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Abstract

The purpose of this paper is first to introduce and study the general split equality
variational inclusion problems and the general split equality optimization problems in the
setting of infinite-dimensional Hilbert spaces and then propose a new simultaneous
iterative algorithm. Under suitable conditions, some strong convergence theorems
for the sequences generated by the proposed algorithm converging strongly to a
solution for these two kinds of problems are proved. As special cases, we shall utilize
our results to study the split feasibility problems, the split equality equilibrium
problems, and the split optimization problems. The results presented in the paper not
only extend and improve the corresponding recent results announced by many
authors, but they also provide an affirmative answer to an open question raised by
Moudafi in his recent work.
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1 Introduction
Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and H,, respec-
tively. The split feasibility problem (SFP) is formulated as

to finding x* € C and Ax* € Q, 1.1)

where A : Hy — H, is a bounded linear operator. In 1994, Censor and Elfving [1] first
introduced the (SFP) in finite-dimensional Hilbert spaces for modeling inverse problems
which arise from phase retrievals and in medical image reconstruction [2]. It has been
found that the (SFP) can also be used in various disciplines such as image restoration, and
computer tomograph and radiation therapy treatment planning [3-5]. The (SFP) in an
infinite-dimensional real Hilbert space can be found in [2, 4, 6-10].

Assuming that the (SFP) is consistent, it is not hard to see that x* € C solves (SFP) if and
only if it solves the fixed-point equation

x* = Pc(I - yA*(I - Po)A)x",
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where P¢ and P are the metric projection from H; onto C and from H, onto Q, respec-
tively, ¥ > 0 is a positive constant and A* is the adjoint of A.

A popular algorithm to be used to solves the SFP (1.1) is due to Byrne’s CQ-algorithm
[2]:

xke1 = Pe(I = yA* (I = Po)A)xr, k>1, 1.2)

where y € (0,2/1) with A being the spectral radius of the operator A*A.
Recently, Moudafi [11, 12] introduced the following split equality feasibility problem
(SEFP):

to find x € C,y € Q such that Ax = By, (1.3)

where A : Hy — Hs and B : Hy — H3 are two bounded linear operators. Obviously, if B = 1
(identity mapping on H) and Hs = Hj, then (1.3) reduces to (1.1). The kind of split equal-
ity problems (1.3) allows asymmetric and partial relations between the variables x and y.
The interest is to cover many situations, such as decomposition methods for PDEs, and
applications in game theory and intensity-modulated radiation therapy.

In order to solve the split equality feasibility problem (1.3), Moudafi [11] introduced the
following simultaneous iterative method:

X1 = Pc(wx — yA*(Axx — Byi)),

(1.4)
Yis1 = Po(yk + BB*(Axrs1 — Byr)),

and under suitable conditions he proved the weak convergence of the sequence {(x,, y,)}
to a solution of (1.3) in Hilbert spaces.

At the same time, he raised the following open question.

Moudafi’s Open Question 1.1 Is there any strong convergence theorem of an alternating
algorithm for the split equality feasibility problem (1.3) in real Hilbert spaces?

More recently, Eslamian and Latif [13], Chen et al. [14], Chuang [15] and Chang and
Wang [16] introduced and studied some kinds of general split feasibility problem, general
split equality problem, and split variational inclusion problem in real Hilbert spaces. Under
suitable conditions some strong convergence theorems are proved. Also a comprehensive
survey and update bibliography on split feasibility problems are given in Ansari and Rehan
[17].

Motivated by the above works and related literature, in this paper, we continue to con-
sider the problem (1.3). We obtain some strongly convergent theorems to a solution of the
problem (1.3) which provide an affirmative answer to Moudafi’s open question.

For the purpose we first introduce and consider the following more general problems.

(I) General split equality variational inclusion problem:

(GSEVIP) to find x* € H; and y* € H, such that

o0 oo

0e m Ui(x*), 0¢ ﬂK,-(y*) and Ax* =By, (1.5)

i=1 i=1
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where H;, H, and Hs are three real Hilbert spaces, U; : H — H; and K;: Hy — Hj, i =
1,2,... are two families of set-valued maximal monotone mappings, A : H; — Hs and B:
H, — Hj are two linear and bounded operators.

(IT) General split equality optimization problem:

(GSEOP) to find x* € H; and y* € H, such that for each i > 1
hi(x") = ’Iclel}.}'ll i), a(’) = ;Ieliggi(y) and Ax* = By, (1.6)

where H;, H,, and Hj are three real Hilbert spaces, A : Hy — H3z and B: H, — Hj are two
linear and bounded operators, /4; : H) — R and g; : H, — R are two countable families of
proper, convex, and lower semicontinuous functions.

The following problems are special cases of Problem I and II.

(IIT) Split equality feasibility problems.

Let C C H; and Q C H, be two nonempty closed convex subsets and A : H; — Hj,

B : Hy, — Hj be two bounded linear operators. As mentioned above the so-called ‘split
equality feasibility problem’ (SEFP) is to find

x* € C,y* € Q such that Ax™ = By*. (1.3)**
Let ic and iq be the indicator functions of C and Q, respectively, i.e.,

. 0, ifxeC, . 0, ifyeC,
ic(x) = io(y) = )

. . (1.7)
+o0o, ifx¢C; +0o, ifyé¢ Q.

