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1 Introduction
Let H; and H, be two real Hilbert spaces and let C C H; and Q C H, be two nonempty,
closed, and convex sets. Let A: H; — H; be a bounded linear operator with its adjoint A*.
Let S: Hy — H, and T': H; — H; be two nonlinear mappings.

The purpose of this paper is to study the following split feasibility problem and fixed
point problem:

Find x* € C N Fix(T) such that Ax* € Q N Fix(S). 1.1)

Special cases:
(i) Finding a point x* which satisfies

x*eC and Ax"eQ. 1.2)

This problem, referred to as the split feasibility problem, was introduced by Censor and
Elfving [1], modeling phase retrieval and other image restoration problems, and further
studied by many researchers; see, for instance, [2-7].

(ii) Find a point x* with the property

x* € Fix(T) and Ax" € Fix(S). (1.3)

This problem, referred to as the split common fixed point problem, was first introduced
by Censor and Segal [8].

Next, we recall some existing algorithms for solving (1.1)-(1.3) in the literature.
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In order to solve (1.2), Censor and Elfving [1] introduced the following algorithm:
xpe1 = A7 Po(Pacy(Axy)), neN, (1.4)

where C and Q are closed and convex sets in R”, A is a full rank # x n matrix and A(C) =
{yeR"|y=Ax,x € C}.

Now (1.4) is not popular because it involves the computation of the inverse A™L.

A more popular algorithm that solves (1.4) seems to be the CQ algorithm presented by
Byrne [5, 7]:

%41 = Pc (%, — TA*(I - Pg)Ax,), neN, (1.5)

where 7 € (0, %), with L being the largest eigenvalue of the matrix A*A.
Note that x* solves (1.2) if and only if x* solves the fixed point equation

&* = Pc(I = MA*(I - P)A)x™. (1.6)

The above equivalence relation (1.6) reminds us to use fixed point method to solve (1.2).
Many authors have given a continuation of the study on the CQ algorithm and its variant
form. For related work, please refer to [9-16]. Especially, the following regularized method
was presented by Xu [6]:

Kpsl = PC((I — V)X — VuA*(I - PQ)Ax,,), neN. 1.7)

It should be pointed out that (1.7) can be used to find the minimum norm solution of (1.2).
For solving (1.3), Censor and Segal [8] invented an algorithm which generates a sequence
{x,} according to the iterative procedure:

Kpsl = T(xn —-yA*(I - S)Axn), neN. (1.8)

Note that (1.8) is more general than (1.5). Some further generations of this algorithm were
studied by Moudafi [17] and Wang and Xu [18] and others; see, for example, [19-22].

Motivated by the results in this direction, the purpose of this paper is to study the split
feasibility problem and the fixed point problem involved in the pseudocontractive map-
pings. We construct an iterative algorithm and prove its strong convergence.

2 Preliminaries
Let H be a real Hilbert space with inner product (-,-) and norm | - ||, respectively. Let C
be a nonempty, closed, and convex subset of H.
Recall that a mapping T7: C — C is called pseudocontractive if
(Tx - Ty,x—y) < |lx -yl

for all x,y € C. It is well known that T is pseudocontractive if and only if

ITx - Tyl? < llx—ylI? + | - T)x = (1 - T)y? (2.1)
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forallx,y € C. A mapping T: C — C s called L-Lipschitzian if there exists L > 0 such that
1 Tx = Tyll < Lllx =yl

forallx,y € C.If L = 1, we call T nonexpansive.
We will use Fix(T) to denote the set of fixed points of T, that is,

Fix(T) ={x € C:x = Tx}.
We know that the metric projection Pc: H — C satisfies
||x —Pc(x)” = inf{ lx=yll:ye C}.
It is well known that the metric projection Pc: H — C is firmly nonexpansive, that is,

(x =, Pc(®) - Pc(y)) = || Pe(x) - Pc)|?

