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1 Introduction
Let H be a real Hilbert space with an inner product (, ) and norm || - ||, and C be a
nonempty closed convex subset of H.

Let S: C — C beanonlinear mapping, we use Fix(S) to denote the set of fixed points of S
(i.e., Fix(S) = {x € C: Sx = x}). A mapping is called nonexpansive if the following inequality
holds:

[1Sx = Syll < llx = yll

forallx,y € C.
In 1967, Halpern [1] used contractions to approximate a nonexpansive mapping and

considered the following explicit iterative process:
% €C, xpa=ayu+(1-a,)Sx,, Vn=>0,

where u is a given pointand S: C — C is nonexpansive. He proved the strong convergence
of {x,} to a fixed point of S provided that o, = n~? with 6 € (0,1). In 2000, Moudafi [2]
introduced the viscosity approximation method for nonexpansive mappings. Until now,

in many references, viscosity approximation methods still are used and studied, which

©2014 Duan and He; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2014/1/68
mailto:pcduancauc@126.com
http://creativecommons.org/licenses/by/2.0

Duan and He Fixed Point Theory and Applications 2014, 2014:68 Page 2 of 11
http://www.fixedpointtheoryandapplications.com/content/2014/1/68

formally generates the sequence {x,} by the recursive formula:
Xna1 = Onf () + (L = @) Sy,

where f is a contraction and «,, C (0, 1) is a slowly vanishing sequence. See, for instance,
[3-6]. In fact, Yamada’s hybrid steepest descent algorithm is also a kind of viscosity ap-
proximation method (see [7]).

The variational inequality problem is to find a point x* € C such that
(Fx*,x—x*)>0, VxeC. (1.1)

In recent years, the theory of variational inequality has been extended to the study of a
large variety of problems arising in structural analysis, economics, engineering sciences,
and so on. See [8—10] and the references cited therein.

Recently, Zhou and Wang [11] proposed a simpler explicit iterative algorithm for finding
a solution of variational inequality over the set of common fixed points of a finite family
nonexpansive mappings. They introduced an explicit scheme as follows.

Theorem 1.1 Let H be a real Hilbert space and F : H — H be an L-Lipschitz continuous
and n-strongly monotone mapping. Let {S;}, be N nonexpansive self-mappings of H such
that C = ﬂﬁl Fix(S;) # 0. For any point xo € H, define a sequence {x,} in the following

manner:
Kpe1 = ([ = AW F)SN SNy -+ S{%py 1 >0, (1.2)

where |1 € (0,2n/L?) and S" := (1 — B)I + BLS; for i = 1,2,...,N. When the parameters
satisfy appropriate conditions, the sequence converges strongly to the unique solution of the
variational inequality (1.1).

In this paper, motivated by the above works, we introduce a more generalized iterative
method like viscosity approximation. In Section 3, we combine a sequence of contractive
mappings and obtain strong convergence theorem for approximating fixed point of a non-
expansive mapping. In Section 4, we propose a new iterative algorithm for finding some
common fixed point of a finite family nonexpansive mappings, which is also a unique solu-
tion for the variational inequality over the set of fixed point of these mappings on Hilbert

spaces.

2 Preliminaries
In order to prove our results, we collect some facts and tools in a real Hilbert space H,
which are listed as below.

Lemma 2.1 Let H be a real Hilbert space. We have the following inequalities:
@) lloe+y0I* < llxll* + 2{x +,9), Va,y € H.
(i) lltx + (L= )yl* < tllxll* + A= )lyll*, V¢ € [0,1], Yx,y € H.

Lemma 2.2 [12] Let {Si}lzzl be y;-averaged on C such that Fix(S1) N Fix(Sy) # 9. Then the
following conclusions hold:
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(i) both $1S, and S,S; are y-averaged, where y = y1 + Y2 — 12
(11) FlX(Sl) N FlX(Sz) = FlX(Slsz) = FlX(Sle)

Recall that given a nonempty closed convex subset C of a real Hilbert space H, for any

x € H, there exists a unique nearest point in C, denoted by Pcx, such that
llx = Pex|l < llx =yl
for all y € C. Such a P¢ is called the metric (or the nearest point) projection of H onto C.