Denote by N¢(x) and Nq(y) the normal cones of C and Q at x and y, respectively:

Nc(x)={ze Hy: (z,v-x) <0,Vve C},

No() ={z€Hy: (z,v—y) <0,Vv € Q}.

It is easy to know that i¢ and i both are proper convex and lower semicontinuous func-
tions on H; and H,, respectively, and the sub-differentials di¢ and dig both are maximal
monotone operators. We define the resolvent operator ]glc of ic by

J3C() = (I + Boic) (%), B>0,x€H.
Here
dic(x) = {z eH :ic(x) + (z,u —x) <ic(u),Yu e Hl}
={z€H :(z,u-x) <0,Yue C}=Nc(x), xeC.
Hence we have
u =]§ic(x) & x—u€ BNc(u)
& (x-—uy-u)<0, VyeC <& u=Pcx).

This implies that ] g’t = P¢ for any B > 0. Similarly, we also have dig(y) = No(y), and ];iQ =
Pq for any B > 0. Therefore the (SEFP) (1.3) is equivalent to the following split equality
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optimization problem, i.e., to find x* € Hy, and y* € H, such that

ic(x*) =minic(x), iQ(y*) = 516111{1; io(y) and Ax*=By%

xeH]

& 0€dic(xY), 0€dig(y*) and Ax*=By".

(V) Split equality equilibrium problem.

Let D be a nonempty closed and convex subset of a real Hilbert space H. A bifunction
g:D x D — (—00,+00) is said to be a equilibrium function, if it satisfies the following
conditions:

(A1) g(x,x) =0, for all x € D;

(A2) gismonotone, ie., g(x,y) + g(y,x) <0 forallx,y € D;

(A3) limsup, o g(tz + (1 - £)x,y) < g(x,y) forall x,y,z € D;

(A4) for each x € D, y — g(x,y) is convex and lower semicontinuous.

The so-called equilibrium problem with respect to the equilibrium function g is

to find x* € D such that g(x*,y) >0, VyeD. 1.8)

Its solution set is denoted by EP(g).
For given X > 0 and x € H, the resolvent of the equilibrium function g is the operator
Ry ¢ : H — D defined by

Ry (%) := {zeD:g(z,y) + %(y—z,z—x) > O,VyeD}. (1.9)

Proposition 1.2 [18] The resolvent operator R;, 4 of the equilibrium function g has the fol-
lowing properties:

(1) Ryq is single-valued;

(2) F(Ry.g) = EP(g) and EP(g) is a nonempty closed and convex subset of D;

() Ry is a firmly nonexpansive mapping.

Let h,g: D x D — (—00, +00) be two equilibrium functions. For given A > 0, let R; ;, and
R;.¢ be the resolvent of & and g (defined by (1.9)), respectively.

The so-called split equality equilibrium problem with respective to h, g, and D
(SEEP(h,g,D)) is to find x* € D, ¥* € D such that

h(x*,u)>0, YueD, g(y,v)>=0, VveD and Ax"=By", (1.10)
where A, B: D — D are two linear and bounded operators.
By Proposition 1.2, the (SEEP(h, g, D)) (1.10) is equivalent to find x* € D, y* € D such that

for each A >0

x* € EP(h, D), y* € EP(g,D) and Ax*=By*

& xeF(Ry), y* € F(R,y) and Ax"=By"

Letting C = F(R;1,), Q = F(R,g), by Proposition 1.2, C and Q both are nonempty closed and
convex subset of D. Hence the problem (1.10) is equivalent to the following split equality
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feasibility problem:
to find x* € C,y* € Q such that Ax* = By*. (1.11)

(V) Split optimization problem.

Let H; and H, be two real Hilbert spaces, A : Hi — H, be a linear and bounded opera-
tors, h: Hi — R and g : H, — R be two proper convex and lower semicontinuous func-
tions. The split optimization problem (SOP) is to find x* € H;, Ax* € H, such that

h(x ) :;12}2 hi(x) and g(Ax ) = gghrgg(z). (1.12)
Denote by U = 9k and K = dg, then the (SOP) (1.12) is equivalent to the following split
variational inclusion problem (SVIP): to find x* € H; such that

0e L[(x*), 0e K(Ax*). (1.13)

For solving (GSEVIP) (1.5) and (GSEOP) (1.6), in Sections 3 and 4, we propose a new si-
multaneous type iterative algorithm. Under suitable conditions some strong convergence
theorems for the sequences generated by the algorithm are proved in the setting of infinite-
dimensional Hilbert spaces. As special cases, we shall utilize our results to study the split
feasibility problem, split equality equilibrium problem and the split optimization problem.
By the way, we obtain a strongly convergent iterative sequence to a solution of the prob-
lem (1.3), which provides an affirmative answer to the open question raised by Moudafi
[11]. The results presented in the paper extend and improve the corresponding results an-
nounced by Moudafi et al. [11, 12, 19], Eslamian and Latif [13], Chen et al. [14], Censor et
al. [1, 3-5, 20], Chuang [15], Naraghirad [21], Chang and Wang [16], Ansari and Rehan
[17], and some others.

2 Preliminaries
We first recall some definitions, notations, and conclusions.

Throughout this paper, we assume that H is a real Hilbert space and C is a nonempty
closed convex subset of H. In the sequel, we denote by F(T) the set of fixed points of a
mapping T and by x, — x* and x,, — x™, the strong convergence, and weak convergence
of a sequence {x,} to a point x*, respectively.

