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Abstract

We show some stability and convergence theorems of the modified Ishikawa iterative
sequence with errors for a strongly successively pseudocontractive and strictly
asymptotically pseudocontractive mapping in a real Banach space. Additionally, we
prove that if T is a uniformly Lipschitzian strongly accretive mapping, the modified
Ishikawa iteration sequence with errors converges strongly to the unique solution of
the equation Tx = f. The main results of this paper improve and extend the known
results in the current literature.
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1 Introduction

Developments in fixed point theory reflect that the iterative construction of fixed points
is proposed and vigorously analyzed for various classes of maps in different spaces. The
class of pseudocontractive mappings in their relation with iteration procedures has been
studied by several researchers under suitable conditions; for more details, see [1-3] and
the references therein. Also, the class of nonexpansive mappings via iteration methods
has extensively been studied in this regard; see Tan and Xu [4]. The class of strongly pseu-
docontractive mappings has been studied by many researchers (see [5-7]) under certain
conditions. Stability results established in metric space, normed linear space, and Banach
space settings are available in the literature. There are several authors whose contributions
are of colossal value in the study of stability of the fixed point iterative procedures: Imoru
and Olatinwo [8], Olatinwo [9], Haghi et al. [10], Olatinwo and Postolache [11]. Reich and
Zaslavski [12] in Chapter 2 established the existence and uniqueness of a fixed point for
a generic mapping, convergence of the iterates of a nonexpansive mapping, stability of
the fixed point under small perturbations of a mapping, convergence of Krasnosel’skii-
Mann iterations of nonexpansive mappings, generic power convergence of order preserv-
ing mappings, and existence and uniqueness of positive eigenvalues and eigenvectors of
order-preserving linear operators. They also studied the convergence of iterates of non-
expansive mappings in the presence of computational errors in this chapter. Harker and
Hicks in [13] showed how a stability sequence could arise in practice and demonstrated
the importance of investigating the stability of various iterative sequences for some kinds
of nonlinear mappings.
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The purpose in this paper is to study the modified Ishikawa iteration sequence with
errors converging strongly to a fixed point of the uniformly Lipschitzian strongly succes-
sively pseudocontractive mapping under the lack of some conditions. On the other hand,
the authors show that the modified Ishikawa iteration sequence with errors converges
strongly to the unique solution of the equation Tx = f if T is a Lipschitzian strongly accre-
tive mapping. The results of this paper improve and extend some recent results.

2 Preliminaries

Throughout this paper, we assume that E is a real Banach space with dual E*. Suppose that
(-,-) is the dual pair between E and E*, and ] : E — 2F" is the normalized duality mapping
defined by

J@) = {f € E*: (o f) = 1% IfIl = Ixll},  Vx€E.

First, we recall some concepts. A mapping T : E — E is said to be:
(i) uniformly Lipschizian if there exists a constant L > 0 such that

H T"x — T”y” <L|x-y|| forallx,yeE,n>1;

(ii) strongly successively pseudocontractive if for every x,y € E there exist ¢ > 1 and
jlx —y) € J(x — y) such that

1
(T”x —T"y,j(x —y)) < Z||x —y|> forallm>1; (2.1)

(iii) strongly pseudocontractive if for every x,y € E there exist ¢ > 1 and
j(x =) € J(x — y) such that

. 1

(T = Ty =) = e =y, (2.2)
Example 2.1 Let E = R = (—00,00) with the usual norm. Take K = [0,1] and define T :
K — K by

0 ifx=0,

3 ifx=1,

Tx = 1 a1 101 1
=g i gy Sx <35 +t3)

- if%(ﬁ+3%,)§x<3in
for all » > 0. Then F(T) = {0} and T is not continuous at x = 1. We can verify that
1
Tx < gx, xeK.

Thus T2 is continuous in K and T2K C [0,37"] for all # > 1. Then for any x € K, there
exists j(x — 0) € J(x — 0) satisfying

1
(T%—]maﬂx—O»:T%wxféﬂMF

for all » > 1. That is, T is a strongly successively pseudocontractive mapping.
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Lemma 2.2 (see [14, Lemma 1.1]) Let E be a Banach space and x,y € E. Then ||x| < ||x +
vyl for all y > 0 if and only if there exists j(x) € J(x) such that Re(y, j(x)) > 0.

In the sequel, let k = %, where ¢ is the constant appearing in (2.1). It follows from (2.1)
that

(A=) =T")x = (1= KI=T")y,j(x-y)) > 0. (2.3)

Therefore, it follows from Lemma 2.2 and (2.3) that the definition of a strongly successively
pseudocontractive mapping is equivalent to the following definition.

