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1 Introduction

Fixed point theory of multi-valued mappings plays an important role in science and ap-
plied science. It has applications in control theory, convex optimization, differential inclu-
sions and economics.

For a metric space (X, d), we let CB(X) and Comp(X) be the set of all nonempty closed
bounded subsets of X and the set of all nonempty compact subsets of X, respectively.
A point x € X is a fixed point a multi-valued mapping T : X — 2% if x € Tx. The first well-
known theorem for multi-valued contraction mappings was given by Nadler in 1969 [1].

Theorem 1.1 Let (X,d) be a complete metric space and let T be a mapping from X into
CB(X). Assume that there exists k € [0,1) such that

H(Tx, Ty) < kd(x,y) forallx,y e X.
Then there exists z € X such that z € Txz.

Nadler’s fixed point theorem for multi-valued contractive mappings has been extended
in many directions (see [2—6]). Reich [7] proved the following fixed point theorem for
multi-valued ¢ contraction mappings.

Theorem 1.2 Let (X,d) be a complete metric space and let T be a mapping from X into
Comp(X). Assume that there exists a function ¢ : [0,00) — [0,1) such that

lim supg(r) <1 foreacht € (0,00)
r—t*
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and
H(Tx, Ty) < ¢(d(x,9))d(x,y) forallx,y€X.
Then there exists z € X such that z € Tz.

The multi-valued mapping T considered by Reich [7] in Theorem 1.2 has compact val-
ues, that is, Tx is a nonempty compact subset of X for all x € X. In 1988, Mizoguchi and
Takahashi [8] relaxed the compactness assumption on 7T to closed and bounded subsets
of X. They proved the following theorem which is a generalization of Nadler’s theorem.

Theorem 1.3 Let (X,d) be a complete metric space and let T : X — CB(X). Assume that
there exists a function ¢ : [0,00) — [0,1) such that

lim sup(r) <1 foreacht € [0,00)
r—>t*
and
H(Tx, Ty) < go(d(x,y))d(x,y) forallx,y € X.

Then there exists z € X such that z € Tz.

In 2007, Berinde and Berinde [3] extended Theorem 1.1 to the class of multi-valued
weak contractions.

Definition 1.4 ([3]) Let (X,d) be a metric space and T : X — CB(X) be a multi-valued
mapping. T is said to be a multi-valued weak contraction or a multi-valued (0, L)-weak
contraction if there exist two constants 0 € (0,1) and L > 0 such that

H(Tx, Ty) <0d(x,y) + Ld(y, Tx) forallx,y € X.

They proved in [3], Theorem 3 that in a complete metric space every multi-valued (6, L)-
weak contraction has a fixed point. In the same paper, they also introduced a class of multi-
valued mappings which is more general than that of weak contractions.

Definition 1.5 ([3]) Let (X, d) be a metric space and T : X — CB(X) a multi-valued map-
ping. T is said to be a generalized multi-valued («, L)-weak contraction if there exist L > 0
and a function « : [0, 00) — [0,1) satisfying limsup,_, ,+ «(7) < 1, for every ¢ € [0, 00), such
that

H(Tx, Ty) < a(d(x,y))d(x,y) + Ld(y, Tx) forallx,y € X.

They also showed that in a complete metric space, every generalized multi-valued (¢, L)-
weak contraction has a fixed point (see [3, Theorem 41]).

For the last ten years, many results concerning the existence of fixed points of both
single-valued and multi-valued mappings in metric spaces endowed with a partial order-
ing have been established. The first result in this direction was given by Ran and Reurings
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[9] and they also presented its applications to linear and nonlinear matrix equations. Af-
ter that many authors extended those results and studied fixed point theorems in partially
ordered metric spaces (see [9-13]).

In 2008, Jachymski [14] introduced the concept of G-contraction and proved some fixed

point results of G-contractions in a complete metric space endowed with a graph.

Definition 1.6 ([14]) Let (X,d) be a metric space and let G = (V(G), E(G)) be a directed
graph such that V(G) = X and E(G) contains all loops, i.e., A = {(x,x) : x € X} C E(G).