Recall that a mapping T : H — H is said to be nonexpansive, if ||Tx — Ty|| < |lx — y||,
Vx,y € H. A typical example of nonexpansive mapping is the metric projection Pc from
H onto C C H defined by [lx — Pcx|| = inf)ec ||x — y||. The metric projection Pc is firmly
nonexpansive, if

IPcx = Peyl® < (x—y,Pcx—Pcy)  Vay € H, 2.1)
and it can be characterized by the fact that
Pc(x) € C and (y-Pc(x),x—Pc(x)) <0, VxeH,yeC. (2.2)
A mapping T : H — H is said to be quasinonexpansive, if F(T) # #, and

ITx—p|| < |lx-pl|l, foreachxe H andp e F(T).
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It is easy to see that if T is a quasi-nonexpansive mapping, then F(T) is a closed and

convex subset of C. Besides, T is said to be a firmly nonexpansive, if

1Tx - Ty|* < (x—y, Tx - Ty) Vx,y€C
2
& ITx-DI’<llx-yl’ - |0 -Dx-U-T)y|" VxyeC.
Lemma 2.1 [22] Let H be a real Hilbert space, and {x,} be a sequence in H. Then, for any

given sequence {A,} of positive numbers with Y. A, = 1 for any positive integers i, j with
i <j the following holds:

2 o0
2 2
< E Al = A lloe; — o 1°.
i=1

o0
E Ann
i=1

Lemma 2.2 23] Let H be a real Hilbert space. For any x,y € H, the following inequality
holds:

lloe + y11> < llxll* + 23, % + ).

Lemma 2.3 [24] Let {t,} be a sequence of real numbers. If there exists a subsequence {n;}
of {n} such that t,; < t,,.1 for all i > 1, then there exists a nondecreasing sequence {t(n)}
with t(n) — oo such that for all (sufficiently large) positive integer number n, the following
holds:

tr(n) = tt(n)+1: ty < tr(n)+1-
In fact,
t(n) = max{k < n:t; < tr1}

Definition 2.4 (Demiclosedness principle) Let C be a nonempty closed convex subset of
areal Hilbert space H, and T : C — C be a mapping with F(T) # . Then I — T is said to be
demiclosed at zero, if for any sequence {x,} C C with x,, — x and ||, — Tx,|| — 0, x = Tx.

Remark 2.5 [25] Itis well known thatif T: C — C is a nonexpansive mapping, then /- T
is demiclosed at zero.

Lemma 2.6 Let {a,}, {b,} and {c,} be sequences of positive real numbers satisfying a,.; <
(1-by)a, + ¢, for all n > 1. If the following conditions are satisfied:

1) b, €(0,1)and Yy 2, b, =00,

(2) 2551 6n <00, orlimsup, o 7 <0,

then lim,_, o a, = 0.

Lemma 2.7 [15] Let H be a real Hilbert space, B: H — 2" be a set-valued maximal
monotone mapping, > 0, and let ]g be the resolvent mapping of B defined by ]g =+
BB)7L, then

(i) foreach B >0, ]g is a single-valued and firmly nonexpansive mapping;
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(ii) D(]g) = H and F(]g) = B0);
(iti) (I - ]g) is a firmly nonexpansive mapping for each B > 0;
(iv) suppose that B™X(0) # @, then for each x € H, each x* € B1(0) and each B > 0

2

)

=7l + g =] < "

(v) suppose that B1(0) # 0. Then {x —]ﬁx,]ﬁx —w) >0 for each x € H, each w € B™1(0),
and each B > 0.

Lemma 2.8 Let Hy, H, be two real Hilbert spaces, A : H — H, be a linear bounded op-
erator and A* be the adjoint of A. Let B : Hy — 22 be a set-valued maximal monotone
mapping, B > 0, and let ]g be the resolvent mapping of B, then
(i) =T Ax— (I -TH)AYI1* < (I - J§)Ax — (I - ]§)Ay, Ax — Ay);
(i) 1A4°( - J)Ax - AU T AV < IAIP (- TH)Ax ~ (- T Ay, Ax ~ Ay);
(iii) if p € (0, W), then (I — pA*(I —]g)A) is a nonexpansive mapping.

Proof By Lemma 2.7(iii), the mapping (I — ]g) is firmly nonexpansive, hence the conclu-
sions (i) and (ii) are obvious.

Now we prove the conclusion (iii).

In fact, for any x,y € Hj, it follows from the conclusions (i) and (ii) that

| (1= pA*(1=T})A)x— (1= pA™ (1-J5)A)y|*
= b= y11* = 2p{x = 3, A*(I - J§) Ax - A*(I - J§) Ay)
+ 02 |Ar (1= Tf)Ax - AT (1= J5) 4]
< llx—yI1* - 2p(Ax - Ay, (I - J§)Ax - (I - J§) Ay)
+ PNAI] (1= T2)Ax - (1= 1) Ay |
< llx =17 - p(2 = pIAIR) | (1 - 78)Ax - (1~ J2) Ay