& || Pe@ - Pc)|? < k- y11% - | - Po)x - (I - Py (2.2)

forallx,y € H.
For all x,y € H, the following conclusions hold:

|ex+ (1= 2)y]) = 2 + A= D) Iyl> - A - B)lx - yI%, € [0,1], (2.3)

lloe + yI1* = llll® + 24, ) + Iy1I%, (2.4)
and

o+ y1I* < IlxlI* + 29, % + p). (2.5)

Lemma 2.1 ([23]) Let H be a real Hilbert space, C a closed convex subset of H. Let T: C —
C be a continuous pseudocontractive mapping. Then

(i) Fix(T) is a closed convex subset of C,

(ii) (I = T) is demiclosed at zero.

Lemma 2.2 ([24]) Assume that {a,} is a sequence of nonnegative real numbers such that
a1 < (1= yu)an +8,, neN,

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
1) Z:il Vn =005
(2) limsup,_, o, i—':l <0o0r) 2118, < 00.

Then lim,—, o a,, = 0.

Lemma 2.3 ([25]) Let {w,} be a sequence of real numbers. Assume {w,} does not decrease
at infinity, that is, there exists at least a subsequence {w,, } of {w,} such that w, < wy, .
for all k > 0. For every n > Ny, define an integer sequence {t(n)} as

T(n) = max{i < m:w,, < Wy}
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Then t(n) — 00 as n — oo and for all n > Ny
max{wr(n)r Wy} < Wr(n)+1-

3 Main results
Let H; and H, be two real Hilbert spaces and let C C H; and Q C H; be two nonempty
closed convex sets. Let A: H; — H; be a bounded linear operator with its adjoint A*. Let
S: H, — H, nonexpansive mapping and let 7: H; — H; be an L-Lipschitzian pseudocon-
tractive mapping with L > 1.

We use I' to denote the set of solutions of (1.1), that is,

I = {x* | x* € CNFix(T), Ax* € QNFix(S)}.

In the sequel, we assume I" # ¢J.
Now, we present our algorithm for finding x* € T".

Algorithm 3.1 For fixed u € H; and x¢ € H; arbitrarily, let {x,} be a sequence defined by

Uy = Pcloyu + (1 — o) (%, — SA™(I — SPQ)Ax,)],
Xne1 = (L= Bty + BuT((L = Yy + yuTuy), neN,

(3.1)

where {0} e, {Bn}nen, and {y,},en are three real number sequences in (0,1) and § is a

constant in (0, W).

Theorem 3.2 Assume the following conditions are satisfied:
(C1) lim,_, o aty = 0;
(CZ) ZZZI a; = 00;

1
(C3) O<a<Pu<c<yu<b< =

Then the sequence {x,} generated by algorithm (3.1) converges strongly to the point x*,
given by x* = Pr(u).

Proof Set x* = Pr(u). Then we have x* € C N Fix(T) and Ax* € Q N Fix(S). Set z, = PoAx,
and y, = auu + (1 — a,)(x, — SA*(I — SPg)Ax,,) for all n € N. Thus u,, = Pcy, for all m € N.
Since Pc and P are nonexpansive, we have

|20 = Ax* || = | PoAx, — PoAx* | < ||Ax, — Ax* (3.2)
and

Ji0n =" = [Peyu = Pex”| < [y =27 (33)
By (2.2), we get

|20 — Ax*||* = | SPoAx, — SPoAx*|*
< ||PoAx, - PoAx*|”

< || Ax, — Ax*||* = 1z — A, )12 (3.4)

Page 4 of 14
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From (2.1), we have
||Tu,,—x*||2§ ||u,,—x*||2+||Tun—un||2 (3.5)

and

” T((l — Vn)ln + VnTun) - H2
< 1@ = ) (s = &) + (Tt — %) |

+ H (1 - yn)un + ynTun - T((l - Vn)un + Vn Tun) “2 (36)