We say that a mapping f : X — X is a G-contraction if f preserves edges of G, i.e.,

xyeX, wNeEG) = (f#),f()<EG) (L1)

and there exists « € (0,1) such that

xyeX, WNEEG = d(f@).f0) <edx)).

He showed in [14] that under some certain properties on (X, d, G), a G-contractionf : X —
X has a fixed point if and only if X; := {x € X : (x,f(x)) € E(G)} is nonempty. The mapping
f: X — X satisfying condition (1.1) is also called a graph-preserving mapping.

Recently, Beg and Butt [5] introduced the concept of G-contraction for a multi-valued

mapping T : X — CB(X) and proved some fixed point results of this kind of mappings.

Definition 1.7 ([5]) Let T: X — CB(X) be a multi-valued mapping. The mapping T is
said to be a G-contraction if there exists k € (0,1) such that

H(Tx, Ty) < kd(x,y) for all (x,y) € E(G),
and if u € Tx and v € Ty are such that

d(u,v) <kd(x,y) +a foreacha >0,
then (u,v) € E(G).

They also showed that if (X, d) is a complete metric space and a triple (X, d, G) has Prop-
erty A [14], then a G-contraction mapping 7 : X — CB(X) has a fixed point if and only if
Xr:={x e X:(x,y) € E(G) for some y € Tx} is nonempty.

Recently, in 2013, Dinevari and Frigon [6] introduced a new concept of G-contraction
which is weaker than that of Beg and Butt [5].

Definition 1.8 ([6]) Let T': X — 2% be a map with nonempty values. We say that T is a

G-contraction (in the sense of Dinevari and Frigon) if there exists o € (0,1) such that
(Cg) for all (x,y) € E(G) and all u € Tx, there exists v € Ty such that

(u,v) € E(G) and d(u,v) <ad(x,y).
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They showed that under some properties on a metric space which is weaker than Prop-
erty A, a multi-valued G-contraction with closed values has a fixed point (see [6], Theo-
rem 2.10 and Corollary 2.11). We note that the concept of G-contraction for multi-valued
mappings does not concern the concept of graph-preserving as seen for single-valued
mappings. Motivated by this observation and those previous works, we are interested in
introducing the concept of graph-preserving for multi-valued mappings and study their
fixed point theorem in a complete metric space endowed with a graph.

2 Preliminaries
Let (X, d) be a metric space and CB(X) be the set of all nonempty closed bounded subsets
of X. For x € X and A, B € CB(X), define

d(x,A) = inf{d(x,y) 1y € A},

8(A,B) = sup{d(x,B) : x € A}.
Denote by H the Pompeiu-Hausdorff metric induced by d, see [4], that is,

H(A,B) = max{sup d(u,B),supd(v,A) }

ueA veB

The following two lemmas, which can be found in [1] or [8], are useful for our main results.

Lemma 2.1 ([1]) Let (X,d) be a metric space. If A,B € CB(X) and a € A, then, for each
€ >0, there exists b € B such that

d(a,b) <H(A,B) +¢.

Lemma 2.2 ([8]) Let (X,d) be a metric space in CB(X), {xx} be a sequence in X such that
Xk € Ag-1. Let o 2 [0,00) — [0,1) be a function satisfying limsup,_, ,+ a(r) < 1 for every t €
[0, 00). Suppose that d(xx_1,%k) is a non-increasing sequence such that

H (A1, Ax) < a(d(xp1, %) ) d (K1, %),

A xx01) < H(Axo1, Ax) + o™ (d(x5-1, %1) )
where ny < ny < --- and k,ny € N. Then {x;} is a Cauchy sequence in X.

Let G = (V(G), E(G)) be a directed graph where V(G) is a set of vertices of the graph and
E(G) be a set of its edges. Assume that G has no parallel edges. If x and y are vertices in G,
then a path in G from x to y of length » € N U {0} is a sequence {x;}’, of n + 1 vertices
such that xg = x, x, =y, (x;_1,%;) € E(G) for i =1,2,...,n. A graph G is connected if there is
a path between any two vertices of G.