<llx=-yI* (since p(2 - plAl*) = 0).
This completes the proof of Lemma 2.8. 0

3 General split equality variational inclusion problem and strong convergence
theorems
Throughout this section we assume that
(1) Hi, H,, Hs are three real Hilbert spaces;
(2) (U}« Hy — 2" and {K;}%S, : Hy — 22 are two families of set-valued maximal
monotone mappings, B > 0 and y > 0 are given positive numbers;
(3) A:H; — Hj and B: H, — Hj are two bounded linear operators and A*, B* are the
adjoint of A and B, respectively;
4) f= [;21], where f;, i = 1,2 is a k-contractive mapping on H; with k € (0,1);
(5) the set of solutions of (GSEVIP) (1.5)  # @,

u;
g A* A*A  -A'B
JUAD =\, G=[A-B], G"= ., GG=|" e
Jui -B*A  B*B
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(6) for any given wy € Hy x Hj, the iterative sequence {w,} C H; x H, is generated by

Wis1 = OuWy + Buf (W) + Z Vn,i(];(fi[bkl) (1 - }\n,iG*G)Wn); n=0, (3.1)
i=1

or its equivalent form:

X1 = Uy + Bfis () + 3 ViUt (% = A i(A* (A, — By,)))),s
Yn+l = OpYn + ,Bnﬁ(yn) + Z?:l yn,i(]plfii (yn + )‘n,i(B* (Axn - Byn)))),

where {a,}, {81}, {yui} are the sequences of nonnegative numbers satisfying

o0
oy + B+ Z)/n,i =1, foreachn>0.
i=1

We are now in a position to give the following results.

Lemma 3.1 Let H,, H,y, Hs, A, B, A*, B*, {U}}, {K;}, ],(LLi[i’K"), G, G* be the same as above.

If Q # V) (the solution set of (GSEVIP) (1.5)), then w* := (x*,y*) € H; x H; is a solution of
(GSEVIP) (1.5) if and only if for each i > 1, and for any given y >0 and >0
w* = JUAK) (1 -y G*G)w*. (3.2)

Proof Indeed, if w* = (x*,y*) € Hi x Hj is a solution of (GSEVIP) (1.5), then by Lem-
ma 2.7(ii), for each i > 1, and for any y > 0 and p > 0 we have

x* e U7(0) = F(]ﬁ’i), y* e K71(0) = F(]{f") and Ax* = By*

o i :]lilix*’ y* :]llfiy* and  Ax* :By*.
Hence we have G(w*) = Ax* — By* =0, and so
=66 ) = 59 ) = O ) <

This implies that (3.2) is true.
Conversely, if w* = (x*,y*) € H; x H, satisfies (3.2), then we have

(3.3)

x* = % — y A*(Ax* - ByY)],
y* =i [y* + yB*(Ax* — By*)].

We make the assumption that the solution set Q2 of (GSEVIP) (1.5) is nonempty. Hence
the sets U;1(0) and K;(0) both are nonempty. By Lemma 2.7(v) and (3.3), we have

(x* - (x* —yA* (Ax* —By*)),x —x*) >0, Vxel(0),
and so

(Ax* - By*,Ax - Ax*) >0, Vxe U;'(0). (3.4)

Page 8 of 17
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Similarly, by Lemma 2.7(v) and (3.3) again, one gets

(Ax* — By*,By* = By) >0, VyeK;'(0). (3.5)
Adding up (3.4) and (3.5), we have

(Ax* — By*,Ax — Ax* + By* —=By) > 0, Vxe€ U;'(0)andy € K;'(0).
Simplifying it, we have

|Ax* - By*||* < (Ax* - By*,Ax—By), Vxe U;(0)andy € K;(0). (3.6)

Since Q # @, taking w = (%,)) € Q, for each i > 1, we have x € U;'(0) and y € K;1(0) and
Ax = By. In (3.6), taking x = x and y = J, we have

|Ax* —By*| =0, ie., Ax*=By*". (3.7)
Hence from (3.3) and (3.7)

=] ),

: & 0e U(x"), 0eK;(y), Vi=>1. (3.8)
y*:]{fz(y*)’ l( ) (y)

It follows from (3.7) and (3.8) that w* is a solution of (GSEVIP) (1.5).
This completes the proof of Lemma 3.1. d

Lemma 3.2 IfA € (0, %), where L = ||G||?, then (I - AG*G) : Hy x Hy — H, x Hy is a non-
expansive mapping.

Proof In fact, for any w,u € H; x Hy, we have

|(1-1G*G)u - (I-rG*G)w|*
= |- w) - 2G*Gu - w)|?
= u—wi> + 2% G*Glu—w)|* = 2A{u — w, G*G(u — w))
< [lu—wl? + L] Glu—w) | = 24(G(u — w), G(u — w))
= u—wi? + AL|| G - w)||* = 21| G - w)|?
= llu = wil* = A2 - L) Gl — )|

< llu—w|?.
This completes the proof. d

Theorem 3.3 Let H;, H,, H3, A, B, A*, B*, {U}}, {K,-},],(fil"‘Ki), G, G*, f be the same as above.
Let {w,} be the sequence defined by (3.1). If the solution set Q2 of (GSEVIP) (1.5) is nonempty
and the following conditions are satisfied:

(D) au+Bu+ D i Vni =1, foreach n>0;

(i) limy— o0 By =0,and oo By = 00;
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(ili) liminf,_, o 0ty Yy, > 0 for each i > 1;
(iv) {Ani} C(0,2) foreach i >1, where L = ||G]|?,

then the sequence {w,} converges strongly to w* = Pof (W*), which is a solution of (GSEVIP)
(1.5).