Definition 2.3 T is strongly successively pseudocontractive if there exists ¢ > 1 such that
o=yl < [lx—y+s[(Q-0I-T")x - (1-Kk)1I-T")y]| (2.4)
forallx,y € E,s>0and n > 1.

Definition 2.4 Let T : E — E be a mapping. For a given x¢ € E. {a,}, {b,} are sequences
in [0,1], and {u,}, {v,} are sequences in E. The sequence {x,} C E defined by

Xne1 = L= an)xy + anT"z, + iy, 2.5)
z2a=1=b)xy + b, T"%, +v,, n=0,1,..., ’

is said to be a modified Ishikawa iteration sequence with errors.
The following lemmas will be needed in proving our main results.

Lemma 2.5 (see [15]) Let {A,}, {itn}, {cu} be nonnegative real sequences satisfying the in-
equality

it <A+ wp)hy + ¢y V=1

IfY 0w <00 and Y o2 ¢y < 00, then (i) lim,_.o0 A,y exists, and (ii) in particular, if {\,}
has a subsequence {A,, } converging to 0, then lim,,_, o, 1, = 0.

From Lemma 2.5 we have the following.
Lemma 2.6 Let {)\,}, {itn}, {d,} be nonnegative real sequences satisfying
)\n+1 =< (1 - tn)}w + Mn)\n +Cy + dn: Vn > 1, (26)

where {t,} is a sequence in [0,1] such that y - ty = 00, Y ool [y < 00, Y 1oy €y < 00 and
d, =o(t,). Then A, — 0 as n — oo.

Proof Since d,, = o(¢,), there exists a natural number 7, such that d, < % for n > ny. It
follows from (2.6) that

t,
Ansl < (1 - En))"n + Uy +Cp < (1 + /’Ln))‘-n +c¢p Y= ny.

By Lemma 2.5, we see that lim,,_, o A, exists. Therefore, there exists D > 0 such that A, < D.
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Let lim,,_, o A, = 8, then § = 0. Indeed, if § > 0, there exists a natural number Nj such
that A, > (8/2), d,, < (t,A,)/2 for n > Np. It follows from (2.6) that

Luhn

)Vn+1 f)\n_tn)\n"'“n)\n"'cn"'dnf)\n_ +Dﬂn+cn'

This implies ’% < k”% < Ay —Ans1 + Dy + ¢y, Y > Ny. Therefore,

5 n n n
ZZtngkN0+DZMj+ch.

i=Np i=Np i=Np

Note that Y 77, 1, <ooand ) o) ¢, < 00, and we have Y _°) ¢, < 00, a contradiction with
> >ty =00. Then lim,_, o A, = 0. This completes the proof of Lemma 2.6. O

Let E be a Banach space and T a self-map of E. Suppose xg € E and x,,,1 = f(x,, T) defines
an iteration procedure which yields a sequence of points {x,,} CE.Let F(T)={p € E: Tp =
p} # ¥ denote the fixed point of T and let {x,,} converge to a fixed point p of T Let {y,} C E
and let &, = ||yy+1 —f (¥n, T)|| be a sequence in [0, 00).

Definition 2.7 (see [13, 16, 17]) If lim,,» &, = 0 implies that lim,_,» ¥, = p, then the
iteration procedure defined by x,,,1 = f(x,, T) is said to be T'-stable. If Z;’io &, < 00 implies
lim,_, o ¥, = p, then the iteration procedure defined by x,,,; = f(x,, T) is said to be almost
T-stable.

3 Main results
Theorem 3.1 Let T : E — E be a uniformly Lipschitzian and strongly successively pseudo-
contractive mapping with F(T) # (. Let {x,} be defined by (2.5) and {a,},{b,} C [0,1] and
{un}, {vu} C E satisfying the conditions:

(@) lltnll = 0(@n), vall = 0 as n— 00; 327, ay = 00;

(i) lim,— oo supa, <k/(L +1)% +2) and Y 2, anb, < .
Suppose {y,} C E and define {¢,} by

Sp = (1 - bn)yn + bn Tnyn + Vn,

&= |yne1 = U= a)yn — auT"s, — |, n=>o0.

Then the following assertions hold:
(1) {x,} converges strongly to a unique fixed point of T in E;
(2) {x,} is almost T-stable;
(3) iflim, o e4/a, = 0 implies lim,_, » ¥, = p, then the iteration procedure defined by
X1 =f (x4, T) is said to be a weakly T-stable. Thus {x,} is also weakly T-stable.