A partial order is a binary relation < over the set X which satisfies the followings con-
ditions:

1. x <x (reflexivity);

2. Ifx <yandy <ux, then x = y (antisymmetry);

3. Ifx <yandy <z, then x <z (transitivity)


http://www.fixedpointtheoryandapplications.com/content/2014/1/70

Tiammee and Suantai Fixed Point Theory and Applications 2014, 2014:70 Page 5 of 11
http://www.fixedpointtheoryandapplications.com/content/2014/1/70

for all x,y € X. A set with a partial order < is called a partially ordered set. We write x < y
ifx<yandx #y.

Definition 2.3 Let (X, <) be a partially ordered set. For each A,B C X,

A<Bifa<bforanyac A,beB.

Definition 2.4 Let (X, d) be a metric space endowed with a partial order <.Letg: X — X
be surjective and T : X — CB(X), T is said to be g-increasing if for any x,y € X,

gx)<gly) = Tx<Ty.
In the case g = I, the identity map, the mapping T is called an increasing mapping.

Example 2.5 Let X = N have the usual relation < and 7: N — 2% and g : X — X be
defined by

Tx={x+1x+2}, xelX,

g(1) =1and g(x) =x — 1 for x # 1. It is easy to see that T is g-increasing.

Definition 2.6 Let X be a nonempty set and G = (V(G),E(G)) be a graph such that
V(G) =X, and let T : X — CB(X). Then T is said to be graph-preserving if

(%) €E(G) = (u,v)eE(G) forallue Txandve Ty.

Example 2.7 Let G = (N, E(G)), where E(G) = {(2n-1,2n+1):n e N} U {2n,2n+2):n €
N} U {(2n,2n+4):n e N} U {(2n,2n) : n e N} U {(1,1),(4,2)}. Define T : N — CB(N) by

{2k, 2k +2} ifn=2k-1,keN,
{1} ifn=2kkeN.

n)=

We will show that T is a graph-preserving mapping. Let (x,y) € E(G).

If (x,y) = (2k, 2k + 2) or (x,y) = (2k, 2k + 4) or (x,y) = (2k, 2k) or (4,2), where k € N, then
Tx =Ty ={1} and (1,1) € E(G).

If (x,9) = 2k — 1,2k + 1), k € N, then Tx = {2k, 2k + 2}, Ty = {2k + 2,2k + 4} and (2%,
2k + 2) € E(G), (2k,2k + 4) € E(G), (2k + 2,2k + 2) € E(G), (2k + 2,2k + 4) € E(G). And
we see that (1,1) € E(G), T1={2,4} and (2, 2),(2,4),(4,2),(4,4) € E(G). Hence T is graph-

preserving.

Example 2.8 Let G = (X,E(G)), where X = {1,2,3,4,6,8} and E(G) = {(1,1),(1,3)} U
{(2,2),(2,4),(2,6),(2,8),(4,2),(4,4),(4,8),(6,8)}. Define T : X — CB(X) by

2,4) ifx=14,
T(x)=1{1{6,8 ifx=3,
2} ifx=2,6,8.
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It is easy to see that 7T is graph-preserving but not G-contraction in the sense of Dinevari
and Frigon [6] since d(u,v) > ad(1,3) for all u € T1 = {2,4} and v € T3 = {6, 8} for any
o €(0,1).

Definition 2.9 Let X be a nonempty setand G = (V(G), E(G)) be a graph such that V(G) =
X,g:X— Xand T : X — CB(X). Then T is said to be g-graph-preserving if for any x,y € X
such that

(g(x),g(y)) €EG) = (u,v)eE(G) forallue Txandve Ty.

Example 2.10 Let G = (N,E(G))and E(G) = {(2n-1,2n+1):n e N} U {(2n,2n+2) : n > 1}
U{2n,2n+4):n>1} U {(2n,2n):n>1} U {(1,1) U (6,4)}. Let T : N — CB(N) be defined
as in Example 2.7 and let g : N — N be defined by

2k ifx=2k+2,keN,
gx)=1{2k-1 ifx=2k+1,keN,
2 ifx=1,2.

We will show that T is g-graph-preserving. Let (g(x),g(y)) € E(G).