Proof (1) First we prove that the sequence {w,} is bounded.

In fact, for any given z € €, it follows from Lemma 3.1, Lemma 3.2, and condition (iv)
that

z= ]I(LU"’KZ')(I - )»,,JG*G)z, for each i > 1,

and (I — A,,;G*G) : H; x Hy — H; X H, is a nonexpansive mapping. Also by Lemma 2.7(i),
: (UpKi) . .
foreachi>1,J,;”"" is a firmly nonexpansive mapping. Hence we have

”Wn+1 - Z” =

(anwn + Buf (W) + Z yn,i]l(};[i'Ki) ([ - )Ln,iG*G)Wn) -z

i=1

[o¢]
< ayllwy =zl + Bullf W) = 2] + D yi L (I = 2 G* G)wy — 2

i=1

< ayllwy =zl + Bulf W) = 2] + D viui | (I - 2iG*G)w,, — 2|

i=1

< aullwn =zl + Baf (W) — 2|

o0
+ Z Yini | ([ = An,iG* G)wy — (I = 1, G*G)z|

i=1

o0
< ayllwy =zl + Bulfwa) = 2] + D yiillwa — 2l

i=1
=1 - Bu)lwn -zl +ﬁn|lf(wn)_z||
<@ =B)llwn =zl + Bu Hf(wn) -f(2) ” + B ”f(z) _Z“
< (1= B llwn =2l + kBullwn — 2|l + Bu | (2) - 2|

= (1= (= 0B Iy 2l + (- By [ 2) 2]
< max I, -2l 101 |

By induction, we can prove that

1
llwy, — 2| < max{nwO ak e UORE] } V> 0.

This shows that {w,} is bounded, and so is {f(w,)}.
(II) Now we prove that the following inequality holds:

®n¥n,i ” Wy _],(LLi[i’Ki) (I — Mn,iG” G) Wiy H2

< 1wy —2II> = W1 = 2> + Ba | f (W) — 2|°  for eachi > 1. (3.9)
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Indeed, it follows from (3.1) and Lemma 2.1 that for each i > 1

”Wn+l_z||2= an(wn_z)"'ﬂn(f(wn) Z Zyn/ U;;K; I An]G*G)Wn_Z)

<yl Wy _2”2 + Bu |Lf(wn) _Z” Zyn;” (U1K1 1 An G*G)Wn _Z”2
-0y Vn,i H Wy _]/%GJQ) (I - )‘«n,iG* G) Wy ”
9 o0
< ayllw =2l + Bulf W) = 2]+ D viujllwn — 211>

_anyn,i”Wn ]U,I( (1 )\. G*G)Wn”2

= (L= B[ Wn = 2I1% + Bull f(w) — 2|

_anynl”Wn ] L[, ki) (1 A G* )Wn ||2
This implies that for each i > 1
Oann,iHWn _]L?iv&) (I - )Ln,iG*G)Wn ”2 < llwn - Z||2 =W = Z||2 + B Hf(wn) - Z”z'

Inequality (3.3) is proved.

It is easy to see that the solution set €2 of (GSEVIP) (1.5) is a closed and convex subset
in Hy x H,. By the assumption that €2 is nonempty, so it is a nonempty closed and convex
subset in H; x H,. Hence the metric projection Pg, is well defined. In addition, since Pof :
H; x H, — Q is a contractive mapping, there exists a unique w* € Q such that

w* = Pof (w"). (3.10)

(III) Now we prove that {w,} converges strongly to w*.

For the purpose, we consider two cases.

Case L. Suppose that the sequence {||w, — w*||} is monotone. Since {|w, — w*|} is
bounded, {||w, — w*|} is convergent. Since w* € Q, in (3.9) taking z = w* and letting

1 — 00, in view of conditions (ii) and (iii), we have
lim ||w, - J U< (1 - 1,,,G*G)w,| =0, foreachi> 1. (3.11)
n—00 t

On the other hand, by Lemma 2.2 and (3.1), we have

2

<anwn + IBVlf(Wn) + Z Vn,i]l(,_Li[ilKi)(I - )\n,iG* G)Wn) - W*

s -~
i=1

o (Wi = W) + B (f (W) = W)

00 2

+Zyn,,(]u’K’ (I An G*G) —w*)

i=1
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2
<

o0
(W = W) + Y Vi ([ (1 = 20, G G — W)
i=1

+ 2:Bn<f(wn) - W Wy — w*> (by Lemma 2.2)

00 2
S T v ]

=
+ 2Bulf Wn) = f (W*), W1 = w*) + 2Bu{f (W) = W, W1 — W)

TR I D WY I |
DA - s~

< 0= B = [+ Bkl = s~

+ 2/3,,(f(w*) — WS Wy — W*).

Simplifying it we have

1- n2 nk 2 »
||Wn+1—w*ii2§%” - *”2"'l_lznkV(W*)_W*’W“l_W*)
2
R e
1-puk 1- Bk
260 o *
+1_ﬁnk<f(w)_w’wn+1—w>
_ 2(1_k)13n w12
(- Iwaw
20-k)B. | BM 1 . . .
Tk {2(1—k)+1—/<(f(w)‘W’WM-W)}
= (1= )| wn - w* ||2 + NS
where
_w _ PM b A Lk
"= 1- Bk’ an_Z(l—k)+1_/<(f(W) W Wi W),

M= supr,, —-w* H2
n>0

By condition (ii), lim, .« B, =0 and ) 2, B, = 00, and s0 is ) o} 7, = 00.