Proof We will show that F(T) is a singleton. Indeed, if p;, p, € F(T), by the definition of
strongly successively pseudocontractive of T, there exists a j(p1 — p2) € J(p1 — p2) such that

, , 1
lp1 = p2lI” = (Tp1 = Tp2,j(pr — p2)) = (T"p1 = T"p2,j(p1 - p2)) < Zlipy -pll

and, since ¢ > 1, this implies that p; = p,.
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It follows from (2.5) that

20 = pll = | A= b)xn = p) + bu(T"% — p) + vi
< (U= byl — pll + bu | T"% = p|| + val
<llxw—pll + | T"%0 = p| + llval
< (L + Dy = pll + [vall, (31)

% = T"2u]| < Il = pll + Lllzw — pll < (1 + L + 1)) l|x, — pll + Ll[va]l- (3.2)
It follows from (2.5), (3.1), and (3.2) that

1T %1 = T2 | < Llnss — 2ull = L] 6 = 24) + @n(T" 20 — %) + 1
< Ll%y = 2ol + Lay | T2, = 2 || + Ll s |
= L|[ by (%0 = T"%0) = V| + Lau | T2 — x| + Ll
< Lby |y = T"%| + LIvall + Latn | T" 20 — % || + 1y
< Lby %y = T"%|| + LIvall + Lan | T2y — 2| + Ll
<[L@ +1)by, + L(L* + L +1)a,]llx, - pll

+ LA+ L)|[vall + Lllutnll- 3.3)
It follows from (2.5) that

X = Xns1 + AnXn — An 1" 20 — thy
=+ Q2 -Kaux,—a,T"z,— (1 -Ka,x, —u,
= X1 + (2 = K)an (X1 + an (0 — T"2) — ) — anT" 2, — (1 = K)anxy, — tiy
= 1+ an)xun + - Kaxna — anT"%p + ay T "%y — a, Tz,
+(2 - k)ai (x,, - T"z,,) -1 -Kax, -2 -Ka,u, —u,
=1 +a,)x,1 +ay (I R k[)x,,+1 -1 -Kaux,

+(2- k)afl(x,, - T"zy,) + a,,(T”x,,+1 — T"z,,) - [(2 —Kk)a, + 1]u,,.
Forp e F(T),wehave p =1 +a,)p + a,(I - T" — kI)p — (1 — k)a,p. Therefore, we get

%n—p = (L+ @) @1 —p) + an[ (I = T" = k) — (I = T" = kI)p]
~ (1= K)an (%, = p) + 2 = k)ar (xn — T"zy)

+ a,,(T”x,Hl - T”z,,) - [(2 -Ka, + l]u,,. (3.4)
It follows from (3.4) and (2.4) that

”xn —P” = || (1 + an)(xn+1 —P) + an[(l -T" - kl)xnﬂ - (1 -T" - /d)p]
-1-Kaylx,—p)+(2- k)ai (xn - T”z,,)
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+ (T %ni1 — T"2n) = [(2 = K)an + 1]
> (1+ @) |1 = pll = 1= K)a, |1, - pll
-2 =K)a|xn— T"z|
= || T"%ni1 = T2 | = [(2 = Kty + 1] |14
> (L +ap)llxpsn = pll = (L= K)ayllx, - pll
~ 2= K)ay[(1+ L+ L)%y = pll + Llvall]
—au[L(L +1)b, + L(L* + L + 1)a,] %, - p|
— Lay||uyll = LL + Day|[vall = [2 = D)y, + 1],

Since 1 +a,) <1, (1+a,) ' <1-a,+a? and 1+ (1 -Kk)a,)1-a, +a2) =1-ka, +

ka* + (1 -k)a® <1-ka, + ka? + (1 - k)a’ =1 - ka, + a2, we have

%1 = pll < Mllxn wdl
+ay,
+ [L(L +1a,b, + (L3 +3L% +3L + Z)ai] I, — pll
+ (L + 3) |l + LIL + 3)aty | v,
<(1+0-Ray)(1-a,+a,)lx, - pl
+[L(Z + Danb, + (L* + 3L* + 3L + 2)a |1x, — p|
+ (L +3)|nll + L(L + 3)ay || v,
< (1 - kay)|lx, - pll
+[L(L + Dayb, + (L + 3L* + 3L + 3)az]|lx, — pll

+ (L +3)snll + L(L + 3)an|[Vall. 3.5)

Note that lim,,_, o, sup a,, < k/((L +1)3 + 2), then there exists a natural number N; such that
Y =sup,.n, dn < k/((L +1)% +2). It follows from (3.5) that

a1 = pll < [1= (k= y (L +1)* +2))a]llx - pll

+ L(L + Danby|l%y = pll + (L + 3) st || + L(L + 3)atu || vl (3.6)

holds for n > Nj. Let A, := ||x,, — pll, un := L(L + V)a,b,, ¢, =0, d,, := (L + 3)||u, || + L(L +
3 |Vull, £y := (k — y (L + 1) + 2))a,,. Thus, (3.6) becomes

)"n+1 = (1 - tn))‘n + Mn)\n + drn Vn > Nl-
Since Zi‘;l Wy < 00, d,, = o(t,), it follows from Lemma 2.6 that we have lim,_, o A, = 0.
That is, {x,,} converges strongly to p.