If (g(x),g(y)) = 2k -1,2k +1) for k € N, then (x,y) = (2k + 1,2k + 3) and Tx = {2k + 2,2k +
4}, Ty = {2k + 4,2k + 6} and (2k + 2,2k +4) € E(G), (2k + 2,2k + 6) € E(G), (2k + 4,2k +4) €
E(G), 2k + 4,2k + 6) € E(G).

If (g(x),g(y)) = (2k, 2k + 2) or (2k, 2k + 4) or (2k,2k), then Tx = Ty = {1} and (1,1) € E(G).

If (g(x),g(y)) = (1,1), then (x,y) = (3,3) and T3 = {4,6} and (4,4) € E(G), (4,6) € E(G),
(6,4) € E(G) and (6, 6) € E(G).

If (g(x),g(»)) = (6,4), then (x,y) = (8,6) and T8 = T6 = {1} and (1,1) € E(G). Hence T is
g-graph-preserving.

3 Main results

We start with defining a new type of multi-valued mappings.

Definition 3.1 Let (X,d) be a metric space, G = (V(G), E(G)) be a directed graph such
that V(G) =X, g: X - X and T : X — CB(X). T is said to be a multi-valued weak
G-contraction with respect to g or (g,«,L)-G-contraction if there exists a function « :
[0,00) — [0,1) satisfying limsup,_, ,+ a(r) <1 for every ¢t € [0,00) and L > 0 with

H(Tx, Ty) < a(d(g(x),g(9)))d(¢(x),g(»)) + LD(g(y), Tx)
for all x,y € X such that (g(x),g(y)) € E(G).

Remark 3.2 If G = (V(G), E(G)), where E(G) = X x X and g(x) = x, Vx € X, thena (g, o, L)-

G-contraction is a generalized multi-valued (¢, L)-weak contraction.

Property A ([14]) For any sequence (x,),en in X, if x, — x and (x,,, x,,11) € E(G) forn € N,
then there is a subsequence (xx,),en With (x,,%) € E(G) for n € N.
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Theorem 3.3 Let (X,d) be a complete metric space and G = (V(G), E(G)) be a directed
graph such that V(G) = X, and let g : X — X be a surjective mapping. If T : X — CB(X) is
a multi-valued mapping satisfying the following properties:

(1) T is a g-graph-preserving mapping;

(2) there exists xg € X such that (g(xo),y) € E(G) for some y € Txy;

(3) X has Property A;

(4) T isa (g o, L)-G-contraction;
then there exists u € X such that g(u) € Tu.

Proof Since g is surjective, there exists x; € X such that g(x;) € Txo. By (2) we obtain
(g(x0),g(x1)) € E(G). We can choose n; € N such that

[o(d(g(x0), gx1)))]™ < [1 - er(d(g(x0), g(x1))) ]d (gx0), g (%1)).- (3.1)

By Lemma 2.1, there exists g(x,) € Tx; such that

d(g(x1),g(x2)) < H(Txo, Try) + [er(d(g(xo), g(x1)))]™- (3.2)

Since (g(x0),2(x1)) € E(G), g(x1) € Txo, g(x2) € Tx; and T is a g-graph-preserving mapping,
we have (g(x;),g(x2)) € E(G). Moreover, by (3.1) and (3.2), we get

d(g(x1),g(x2)) < H(Txo, Twr) + [ar(d(g(x0), g(x1))) ™
< a(d(g(x0),g(x1)))(d(g(x0),g(x1))) + LD(g(x1), Txo)
g

+[a(d (( 0).g(x)))]™
< a0, ) (gl g32) + [ gt ga0) |
<d (g(xo),g(xl))~

Next, we can choose 1y > n; such that

[o(d(g(x1),g(x2)))]™ < [1 - (d(g(x1),g(x2))) ]d(g(x1), g(x2)).