Next we prove that

limsupé, <O0.
n—0oQ

In fact, since {w,} is bounded in H; x H», there exists a subsequence {w,, } C {w,} with

Wy, — V¥ (some point in C x Q), and X, ; — A; € (0, %) such that

lim (f(w*) - W Wy, — w*) =lim sup(f(w*) —ww, — w*).

n—00 11— 00

(3.12)

(3.13)
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Since

”w,,k —]laLi[i’1<i)(I - }Lnk‘,’G*G)wnk ” — 0, foreachi>1

U;K;
and ],(”‘ !

is demiclosed at zero, hence we have

(1 - An,iG*G) is a nonexpansive mapping, by Remark 2.5, I — Lf"”@(] - A,iG*G)

v = JUKD (1 - 0, G*G)V, Vi1 (3.14)
By Lemma 3.1, this implies that v* € Q. In addition, since w* = Pof (w*), we have

li;:isolipV(W*) —ww, — w*) = nli}ng()(f(w*) - W Wy, — W*)

= (f(w*) —wh vt — w*) <0.
This shows that (3.13) is true. Taking a,, = ||w, — w*||, b,, = n,, and ¢, = 8,1, in Lemma 2.6,
therefore all conditions in Lemma 2.6 are satisfied. We have w,, — w*.
Case IL If the sequence {||w,, — w*||} is not monotone, by Lemma 2.3, there exists a se-

quence of positive integers: {t(n)}, n > no (where n, large enough) such that

(n) = max{k <n: ||wk - w || < ||wk+1 —-w* || } (3.15)

Clearly {t(n)} is a nondecreasing, 7(n) — 00 as n — 00, and for all n > n,

”Wr(n) -w* || = ||Wr(n)+1 -w H ||Wn -w || = ||Wr(n)+1 -w* H (316)

Therefore {||w-(,) —w*||} is anondecreasing sequence. According to Case I, lim,,_, o || W7 () —

w¥|| = 0 and lim,,—, o W7 ()41 — W*|| = 0. Hence we have

0< ||wn—w*|| §max{||w,,—w*

| Weny —W* ||} = ||Wf(n)+1 -w* || — 0, asn— oo.
This implies that w,, — w* and w* = Pof(w*) is a solution of (GSEVIP) (1.5).
This completes the proof of Theorem 3.3. d

Remark 3.4 Theorem 3.3 extends and improves the main results in Moudafi et al. [11, 12,
19], Eslamian and Latif [13], Chen et al. [14], Chuang [15], Naraghirad [21] and Ansari and
Rehan [17].

4 General split equality optimization problem and strong convergence
theorems

Let Hy, H,, and Hj be three real Hilbert spaces. Let A : H; — H3 and B: H, — Hj be two

linear and bounded operators. The so-called general split equality optimization problem

(GSEOP) is to find x* € Hy, and y* € H; such that for each i > 1

hi(x*) = min h;(x), &) = m]iingi(z) and Ax* = By*, (4.1)
z€Hy

xeH]
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where 4; : H; — R and g; : H, — R are two families of proper, lower semicontinuous, and
convex functions.

For each i > 1 denote by d4; = U; and 9g; = K;. Then the mappings U; : H; — 2M and
K;:Hy — 2M2,i=1,2,... both are set-valued maximal monotone mappings, and

hi(x%) =minki(x) & 0¢ Ihi(x*) = Uy(x"),

gi(y*) = glelli{r;gi(z) & 0Oe 8g,'(y*) = K,'(y*).
Therefore (GSEOP) (4.1) is equivalent to the following general split equality variational
inclusion problem (GSEVIP): to find x* € H; and y* € H, such that

o0 o0
oe(\Ui(x), 0e()Ki(y) and Ax*=By". (4.2)
i=1 i=1
Therefore, the following theorem can be obtained from Theorem 3.3 immediately.
Theorem 4.1 Let Hy, Hy, Hs, A, B, A*, B*, {U}}, {K;} be the same as above. Let .-, G,
G*,f be the same as in Theorem 3.3. Let {w,,} be the sequence defined by (3.1). If the solution
set Q1 of (GSEVIP) (4.1) is nonempty and the following conditions are satisfied:
(i) @+ Bu+ Y iy Vui =1, for each n = 0;
(i) limy— o0 By =0, and > oo By = 00;
(iii) liminf,_, o 0ty Yn,; > 0 for each i > 1;
(iv) {Ani} C(0,2) foreachi>1, where L = |G|,
then the sequence {w,} converges strongly to w* = Pg, f(w*), which is a solution of (GSEOP)
(4.1).

By using Theorem 3.3 and Theorem 4.1, now we give some corollaries for the split equal-
ity feasibility problem, the split equality equilibrium problem, and the split optimization
problem.

Let Hy, Hy, Hs, C, Q, A, B be the same as in the split equality feasibility problem (1.3).
Let ic and ig be the indicator function of C and Q, respectively, defined by (1.7). In The-
orem 4.1, take {U} = {dic}, {K} = {dig}, and JX) = Pcyq = [II’)S]’ therefore we have the
following.