Applying equality (2.3), we have

H(l — Yn)thn + Y Tthy — T((l — V) + Vn TM,,) ||2

= = 1) (s = T = Yt + ¥ Tt1)) + Voo (Tt = T = Y, )it + v Ti)) |
=1~y ”Mn - T((l ~ Vn)Un + VnTun) HZ T Vn ” Tu, - T((l ~ Vn)Un + VnTun) ”2
- Vn(l - )’n)”un - TunHZ' (3.7)

Since T is L-Lipschitzian and u,, — (1 = y,.)tn + ¥ Tth) = Vu(uty — Tu,), by (3.7), we get

”(1 — Yty + Y Tty — T((l = Yu)Un + Vn Tun) ||2
= (1 - yn)Hun - T((l - yn)un + Vn TM,,) H2 + V;?Lz”un - Tun”2
= Yu(L = ) lltn — Tun||2

= (L= )|t = T(A = vt + v T |* + (V2L + v = vu) st = T . (3.8)

By (2.3) and (3.5), we have

@ = ) (2t = %) + (Tt = %)
=(1- Vn)”btn —-x" ”2 + Vn ” Tu, —x* ||2 = Vu(L = yu)llthn = TMMH2
< U=y [t = |* + vl tn = *|* + Nt = Tt )

- Vn(l - Vn)”un - Tun”2

= [t = x*||* + y2 N1t — T (3.9)
From (3.6), (3.8), and (3.9), we deduce

” T((l — Vn)ln + VnTun) - H2
< fsn = + A= ) |40 = T(A = vt + v Tt ||*
= V(1= 20 = ¥, L) |t — Tt |*. (3.10)

Since y, < b < \/—+, we derive that

140241

1—2)/,,—)/”2L2>O, VneN.
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This together with (3.10) implies that

[T(( = y)un + yuTuy) - &* H2

< st =2 |* + (U= ) |0 = T((A = )it + v T || (3.11)
By (2.3), (3.1), (3.11), and (C3), we have

[er =2 = | = Bt + BuT (A = vt + v Tit) — x|
= (U= B tn = |* + B | T((L = vt + v Tt) — |
= Ball = Bo) |14 = T(( = ya)asy + v Tiay) |
< tn =2 = Bulyn = B | T (A = vt + v Tt) —x*||*

< Jun—a"]. (3.12)
By the convexity of the norm and by using (2.4), we get
”y,, —x* H2 = Ha,,(u —x*) +(1- a,,)(x,, —x* + 8A*(Sz, —Ax,,)) H2
< (A=) | (%0 — " + 8A*(Sz, — Axy)) ||2 + oty | - x* ||2
=(1- a,,)[”x,, —x* ” +82 ||A*(Sz,, —Axn)H2
+28(x, — &%, A*(Szy — Axp))| + at ||t — 2 ||2 (3.13)

Since A is a linear operator with its adjoint A*, we have

(rn — %, A*(Sz4 — Axy))
= (A (%) - #%), Sz0 — Axy)
= (Ax, — Ax* + Sz, — A%y — (Szy — Axy), Sz — Axy)
= Sz, — Ax*, Sz — Axy) — || Sz — Ay |>. (3.14)

Again using (2.4), we obtain

(Szn — Ax*, Sz, — Ax,) = %(”Sz,, — Ax*|” + 1Sz, - A, |1* - |Ax, - Ax*[?).  (3.15)

From (3.4), (3.14), and (3.15), we get

(p0n — %, A*(Sz, — Ay)) = %(”Sz,, — A |* 4 11820 — Aal® - | Axy - Ax*|)?)
— 1152, — A, |?
< 5 (A =4 = 2y~ Ay 7+ 112, — A P
— || Ax, — Ax*|*) = 1Sz, — Ax, |12

1 1
=5 llz —Ax,|* - 5152 — Ax, | (3.16)
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Substituting (3.16) into (3.13) we deduce
Iy =2 * <1 - an)[uxn —x*|* 4 82| AN2 1Sz — Ay

1 1
+ 28<—§Ilzy, — Ax, % - 5152 —Ax,,||2)] oty |Ju -

= (L= a)[ |20 — x| + (S2AI? - )11z, — A, ]I
-8z, —Ax,,||2] +a,,||u—x* ||2

5(l—oc,,)”x,,—x*”Z+a,,||u—x* ||2 (3.17)
From (3.3), (3.12), and (3.17), we get

ey e e

S R U

2

)

u—x*Hz}.