Lemma 2.3 [13] Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x € H and z € C, then y = Pcx if and only if we have the relation

(x—yy-2)>0 forallzeC.

Lemma 2.4 [10] Let H be a Hilbert space and C be a nonempty closed convex subset of H,
and T : C — C a nonexpansive mapping with Fix(T) # (. If {x,} is a sequence in C weakly
converging to x and if {(I — T)x,} converges strongly to y, then (I - T)x = y.

Lemma 2.5 [5] Assume that {a,} is a sequence of nonnegative real numbers such that
Anr1 = (1 - yn)an + (3,,,

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
[e¢]
(i) Z Yn = X5
n=1

n—oo Vn

8 o0
(i) limsup— <0 or Z 18,] < 0.
n=1

Then, lim,,_, o a,, = 0.

Lemma 2.6 [14] Let {x,} and {z,} be bounded sequences in a Banach space and {B,} be
a sequence of real numbers such that 0 < liminf,_., 8, < limsup,_, B, <1 for all n =
0,1,2,....Suppose that x,.1 = (1 — Bn)zn + Buxu foralln = 0,1,2,... and limsup, _, (1241 —

Zull = 1%ns1 — x4|]) < 0. Then lim,,_, o ||z, — x| = 0.

3 Generalized viscosity approximation method combining with

a nonexpansive mapping
In this section, we combine a sequence of contractive mappings and apply a more gener-
alized iterative method like viscosity approximation to approximate some fixed point of a
nonexpansive mapping defined on a closed convex subset C of a Hilbert space H, which

is also the solution of the variational inequality

(f(x*) —a*p-x*) <0, VpeFix(S). (3.1)
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Suppose the contractive mapping sequence {f,(x)} is uniformly convergent for any x € D,
where D is any bounded subset of C. The uniform convergence of {f,(x)} on D is denoted
by f,(x) = f(x) (n — 00), x € D.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H and
let {f,} be a sequence of p,-contractive self-maps of C with 0 < p; = liminf,_, o, <
limsup,,_, . pn = pu < 1. Let S: C — C be a nonexpansive mapping. Assume the set Fix(S) #
@ and {f,(x)} is uniformly convergent for any x € D, where D is any bounded subset of C.
Given x, € C, let {x,,} be generated by the following algorithm:

Kpa1 = f(xy) + (1 — 0,)Sxy. (3.2)

If the sequence {a,,} C (0,1) satisfies the following conditions:
(i) lim,_ o0y = 0;
(i) Y02 oy = 00;
(i) 352 letner — ] < 00,
then the sequence {x,} converges strongly to a point x* € Fix(S), which is also the unique

solution of the variational inequality (3.1).

Proof The proof is divided into several steps.
Step 1. Show first that {x,} is bounded.
For any g € Fix(S), we have

l%ns1 — gl = “anfn(xn) + (1 —a,)Sx, — q”
<ay an(xn) - q” + (1 - an)”‘gxn - 561||

< oo lln — qll + (L= ) 0 — qll + 2t ||fi(@) — 4|

=< (1 —a,(1- ,On)) [l%, — gl + a,(l- pn)%)p_q”
Smax{nxn—qn,W}_
= Pn

From the uniform convergence of {f,} on D, it is easy to get the boundedness of {f,(g)}.

Thus there exists a positive constant M, such that ||f,(¢g) — ¢l < M;. By induction, we

obtain ||x, — p|| < max{||x; — pl|, 1_&}' Hence, {x,} is bounded, so are {Sx,} and {f,(x,)}.

