, n)| < (25)1171(, (35)

provided that G(m, n) < K, where

m—1 oo s

G(m, n) = {1+()_ Y A0+ Y Y fE ] f[ {1+ Y 1Al )+ D fE .

s=mg t=n=1 £=0 n=t s=mop t=n=1 £=0 n=t

N

Proof. The equivalent form of (33) and (34) is denoted by

m—1 oo s

w(m, n) =f(m)+g(n) —C+ Z Z [Fi(s, t u(s, t))+ZZF2(.§, n, u(&, n))]. (36)

s=mg t=n+1 £=0 n=t

Then from (30) and (36) we have

[t (m, n) — v (m, n)|
m—1 oo s

F(m) +g(m) = C+ 3 3" [Fals tuls )+ Y3 Fa&, m,u(&, m))]

s=mg t=n+1 £=0 n=t

m—1 oo s

—fm) =gn)+C =" Y Ifi(stuls ) =YY fr(EnulE n)l

s=mg (=n+1 £=0 n=t
m—1 oo

If(m) = f(m) + g(n) = g(m) + > > (IFa(s,t,uls 1) = f1(s,t,u(s, 1))

s=mg t=n+1

IA

s oo

+ SZO ”Z Fa(€,m,u(§, m)) = f2(5,n,u(&, m)} @)
e+ ,,,21 _il {F (s, u(s, 1)) = Fi (s, 4 u(s, 0)] + 1P (s, u(s, 0)) = £ (s, u(s, )
* SZO i |Fa(&, m,u(€, ) — Fa (€, n, u(&, n))| +|Fa(€,n,u(&, m)) = f5(& n,u(& m)I)
e
<2+ mf i {IFy(s,t,u(s, 1)) = Fi(s,tou(s, 1) + ;f} IP2(&,m,u(§,m)) = Fa(&, m u(§, m)1}
<2+ mf i i(s, 0l (s,1) = (s,0)] + Z fjfz(s, )’ (€, 1) —u’ (&, m)])-

s=mp t=n+1 £=0 7=t
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Then a suitable application of Theorem 2.1 to (37) yields the desired result.
Example 2. Consider the following difference equation

w(m, n)=a(m, n)+ »_ b(s, mu’(s, n)+ »_ D" [Fi(s, &, u(s, 1))+ Y > Fa(& n, u(E )] (38)
s=m+1 s=m+1 t=n+1 E=s n=t
where u, a, b € (Q) with a(m, n) not equivalent to zero, p > 1 is an odd number,
F,Fy: QxR >R,
Theorem 3.4. Suppose u(m, n) is a solution of (38). If |F;(m, n, u)| < L(m, n, u), |F
(m, n, u)| < wim, n)|u|l, where L is defined as in Theorem 2.8, and w e ¢_(Q), >0, p
> [, then we have

. [e5) x 1-p oo 00 1-p 1
lu(m, n)| < {{la(m, n)|+H(m, n) [T 1+ D If(s, t);K Py Y W, n);K P Y(m, n)ir, (39)
&E=s n=t

s=m+1 t=n+1

where

~ & 1 1 = p—1_1
H(m, n)=>" > "{L(s, 1, I (s, t)[pK P oa(s, t)+ ) K*])

s=m+1 t=n+1

00 00 1 ] I—p _ 1
L3S wie, e, MUK a )+ K,
E=s n=t p p (40)

e 1 1 1-p p—l 1 1 1 1-p
f(m, n) =M(m, n, JP (m, n)(pK P a(m, n)+ ) K?))J? (m, n)pK p,

l oo
w(m, n) = w(m, n)J? (m, n), J(m, n) = H [1+b(s, n)l].

s=m+1

Proof. From (38) we have

lu(m, m)IP < la(m, m)l+ > 1b(s, mllu(s, m)P+ Y > [IFi(s, &, uls, D)+ Y Y IFa(& 0, u(€, n))I]

s=m+1 s=m+1 t=n+1 E=s n=t (41)
< la(m, )+ Y 1bls, mllu(s, m)P+ Y D" [L(s, & uls, 1))+ Y Y w(E, n)lu, )l
s=m+1 s=m+1 t=n+1 E=s n=t

Then a suitable application of Theorem 2.9 (with o(m) = m, B(n) = n) to (41) yields
the desired result.

Similar to Theorems 3.2 and 3.3, we also have the following two theorems dealing
with the uniqueness and continuous dependence of the solution of (38) on the func-
tions a, b, F;, F,.

Theorem 3.5. Suppose |Fi(m, n, u) - F(m, n, v)| < fi{m, n)|u” - V°|, i = 1, 2, where f;
€ 0.(Q), i =1, 2, then (38) has at most one solution.

Theorem 3.6. Assume |F;(m, n, u;) — Fi(s, t, up)| <fi(s, t)lu’i — ug bi=1,2, where
fie 9.(Q), i =1, 2, |f(m)— f(m) +g(n) — g(n) <& and furthermore, assume
u € p(R), u € () is the solution of the following difference equation

w(m, n)=a(m, n)+ Y b(s, mu’(s, n)+ Y D" [Fi(s, &, u(s, 0)+ Y > Fa(& 0 u(E )l (42)

s=m+1 s=m+1 t=n+1 E=s n=t

where F;, F: Q x R — R, then

WP (m, n) —u’(m, n)| < (28)11’K,
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provided that &(m, n) < K, where

G(m, n) = {1+{Z Z [fi(s I 0+ szz(s I, n)lx

s=m+1 t=n+1 g=s 7=t
[0+ i o ZZfz(é MIm, )7,
s=m+1 t=n+1 E=s n=t

and

fi(m, n) = fi(m, n)J(m, n), fo(m, n) = w(m, n)i(m, n), J(m, n) = [ [1+1bGs n]

s=m+1

The proof for Theorems 3.5-3.6 is similar to Theorems 3.2-3.3, in which Theorem
2.6 is used. Due to the limited space, we omit it here.

4. Conclusions

In this paper, some new finite difference inequalities in two independent variables are
established, which can be used as a handy tool in the study of boundedness, unique-
ness, continuous dependence on initial data of solutions of certain difference equations.
The established inequalities generalize some existing results in the literature.
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