< max{ Hx,, —x*

The boundedness of the sequence {x,} yields our result.
Using the firmly nonexpansivenessity of P¢ (2.2), we have

it — 2| = [ Py — 2 |2 < [ = 2> = 1Py — 3l
= [y = 2||* = Netw = 3l (3.18)
Thus
s = |* < [t —"]®

<y =2 |” = Nt = yll®

< (U= )| = % ||* o+ e =2 = Nl = gl
It follows that
2t = yull* < |60 — %" H2 — |1 = x* ”2 + oty | — & H2 (3.19)

Next, we consider two possible cases.
Case 1. Assume there exists some integer m > 0 such that {||x, — x*||} is decreasing for
all # > m. In this case, we know that lim,,_, o ||x, — x*|| exists. From (3.19), we deduce

lim |u, — y,| = 0. (3.20)
n—00
Returning to (3.17), we have

lres =" < o ="
< (= et | + (1= @) (AN - 8) 152, — A

— (1= )8z — Axyl|? + oy Hu —x* ||2

Page 7 of 14


http://www.fixedpointtheoryandapplications.com/content/2014/1/183

Yao et al. Fixed Point Theory and Applications 2014, 2014:183 Page 8 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/183

Hence,

(1 - ) (8 = S NAIP)ISzs = Axull* + (1= 0)8 |2 — Ay |I®

< Jr =2 = =2 + o Ju |

’

which implies that

lim ||Sz, — Ax,|| = lim |z, — Ax,]|| = 0. (3.21)
n—00 n—0oo

So,
lim ||Sz, —z,|| = 0. (3.22)
n— o0

Note that

lyn = xall = | SA*(SPq — DA%y + oty (%, — SA*(I — SPQ)Ax, — u) |

< S| A[lISzn — Axull + ot %04 — BA*(I — SPQ)Axy, — ue].
It follows from (3.21) that
lim ||x, — y,|| = 0. (3.23)
n—00
From (3.3), (3.12), and (3.17), we deduce

”xnﬂ —-x" ”2 = ”un —-x" ”2 - ,Bn(yn - ,Bn)”un - T((l - yn)un + ynTun) ”2
x]|2 |12
< o =2+ =

- ,Bn(yn - ﬁn)”un - T((l - yn)un t Vn let,,) H2

It follows that

IBn(Vn - lgn) ”un - T((l - Vn)un + Vn Tun) ”2

< |n —x* ||2 = ||%mer = & ||2 + oty [ - x* ||2
Therefore,
im o, = T((1 = y)otn + v Toa) | = 0. (3.24)
Observe that

et — Titnll < |60 — T(Q = Vi)t + Y Tbn) | + | T(@ = Vi) thn + Y Tttn) — Tt |

= ”Mn - T((l ~ VYn)Un + Vn Tun) ” + Lyl — Tuty|.
Thus,

llotn — Tu||l <

=2y e = T = yan + T,
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This together with (3.24) implies that
lim ||&,, — Tuy| = 0.
n—00
Now, we show that
lim sup(u - XY, = x*) <0.
n—0o0

Choose a subsequence {y,,} of {y,} such that

limsup(s — x*,y, — x*) = lim (u — x*, y,, — &*).
n—>00 =00

(3.25)

(3.26)

Since the sequence {y,,} is bounded, we can choose a subsequence {y,,i/} of {y,,} such that

Yn; — z. For the sake of convenience, we assume (without loss of generality) that y,, — z.
]

Consequently, we derive from the above conclusions that
Xy = 2, Uy, — Z, Ax,, ~Az and z, — Az

Applying Lemma 2.1, we deduce
z € Fix(T) and Az e Fix(S).