Next, we prove the conclusion (2). Let

n = (1 - ﬂn) nt an Tnsn +Uy. (37)
p Y
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For p € F(T), we have

lynss =PI = |ynsr = (U= @n)yn = @anT"s5 = th + (L= @)y + @ T"sy + i — p||

<&+ llpn—pl. (3.8)
It follows from (3.7) that

Y = Py + AyYn — anT"sy — uy
=1 +an)pn+ an(l— T" - kI)pn - A -ka,y,

+(2 - k)aﬁ (yn - T”Sn) + an(T"pn - T”SV,) - [(2 —Kk)a, + l]un.
By using a similar method to proving (3.6), we can prove that

lpn—pll <[1-(k=y(Z+1)°+2))au]ly. - pll
+ L(L + Danbully, = pll + (L + 3)thall + L(L + 3) | v,ll. (3.9)

Substituting (3.9) into (3.8) for n > N, we get

Iy —pl < [1= (k= y (L +1)?+2))an]ly. - pll
+ L(L + Da,b,|ly, — pll + (L + 3)lu]

+L(L +3)a,||val + &n. (3.10)

IfY " &4 < 00, setting Ay, := |y —pll, on := L(L + D)anby, ¢4 = €4, dyy := (L +3) ||y || + L(L +
3)an||vall, ty := (k = ¥ (L +1)® + 2))a, in Lemma 2.6, we have y,, — p as n — o0, i.e., {x,} is
almost T-stable.

If lim,,_, oo Z—: =0, setting A, := ||y, — pll, iy := L(L + Da,b,, ¢, =0, dy, := (L + 3)||luy|| +
L(L + 3)a,||v,all + &n, tn := (k= y (L +1)3 + 2))a,, in Lemma 2.6, we have y,, — p as n — 00,

i.e., {x,} is weakly T-stable. This completes the proof. g
Similar to the proof of Theorem 3.1, we have the following.

Theorem 3.2 Let T : E — E be a uniformly Lipschitzian and strictly asymptotically pseu-
docontractive mapping with F(T) # (). Let {x,} be defined by (2.5). Assume that {a,},{b,} C
[0,1] and {u,}, {v,} C E satisfy the conditions:
(i) Nunll = o(an), lvall — 0 as n — oo;
(ii) there exists 8 € (0,1 — k) such that lim,,_, o supa, < 8/((L + 1)3 + 2);
(il) Y 02  anby <00 and Y o2y a, = co.

Suppose {y,} C E and define {¢,} by

sp=(1- bn)yn + bnTnyn + Vu,

Ep = ”yn+1 - (1 - ﬂn)yn —ay Tnsn — Uyl n= 0.

Then the following assertions hold:
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(1) {x,} converges strongly to a unique fixed point of T in E;
(2) {xn} is both almost T-stable and weakly T-stable.

Theorem 3.3 Let T : E — E be a Lipschitzian and strongly accretive mapping. Let
{an}, {bn} C [0,1], and {u,},{v,} C E satisfy the conditions:
(@) llunll = olan), lvall — 0 as n — oo;
(ii) 1im,_ o0 SUpa, < k/((L +1)® + 2), where k is the constant of strongly accretive
mapping T, and L is the Lipschitzian constant of mapping I — T
(ii)) Y oo anb, < o0 and Y oo a, = 0o.

For arbitrary x, € E, the sequence {x,} defined by

Xne1 = L= an)xy + an(f + U - T)z,) + uy, (3.11)
Zy =1 =b,)x, +b,(f + (I -T)x,) +v,, V¥n>0, ’

converges strongly to a solution p of Tx = f.

Proof From the result of [5], we obtain the existence of a solution for Tx = f. Since T is
strongly accretive with a constant k € (0,1), we can prove that the solution of Tx = f is
unique. Define Sx = f + (I — T)x, then S is a strongly pseudocontractive mapping and has a
fixed point p, and it is also a Lipschitzian mapping with a constant L. For all %,y € E, there

exists s > 0 such that
=yl < | =y +s[(A-K)I-S)x—(1L-kI-S)y]|.
The rest of the proof is similar to the proof of Theorem 3.1. This completes the proof. [

Remark 3.4 (1) Theorem 3.3 extends the main result of [6] from a uniformly smooth
Banach space to a real Banach space and without the boundedness assumption of D(T') =
R(T) and lim,,_, o a,, = lim,,_,», b, = 0; (2) Theorem 3.3 extends and improves the corre-

sponding results of [7] by removing the assumptions b, <a, and ) .-, a> < cc.
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