Pu
Step 2. Show that
16441 — %]l = 0 asn— oo. (3.3)
Indeed, observe that

”xn+1 —Xn ” = ”anﬂl(xn) + (1 - an)an - an—lfh—l (xn—l) - (1 - O5;1—1)5276;'1—1 ||
= ||O(n(ﬂ1(xn) _ﬁl(xn—l)) + Oln(fn(xn—l) _f;q—l(xn—l))
+ (an - an—l) (ﬂz—l (xn—l) - an—l) + (1 - Oln)(an - an—l) ||

=< QP ”xn —Xn-1 ” + oy H_ﬂl(xn—l) _ﬁt—l(xn—l) ||
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+ o, - O[,,_1|(||an|| + an—l(xn—l)H) + (1 =) llxn —xuall
= (1 - an(l - pn)) ”xn —Xn-1 ” + oy “,ﬁt(xn—l) _fn—l(xn—l) ”

+ o, — an—1|(||8xn” + “ﬁl—l(xn—l)H)-
By the conditions (i)-(iii) and the uniform convergence of f,(x), we have

Oln”fn(xn—l) —ﬁq—lxn—ln + loty — atpn [ (IS || + ”fn—lxn—lu) N

0
(1 - pn)

as n — 00. By Lemma 2.5, (3.3) holds.
Step 3. Show that

IS, —x,]] — O. (3.4)
Since
18%, = x|l < %1 = Xnll + %041 — Sxl.

By the condition (i), we have ||x,,1 — Sxyll = oy l|fu(%1) — Sxy|| = 0. Combining with (3.3),
it is easy to get (3.4).
Step 4.

lim sup(f(x*) — x5, %, — x*) <0, (3.5)

Hn— 00

where x* = Prix(s)f (x*) is a unique solution of the variational inequality (3.1).

Since f,(x) is uniformly convergent on D, we have lim,,_, o (f, (x*) — x*) = f(x*) — x™.

Indeed, take a subsequence {%;} of {x,} such that

lim sup(f(x*) —x*, %, —x*) = lim (f(x*) —x*,xn/ —x*). (3.6)

n—00 Jj—00

Since {x,,;} is bounded, there exists a subsequence {x,,/.k } of {2} which converges weakly
to x. Without loss of generality, we can assume Ky — x. From (3.4), we obtain an/. — X

Using Lemma 2.4, we have % € Fix(S). Since x* = Prix(s)f (x*), we get

lim (f (x*) — &%, %, —x*) = {f (x*) — 2%, & - x*) < 0.

j—o0
Combining with (3.6), the inequality (3.5) holds.
Step 5. Show that
x, = x%, (3.7)
w12
-
= [lanfulon) + (1= 0,) S, — & ||2

< (1= )| S — & |* + 20 (1 — &* £ () — )
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<(1-a,)? ||x,, —x* ||2 + 20:,,(xn+1 — & fu(xy) —ﬂ,(x*)> + 20ln<xn+1 - X" fo (x*) —x*)
= =) =2 + won ([0 =2+ [ =2 )

+ 20 (X1 — &%, fu(x7) — &%),

Transform the inequality into another form, we obtain

2—0,—2 2
”xn+1 -x* ”2 < <1 - W) ”x,, —x* ”2 + %(xml —x*,f,,(x*) —x*).

By Schwartz’s inequality, we have

lim sup(x,,1 — &%, f;, (x*) — x)

n—00

< 1 27| [ 07) —67) | i supf -7, () )
By the boundedness of {x,}, f,(x) = f(x), (3.3) and (3.5), we have

lim sup(x,,,,l —x*fy (x*) - x*) <0.

n—0oQ

It follows from Lemma 2.5 that (3.7) holds. O

Remark 3.2 In [2], Moudafi proposed the viscosity iterative algorithm as follows:
KXntl = ar(f(xn) + (1 - Q’n)anr (38)

where f is a contraction on H. It is a special case of (3.2) in this paper whenfi=f, =--- =
fu=---=f,YneNand C = H. Of course, Halpern’s iteration method is also a special case
of(3.2)whenfi=fo=---=f,=---=u,VYneN.

Remark 3.3 In [7], the following iterative process was introduced:
Xnil = Sy — e, F(Sx,,).
Rewriting the equation, we get

Xna1 = Al = wF)Sxy + (1 - 0,,)Sx,,
= auf () + (1 — ) Sy (3.9)

It is easily to verify f := (I — uF)S is a contractive mapping on H when 0 < i < 2n/L*. That
is, Yamada’s method is a kind of viscosity approximation method. Of course it is also a
special case of Theorem 3.1.