Note that u,, = Pcy,, € C and z,, = PoAx,; € Q. From (3.27), we deduce
zeC and AzeQ.

To this end, we deduce

ze CNFix(T) and Aze QNFix(S).

Thatistosay,ze .
Therefore,

limsup(s — x*,y, — x*) = lim (u — x*, y,, — 5%
n—00 =00

= lim (u - &*,z - x%)
=00

<0.
Using (2.5), we have

s =" < =[]

= | (@ = o) (3 — SA*(I = SPQ)Axy, — x*) + ctyy (1t — x¥) ||2

<(1-a,) ||x,, - 8A*(I - SPo)Ax, — x* ||2 + 201,,(14 — %", Yy —x*)

<1 —ozn)”xn —x* ||2 + 2an(u — %", Yy —x*).

Applying Lemma 2.2 and (3.28) to (3.29), we deduce x,, — x™.

(3.27)

(3.28)

(3.29)

Page 9 of 14
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Case 2. Assume there exists an integer 7y such that
* *
[ =" < g =27
Set w, = {|lx, —x*||}. Then we have

Wy = Wy +1-

Define an integer sequence {t,} for all n > ny as follows:

t(n) =max{le N|ny <l <nw; < w1}

It is clear that 7 () is a non-decreasing sequence satisfying

lim t(n) = 00

n—00

and

W1 (n) = D1 (n)+1>

for all n > ny.

By a similar argument to that of Case 1, we can obtain

nhenolo l2tc(n) = Vel = nlin;o 1% () = Y= ll = O,

lim ”Szr(n) _Axr(n)” = lim ”Zt(n) _Axt(n)” = lim ”Szr(n) _Zt(n)” =0,
n—> 00 n— 00 n— 00

and
hn;o ”ur(n) - Tut(n)” =0.

n—

This implies that
ww(yr(n)) cr.
Thus, we obtain

limsup(ss — x*, yz () — &%) < 0.

n—00

Since wy(y) < Wr(m+1, we have from (3.29) that

w%(n) = w%(nm <@1- “r(n))wf(n) + 20‘r(n>(“ =", V() — x*)

It follows that

a)f(n) < 2(u =" V() — x*)

(3.30)

(3.31)

(3.32)

Page 10 of 14
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Combining (3.30) and (3.32), we have

limsup ;) <0,
n—0o0

and hence

lim sy = 0. (3.33)

n—00

By (3.31), we obtain

: 2 . 2
limsup wz(,,; < limsupwz,.
n—00 n—00

This together with (3.33) implies that
lim wq()41 = 0.
n—0o0
Applying Lemma 2.3 to get
0<w,= max{wr(n)r a)f(n)+1}'
Therefore, w, — 0. That is, x,, — x*. This completes the proof. O

Algorithm 3.3 For xy € H; arbitrarily, let {x,} be a sequence defined by

Uy = Pc[(1—a,) (e, — 8A*( - SPQ)A?C,,)],
Xne1 = (L= By + BuT((L = Y)un + yuTu,), neN,

(3.34)

where {0} e, {Bn}nen, and {y,}nen are three real number sequences in (0,1) and § is a
constant in (0, W).

Corollary 3.4 Assume the following conditions are satisfied:

(C1) limy,_ o ot = 05

(C2) >0 oy = 00;

(C3) O<a<Bp<c<y,<b< ﬁ

Then the sequence {x,} generated by algorithm (3.34) converges strongly to x* = Pr(0),
which is the minimum norm in T.

Algorithm 3.5 For fixed u € H; and x( € H; arbitrarily, let {x,} be a sequence defined by
Xna1 = Pefaue + (1= o) (%, — SA*(I - Po)Ax,)], neN, (3.35)
where {®,} N is a real number sequence in (0,1) and § is a constant in (0, W).