Corollary 4.2 Let Hy, H,, H3, A, B, A*, B*, Pcq be the same as above. Let G, G*, f be the
same as in Theorem 4.1. Let {w,} be the sequence generated by wy € H; x H,

Wyl = QuWy + ,an(wn) + VYn (PCXQ(I - )\nG*G)Wn), n>0, (4.3)
or its equivalent form

Xn+l = OpXy + ,anl(xn) + Vn(PC(xn — An(A*(Ax, _Byn)))):

(4.4)
Yn+1l = QpYn + ,anZ(yn) + Vn(PQ(yn + An(B*(Ax, _Byn))))-

Ifthe solution set I'1 of (SEFP) (1.3) is nonempty and the following conditions are satisfied:
(i) on+ Bu+ yu =1, for each n > 0;
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(i) limy— o0 By =0, and > oo By = 00;

(iii) liminf,_ o @,y > 0;

(iv) {An} C (0, %) foreachi>1, where L = ||G||?,
then the sequence {w,} converges strongly to w* = Pr f(w*), which is a solution of (SEFP)
(1.3).

Remark 4.3 Since the simultaneous iterative sequence {(x,,,)} (4.4) converges strongly
to a solution of (SEFP) (1.3). Therefore it provides an affirmative answer to Moudafi’s open
question 1.1 [11].

Let h,g: D x D — (—00, +00) be two equilibrium functions. For given A > 0, let R, ;, and
R ¢ be the resolvents of s and g (defined by (1.9)), respectively.

The so-called split equality equilibrium problem with respective to h, g, and D (SEEP(h,
g, D)) is to find x* € D, y* € D such that

h(x*,u)>0, YueD, g(y,v)>=0, VveD and Ax"=By", (4.5)

where A,B: D — D are two linear and bounded operators.
By Proposition 1.2, the (SEEP(h, g, D)) (4.5) is equivalent to find x* € D, y* € D such that
foreach A >0

x* € EP(h,D),  y*€EP(g,D) and Ax"=By*
(4.6)
& xfe F(R)Lh), y* S F(R)Lg) and Ax™ = By*

Letting C = F(R,), Q = F(Ryy), by Proposition 1.2, C and Q both are nonempty closed and
convex subset of D. Hence the problem (4.5) (and so the problem (4.6)) is equivalent to
the following split equality feasibility problem:

to find x* € C,y* € Q such that Ax* = By*. (4.7)

In Corollary 4.2 taking H; = H, = H3 = D, from Corollary 4.2 we have the following.

Corollary 4.4 Let D, C, Q be the same as above. Let A, B, A*, B*, Pcyq, G, G*, f be the

same as in Corollary 4.2. For any given wy € D x D, let {w,} be the sequence generated by
Wil = Wy + Buf (Wy) + vy (PCXQ(I - )»,,G*G)w,,), n>0. (4.8)

If the solution set Ty of (SEEP(h, g, D)) (4.5) is nonempty and the following conditions are
satisfied:
() an+Bu+yn=1,foreachn>0;

(i) limy— o0 By =0,and -0 By = 00;

(iii) liminf,_ o o,y > 0;

(iv) {An} C(0,2) foreach i >1, where L = ||G|%,
then the sequence {w,} converges strongly to w* = Pr,f(w*), which is a solution of (SEEP(h,
g,D)) (4.5).
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Let H; and H, be two real Hilbert spaces, A : H] — H; be a linear and bounded opera-
tors, h: Hi — R and g : H, — R be two proper convex and lower semicontinuous func-
tions. The split optimization problem (SOP) is to find x* € Hy, Ax* € H, such that

h(x*) :?61}_}} hi(x) and g(Ax")= g}};g(z). (4.9)

Denote U = dh and K = dg, then the (SOP) (4.9) is equivalent to the following split vari-
ational inclusion problem (SVIP): to find x* € H; such that

0el(x"), 0eK(Ax"). (4.10)

In Theorem 4.1 taking H3 = H,, B = I (the identity mapping on H;) and

- .. A ... |ara -4
G-ta-1, G[ } GG[ }
AT

then from Theorem 4.1 we have the following.

Corollary 4.5 Let Hy, Hs, A, I, G, G*, U, K, be the same as above. Let ]LU'K),f be the same
as in Theorem 4.1. For any given wy = (x9,y0) € Hy x Ha, let {w,, = (x,,,)} be the sequence

defined by
X1 = U + Bfi () + Vil (60 = 1nA* (A = ), (411)
Vue1 = &Y + BufoOn) + Vil O + An(A% = 9)),s
or its equivalent form:
Wys1 = Wy + Bf (Wh) + vy (]l(lu'K) (I - Ané*é)wn), n=>0, (4.12)

If s := {x* € U7(0) N ALKY(0)}, the solution set of (SOP) (4.9) is nonempty, and the
following conditions are satisfied:
(i) oy + Bu+yu =1, foreach n> 0;

(i) lim,— 00 By =0,and y e, By = 00;

(iii) liminf,_ o @,y > 0;

(iv) {ha} C(0,7), where L= |G,
then the sequence {w,} converges strongly to w* = Pr,f(w*), which is a solution of (SOP)
(4.9).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Acknowledgements
The authors would like to express their thanks to the editors and the referees for their helpful suggestion and advices.