4 Generalized viscosity approximation method combining with a finite family
of nonexpansive mappings

In this section, we apply a more generalized iterative method like viscosity approximation

to approximate a common element of the set of fixed points of a finite family of nonex-

pansive mappings on Hilbert spaces.
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Let {f,} be a sequence of p,-contractive self-maps of C with 0 < p; = liminf,_, - p, <
limsup,,_, o pn = pu < 1 and {S;}Y; be N nonexpansive self-mapping of C. Assume the
common fixed point set F = ﬂf\il Fix(S;) # ¥ and {f,(g)} is convergent for any g € F. Put
f(g) :=lim,_, « f,4(q), since every f, is p,-contractive, we have

@) =@ | < pullp - qll < pullp -4l

for any p,q € F. Further we obtain [|f(p) —f(q)|| < pullp - q|l. Next we prove the sequence
{x,,} converges strongly to a point x* € F = ﬂf\il Fix(S;), which also solves the variational
inequality

(f(x*)—x*,p—x*)fo, VpeF. (4.1)
As we know, it is equivalent to the fixed point equation x* = Pgf(x*).

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H and
let {f,} be a sequence of p,-contractive self-maps of C with 0 < p; = liminf,_, » p, <
limsup,_, o on = pu < 1. Let, for each 1 <i <N (N > 1 be an integer), S;: C — C be a
nonexpansive mapping. Assume the set F = ﬂf\il Fix(S;) # 9 and {f.(q)} is convergent for
any q € F. Given x1 € C, let {x,,} be generated by the following algorithm:

K1 = () + (L — 0, ) SRSy -+ - ST,

. (4.2)
St=Q-ADI+A!S;, i=12,...,N.

If the parameters {«,} and {\}'} satisfy the following conditions:

(i) {on} € (0,1), limyooy =0 and y oo oty = 00;

(ii) ALY € (As, Ay) for some hpy hy € (0,1) and lim,, o [AF = A7 =0,Vi=1,2,...,N,
then the sequence {x,} converges strongly to a point x* € F, which is also the unique solution
of the variational inequality (4.1).

Proof We will prove the theorem in the case of N = 2. The proof is divided into several
steps.

Step 1. We show first that {x,,} is bounded.

For any g € F, we have

%1 = qll = ||efu(®n) + (1 = 0)S5STx0 — q|
=ay ”f;q(xn) - 61” +(1-ay) ”Sgsfxn - Sgsfq”

< dupulln — qll + L= )% — qll + | f(@) — 4

< (1= au(1 = pn)) 1% = gl + a1 - o) V(@) -l
l_pn
< max{”xn —ql, w}
1—,0,,,

From the convergence of {f,(¢)}, it is easy to get the boundness of {f,(g)}. Thus there exists
a positive constant M, such that ||f,(g) — gl| < M;. By induction, we obtain [|x, — p| <
max{||x; —p|l, %}. Hence, {x,} is bounded, and so are {S;x,} and {S}S]x,}.

Page 7 of 11
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Step 2. We show that
%41 —%ull = 0 asn— oo. (4.3)

Since both S7 and S} are averaged nonexpansive mappings, by Lemma 2.2, S5} is also
averaged. Rewrite SyS} = (1 — B,)I + B,,V,,, where B, = A} + A — A/A}. Then we have

Xns1 = Wfulwn) + (1 - ay) [(1 =Bl + Bu Vn]xn
= ai(f;l(x}’l) +(1- ,Bn)xn —a,(l- lgn)xn +(1- Ol,,)ﬂ,, Vikn

fn(xn) -(1- ﬁn)xn +

= (1 - :Bn)xn + :Bn |:an ,Bn

(1 - an)vnxni|
= (1 - ,Bn)xn + ﬂnzn'

Further we obtain

”Zn+1 _Zn”

Oyl

/3;1+1

[fn+1(xr1+1) - (1 - lgn+1)xn+l] + (1 - an+1)vn+1xn+1

_ (I;—n[fn(xn) - (1 - ﬂ,,)x,,] - (]_ - Oln)ann

Oy oy
= | VieiXner = Viull + H I:—lfnﬂ(xwrl) - ﬂ_fn(xn)]