Corollary 3.6 Suppose I'y, the set of the solutions of (1.2), is nonempty. Assume the follow-
ing conditions are satisfied:
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(C1) lim,— o oy = 0;
(C2) % ay = co.

n=1

Then the sequence {x,} generated by algorithm (3.35) converges strongly to x* = Pr, (u).

Algorithm 3.7 For x, € H; arbitrarily, let {x,} be a sequence defined by
%ns1 = Pc[(1 = o) (w0 — SA*(I - Po)Ax,)], neN, (3.36)
where {@,},cn is a real number sequence in (0,1) and § is a constant in (0, W).

Corollary 3.8 Suppose I'y, the set of the solutions of (1.2), is nonempty. Assume the follow-
ing conditions are satisfied:

(C1) lim,_ oy = 0;

(C2) >0 oy = 00.

Then the sequence {x,} generated by algorithm (3.36) converges strongly to x* = Pr, (0),
which is the minimum norm in I'y.

Algorithm 3.9 For fixed u € H; and x¢ € H; arbitrarily, let {x,} be a sequence defined by

Uy, = o+ (1 —a,)(x, — A*(I - S)Ax,),
Kne1 = (1 - By + ,BMT((I — V)t + VuTu,), neN,

(3.37)

where {&,}yen, {Bnlnen, and {y,},en are three real number sequences in (0,1) and § is a
constant in (0, W).

Corollary 3.10 Suppose I'y, the set of the solutions of (1.3), is nonempty. Assume the fol-
lowing conditions are satisfied:

(C1) limy,_ o oy = 0

(C2) Y02 oy = 00;

(C3) O<a<By<c<yn<b<———

V1+L2+41°
Then the sequence {x,} generated by algorithm (3.37) converges strongly to x* = Pr, (u).

Algorithm 3.11 For and x¢ € H; arbitrarily, let {x,} be a sequence defined by

U, = (1 —a,)(x, — SA*(I - S)Ax,),
Xp+l = (1 - lgn)un + lgnT((l - Vn)un + Vn Tun): ne N:

(3.38)

where {0} e, {Bn}nen, and {y,},en are three real number sequences in (0,1) and § is a
constant in (0, W).

Corollary 3.12 Suppose 'y, the set of the solutions of (1.3), is nonempty. Assume the fol-
lowing conditions are satisfied:

(C1) lim,_ oo, = 0;

(C2) >0 oy = 00;

(C3) 0<a<Bu<c<y,<b< ﬁ

Then the sequence {x,} generated by algorithm (3.38) converges strongly to x* = Pr,(0)
which is the minimum norm in I's.
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Example 3.13 Let H; = H, = R with the inner product defined by (x,y) = xy forallx,y € R
and the standard norm | - |. Let C = [0,00) and Q = R. Let Sx = § — 1 for all x € Q and let
Tx=x-1+ % forallx € C.Let Ax = —%’“ forallx € R. Then A is a bounded linear operator
with its adjoint A* = A. Observe that Fix(T) = 3 and Fix(S) = 2. It is easy to see that

4 4
(Tx—Ty,x—y)=<x—1+——y+1——,x—y>
x+1 y+1

< G PV
S — x_
o T L
<lx-yl%
and

4
|Tx-Ty| < | -1+ — -y+1- ——
x

+1 y+1

4
<1-—- _
—‘ (x+1)(y+1)"" )
<5lx-yl

forallx,y € C.
But

1 11 1
(=) -T0)=—>-.
4 20 4

Hence, T is a Lipschitzian pseudocontractive mapping but not a nonexpansive one.
Note that ||A|| = ||A*|| = % Letu=3and§ = %. Then we have

Uy :PC|:3Oln+(1—oty,)<x,,—2 « (_%) % ({ +1) o (—2xn))i|
8 3 2 3

Let 8, = % and y, = % for all x. It is not hard to compute that

|1 — 3| < |u, = 3|

<(1-op) Ex,q+§—3‘
4 4
§§|xn_3|
4

IA

3}’1
— ) |x1-=3|,
<4>|1 |

which shows x, — 3 €T.
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