This work was supported by the National Natural Science Foundation of China (Grant No. 11361070).

Received: 30 May 2014 Accepted: 15 September 2014 Published: 14 Oct 2014

Page 16 of 17


http://www.fixedpointtheoryandapplications.com/content/2014/1/215

Chang et al. Fixed Point Theory and Applications 2014, 2014:215
http://www.fixedpointtheoryandapplications.com/content/2014/1/215

References

1.

2.

19.
20.
. Naraghirad, E: On an open question of Moudafi for convex feasibility problem in Hilbert spaces. Taiwan. J. Math. 18(2),
22.
23.
24.

25.

Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms 8,
221-239 (1994)

Byrne, C: Iterative oblique projection onto convex subsets and the split feasibility problem. Inverse Probl. 18, 441-453
(2002)

. Censor, Y, Bortfeld, T, Martin, N, Trofimov, A: A unified approach for inversion problem in intensity-modulated

radiation therapy. Phys. Med. Biol. 51, 2353-2365 (2006)

. Censor, Y, Elfving, T, Kopf, N, Bortfeld, T: The multiple-sets split feasibility problem and its applications. Inverse Probl.

21,2071-2084 (2005)

. Censor, Y, Motova, A, Segal, A: Perturbed projections ans subgradient projections for the multiple-sets split feasibility

problem. J. Math. Anal. Appl. 327, 1244-1256 (2007)

. Xu, HK: A variable Krasnosel'skii-Mann algorithm and the multiple-sets split feasibility problem. Inverse Probl. 22,

2021-2034 (2006)

. Yang, Q: The relaxed CQ algorithm for solving the split feasibility problem. Inverse Probl. 20, 1261-1266 (2004)
. Zhao, J, Yang, Q: Several solution methods for the split feasibility problem. Inverse Probl. 21, 1791-1799 (2005)
. Chang, SS, Cho, YJ, Kim, JK, Zhang, WB, Yang, L: Multiple-set split feasibility problems for asymptotically strict

pseudocontractions. Abstr. Appl. Anal. 2012, Article ID 491760 (2012). doi:10:1155/2012/491760

. Chang, SS, Wang, L, Tang, YK, Yang, L: The split common fixed point problem for total asymptotically strictly

pseudocontractive mappings. J. Appl. Math. 2012, Article ID 385638 (2012). doi:10.1155/2012.385638

. Moudafi, A: A relaxed alternating CQ algorithm for convex feasibility problems. Nonlinear Anal. 79, 117-121 (2013)
. Moudafi, A, Al-Shemas, E: Simultaneous iterative methods for split equality problem. Trans. Math. Program. Appl. 1,

1-11(2013)

. Eslamian, M, Latif, A: General split feasibility problems in Hilbert spaces. Abstr. Appl. Anal. 2013, Article ID 805104

(2013)

. Chen, RD, Wang, J, Zhang, HW: General split equality problems in Hilbert spaces. Fixed Point Theory Appl. 2014,

Article ID 35 (2014)

. Chuang, C-S: Strong convergence theorems for the split variational inclusion problem in Hilbert spaces. Fixed Point

Theory Appl. 2013, Article ID 350 (2013)

. Chang, S-s, Wang, L: Strong convergence theorems for the general split variational inclusion problem in Hilbert

spaces. Fixed Point Theory Appl. 2014, Article ID 171 (2014)

. Ansari, QH, Rehan, A: Split feasibility and fixed point problems. In: Ansari, QH (ed.) Nonlinear Analysis: Approximation

Theory, Optimization and Applications, pp. 282-322. Springer, New York (2014)

. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63(1/4),

123-145 (1994)
Moudafi, A: Split monotone variational inclusions. J. Optim. Theory Appl. 150, 275-283 (2011)
Censor, Y, Segal, A: The split common fixed point problem for directed operators. J. Convex Anal. 16, 587-600 (2009)

371-408 (2014)

Chang, SS, Joseph Lee, HW Chan, CK, Zhang, WB: A modified Halpern-type iterative algorithm for totally
quasi-asymptotically nonexpansive mappings with applications. Appl. Math. Comput. 218, 6489-6497 (2012)
Chang, SS: On Chidume’s open questions and approximate solutions for multi-valued strongly accretive mapping
equations in Banach spaces. J. Math. Anal. Appl. 216, 94-111 (1997)

Maingé, P-E: Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex
minimization. Set-Valued Anal. 16(7-8), 899-912 (2008)

Goebel, K, Kirk, WA: Topics in Metric Fixed Point Theory, vol. 28. Cambridge University Press, Cambridge (1990)

10.1186/1687-1812-2014-215

Cite this article as: Chang et al. Moudafi's open question and simultaneous iterative algorithm for general split
equality variational inclusion problems and general split equality optimization problems. Fixed Point Theory and
Applications 2014, 2014:215

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 17 of 17


http://www.fixedpointtheoryandapplications.com/content/2014/1/215
http://dx.doi.org/10:1155/2012/491760
http://dx.doi.org/10.1155/2012.385638

	Moudaﬁ's open question and simultaneous iterative algorithm for general split equality variational inclusion problems and general split equality optimization problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	General split equality variational inclusion problem and strong convergence theorems
	General split equality optimization problem and strong convergence theorems
	Competing interests
	Authors' contributions
	Acknowledgements
	References