ﬂn+1
(1= Bri) a,(1-B,)
- Xn+l — Xn | — Ansl Vn+1xn+1 + oy ann
:Bn+1 ,Bn
[047A%] (07
E ||xn+1 _xn” + ||Vn+lxn - ann” + ifn+1(xn+l) - _nf;fl(xn)
18n+1 ,Bn
pi1(1 = Bra) a,(1-B,)
1—
:3n+1 " ﬂn "
+ [l 0ts1 Ve — @ Vi | (4.4)

Write A; = 2)\1—A%, Ay =2A, —Ai. From the condition (iii), it is easily to get 0 < A1 < B, < Ay
and B,.1 — B. — 0 as n — 0o0. We have

SyISEt = (L= o) S3S7— (1= B
Xy — X,
IBnH ! ,Bn !
spHgmt o gngn 11

Xn Xn —_—
ﬂnd ﬂn

1Vis1%n = Vx|l = ’

=< (A

< ’

ﬁn - ﬁn+1

1

1 1
< sy =St + | 5 - m'(||sg+ls;1+1xn I + ol

= )Lil(”S{len _Sfxn || + ”S}ZHIS{I?CH —SgSfxn ”)

1 1
LAkt )
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1
< (ISt = St + 153750 357

1 1

My, 4.5
ﬁn :8n+1 2 ( )

+

where M, = sup,{[|S5™S7x, || + ||« ]|} Since A7 — 17| — 0, i = 1,2, we can deduce
|2 = St || < 277 = 27| (Il + 1Swxall) — O (4.6)
and
857 St = S5S70a | < 257 = 15| (IS | + | S2S7%a])) — 0. 4.7)
Substituting (4.5) into (4.4), we have
1zs1 = Zall = 16ne1 = 2
< (st = St + Iszistm, - spstn ) + PPl

/Sn,BrHl
a1l - ﬂn+1)x a,(1-B,)

n+l — n

ﬁn+1 ,Bn

Z:—jﬁul (xn+1) - ,O;_Zﬁl(xn)

+ ”an+1 Vn+1xn+1 — 0y ann ” .

+ +

Combining (4.6), (4.7), and condition (i), we get

limsup (/|21 — 2]l — %1 — %ull) < O.
n—00

By Lemma 2.6, we conclude that lim,,_, » ||z, — %, || — 0. Further we have
Lim ||%,41 — %41l = Lim B,llz, — x|l — O.
n—00 n—00
Step 3. We show that
5581, — %4 | — 0. (4.8)
By (4.2), we get
||xn+1 — 8587 %n || =y |[fn(x,,) - S5STx, || — 0.
We have
”xn - Sgsfxn || = ||xn+1 - Sgsfxn || + ”xn _xn+1”~
Combining with (4.3), (4.8) holds.
Since {A]} C (A;,A,), we can assume that k?’ — A asn— oo.Itiseasytoget 0 <A) <1

for i=1,2. Write Y = (1 - A0)I + AYS;, i = 1,2. Then we have Fix(S?) = Fix(S;), i = 1,2 and

lim sup”S?ix - S)x| =0, (4.9)
J7 % xeD
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where D is an arbitrary bounded subset including {%4}. By using (4.8) and (4.9), we obtain
15980, — x,|| — 0.
Step 4. We have

limsup(f (x*) — x*,x, —x*) <0, (4.10)

n—00

where x* = Prf(x*) is a unique solution of the variational inequality (4.1).
Since f,(q) is convergent, we have lim,,_, o (f,,(x*) — x*) = f(x*) — x*.
The proof of Step 4 is similar to that of Theorem 3.1.

Step 5. We show that
Xy — x*. (4.11)
The proof of Step 5 is similar to that of Theorem 3.1. d

Remark 4.2 In [11], put S, = Sx,:Sk_; - - - Si, and we rewrite Zhou and Wang’s iterative
algorithm as follows:

X1 = ([ — apyptF)S,x,
=a,(I = uF)Syx, + (1 —ay,)S,x,

= o fu(y) + (1 — @) Sy, (4.12)

It is easily to verify (I — wF)S, is a contractive mapping on H when 0 < p1 < 2/L?. Thus it
is a special case of Theorem 4.1 when f,, := (I — uF)S,, Vn e N and C = H.
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