By Lemma 2.1, there exists g(x3) € Tx; such that

d(g(x2),g(x3)) < H(Txy, Tay) + [ (d (g (1), g(%2))) ™

By the above two inequalities and (g(x1), g(x2)) € E(G), we get

d(g(x2),(x3)) < H(Tx1, Txz) + [a (d(glxr), g(x2)))]™
< a(d(g(),gx2))) (d(g(x1),g(x2))) + LD(g(xs), Ty
+[a(d ( (x1), g(x»))]”z
< a(d(g),g(x))) (d(g(x1), g(x2))) + [ (d(gx1), g(x2))) ]
< d(g(),g(x)).


http://www.fixedpointtheoryandapplications.com/content/2014/1/70

Tiammee and Suantai Fixed Point Theory and Applications 2014, 2014:70
http://www.fixedpointtheoryandapplications.com/content/2014/1/70

By induction, we obtain a sequence {g(xx)} in X and a sequence {n;} of positive integers
with the property that for each k € N, g(xz,1) € Txx, (g(xx), g(xk+1)) € E(G) and

[or(d(g(rr-1),(x0)))]™ < [1 - ee(d(g(xi-1), g(xx))) | (g (k1) g (30

and
d(g(xx), g(xs1)) < H(Twuy, Tar) + [ (d(g(oern) () ) ™

Therefore d(g(xi), g(xk41)) < d(g(xi-1),g(xx)) for any k € N, i.e., {g(xx)} is a non-increasing
sequence. Thus it follows from Lemma 2.2 that {g(x4)} is a Cauchy sequence in X. Since X
is complete, there exists # € X such that limg_, o g(xx) = g(1). By assumption (3), we have
a subsequence g(xy,) such that (g(xx,), g(#)) € E(G) for any n € N. Thus we get

D(g(u), Tu) Sd(g xk,,+1)) + D(g(xx,41), Tre)

) + H(Txy,, Tu)
) + e(d(gxx, ), g(w)))d(g(xx,), (1)) + LD(g(w), Tix,,)
) +a(d(glsx, ), g()))d (g e, ) g (1)) + L (), g5, -1))-

Since g(xx,) converges to g(u) as n — 00, it follows that D(g(x), Tu) = 0. Since Tu is closed,
we conclude that g(u) € Tu. O

Corollary 3.4 Let (X,d) be a metric space endowed with a partial order <, g: X — X be
surjective and T : X — CB(X) be a multivalued mapping. Suppose that

(1) T is g-increasing;

(2) there exist xg € X and u € Txy such that g(xo) < u;

(3) for each sequence {xi} such that g(xx) < g(xk41) for all k € N and g(xy) converges to

g(x), for some x € X, then g(xy) < g(x) for all k e N;
(4) there exists o : [0,00) — [0,1) satisfying limsup,_, ,+ a(r) < 1 for every t € [0,00) and
L > 0 such that

H(Tx, Ty) < a(d(g(*),g)))(d(g(x),g(»))) + LD(g(y), Tx)

forany x,y € X with g(x) <g(»);
(5) the metric d is complete.
Then there exists u € X such that g(u) € Tu.

Proof Define G = (V(G),E(G)) by V(G) = X and E(G) = {(»,y) : x < y}. Let x,y € X such
that (g(x),g(»)) € E(G). Then g(x) < g(y) so Tx < Ty. For any u € Tx and v € Ty, we have
u<v,ie., (u,v) € E(G). So T is graph-preserving. By assumption (2), there exist x, and
u € Tx, such that g(xo) < u, so (g(xo), #) € E(G). Hence (2) of Theorem 3.3 is satisfied. It
is easy to see that (3) and (4) of Theorem 3.3 are also satisfied. Therefore Corollary 3.4 is
obtained directly by Theorem 3.3. |

If we put g(x) = x for all x € X in Corollary 3.4, we obtain the following result.

Page 8 of 11
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Corollary 3.5 Let (X,d) be a metric space endowed with a partial order < and T : X —
CB(X) be a multivalued mapping. Suppose that
(1) T isincreasing;
(2) there exists xg € X such that xq < Txo;
(3) for each sequence {x,} such that x,, < x,,1 for all n € N and x,, converges to x, for some
x € X, then x, <x foralln e N;
(4) there exist o : [0,00) — [0,1) and L > 0 such that

H(Tx, Ty) < a(d(x,y)) (d(x,)) + LD(y, Tx),

for any x,y € X with x <y, where limsup,_, ,+ a(r) < 1 for every t € [0, 00);
(5) the metric d is complete.
Then there exists u € X such that u € Tu.

Remark 3.6 Theorem 4 in [3] is directly obtained from Theorem 3.3 by setting G =
(V(G),E(G)), where V(G) = X, E(G) = X x X and g(x) = x for all x € X.

Example 3.7 Let X = {0,1,3,4,6,7,9,10,11}, d(x,y) = |[x — y|, x,¥ € E(G), E(G) = {(1,4),
1,7,),(4,4)(4,7),(7,4),(7,7)} U {(0,3),(0,6),(3,3),(3,6),(6,3),(6,6)} U {(9,10),(10,9),
(10,10), (10,11), (11,10), (11,11)} and T : X — CB(X) be defined by

(1,4} ifx=0,

{0,3} ifx=1,
T(x)=1{1{4,7} ifx=3,6,
3,6} ifx=4,7,
{10,11} ifx=9,10,11.

We note that
H(T(1),T(4)) =3 £ kd(1,4) foreachk € [0,1).

This means that 7" does not satisfy Nadler’s theorem. We will show that 7 is a weak con-

traction with a(x) = % and L = 2.

Let (x,y) € E(G).
If (x,9) € {(3,3),(3,6),(6,3),(6,6),(4,4),(4,7),(7,4),(7,7),(9,10), (10, 9), (10,10), (10, 11),
(11,10), (11,11)} € E(G), we have
H(TIx, Ty) =0 < %d(x,y) +2d(y, Tx).
If (x,y) = (1,4), we have
H(T1,T4)=3 < %d(l,él-) +2d(4, T1).

If (x,5) = (1,7), we have

1
H(T1,T7) =3 < 7d(1,7) + 2d(7, T1).
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If (x,7) = (0,3), we have

H(T0,T3)=3 < %d(O,B) +2d(3, TO).
If (x,7) = (0,6), we have

H(T0,T6)=3 < %d(0,6) +2d(6, TO).

Hence T is an («,g,L)-G-contraction. To show that T is graph-preserving, let (x,y) €
E(G). If (x,y) = (1,4) or (x,9) = (1,7), then Tx = {0,3}, Ty = {3,6}, and we see that
(0,3),(0,6),(3,3),(3,6) € E(G). If (x,y) € {(4,4),(4,7),(7,4)}, then Tx = {3,6} = Ty and
(3,3),(3,6),(6,3),(6,6) € E(G). If (x,y) = (0,3) or (x,y) = (0,6), then Tx = {1,4}, Ty = {4,7}
and we see that (1,4),(1,7),(4,4),(4,7) € E(G). If (x,y) € {(3,3),(3,6),(6,3),(6,6)}, then
Tx = {4,7} = Ty and we see that (4,4),(4,7),(7,4),(7,7) € E(G). If (x,y) € {(9,10),(10,9),
(10,11),(11,10)}, then Tx = {10,11} = Ty and we see that (10,10), (10,11), (11,10), (11,11) €
E(G). Hence T is graph-preserving. By the definition of T and G, we see that 10 € T9 =
{10,11} and (9,10) € E(G), that is, condition (2) of Theorem 3.3 is satisfied. It is easy to see
that X has Property A. Therefore all the conditions of Theorem 3.3 are satisfied, so T has
a fixed point and we see that Fix(T) = {10, 11}.

Next, we give an example of a map which lacks assumption (2) and has no fixed point.

Example 3.8 Let X := {0,1,3,4,6,7,9,10,11}, d(x,y) = |x — y|, 2,y € X, E(G) := {(1,4),
(4,7)}u{(0,3),(3,0),(3,6),(6,3),(0,6),(6,0)} U{(9,10), (10,9),(10,11)} and T : X — CB(X)
be defined by

{1,4) ifx=0,
(0,3} ifx=1,
T(x)=1{4,7) ifx=3,6,
(3,6} ifx=4,7,
(0} ifx=9,10,11

and let g : X — X be an identity map. The same as in Example 3.7, T is a graph-preserving
mapping and T is a (g, %, 2)-G-contraction. Moreover, we can easily check that condition
(2) of Theorem 3.3 does not hold and we note that 7 has no fixed point.
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