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Abstract

The purpose of this paper is to present some definitions and basic concepts of best
proximity point in a new class of probabilistic metric spaces and to prove the best
proximity point theorems for the contractive mappings and weak contractive
mappings. In order to get the best proximity point theorems, some new probabilistic
contraction mapping principles have been proved. Meanwhile the error estimate
inequalities have been established. Further, a method of the proof is also new and
interesting, which is to use the mathematical expectation of the distribution function
studying the related problems.
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1 Introduction and preliminaries

Probabilistic metric spaces were introduced in 1942 by Menger [1]. In such spaces, the no-
tion of distance between two points x and y is replaced by a distribution function Fy,(f).
Thus one thinks of the distance between points as being probabilistic with F, () repre-
senting the probability that the distance between x and y is less than ¢. Sehgal, in his Ph.D.
thesis [2], extended the notion of a contraction mapping to the setting of the Menger prob-
abilistic metric spaces. For example, a mapping 7 is a probabilistic contraction if T is such
that for some constant 0 < k < 1, the probability that the distance between image points
Tx and Ty is less than kt is at least as large as the probability that the distance between x
and y is less than ¢.

In 1972, Sehgal and Bharucha-Reid proved the following result.

Theorem 1.1 (Sehgal and Bharucha-Reid [3], 1972) Let (E,F, A) be a complete Menger
probabilistic metric space for which the triangular norm A is continuous and satisfies
A(a,b) = min(a, b). If T is a mapping of E into itself such that for some 0 < k <1 and all
x,y€E,

t
FTx,Ty(t) = Fx,y E , VE>0, (1.1)

then T has a unique fixed point x* in E, and for any given xo € X, T"xo converges to x*.
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The mapping T satisfying (1.1) is called a k-probabilistic contraction or a Sehgal con-
traction [3]. The fixed point theorem obtained by Sehgal and Bharucha-Reid is a general-
ization of the classical Banach contraction principle and is further investigated by many
authors [2, 4-18]. Some results in this theory have found applications to control theory,
system theory, and optimization problems.

Next we shall recall some well-known definitions and results in the theory of probabilis-
tic metric spaces which are used later on in this paper. For more details, we refer the reader
to [8].

Definition 1.2 A triangular norm (shortly, A-norm) is a binary operation A on [0,1]
which satisfies the following conditions:
(a) A isassociative and commutative;
(b) A is continuous;
(¢) Ala,1) =aforalla € [0,1];
(d) A(a,b) < Alc,d) whenever a < cand b <d for each a,b,c,d € [0,1].
The following are the six basic A-norms:
Ai(a,b) = max(a + b-1,0);
Nq(a,b) =a- b;
As(a, b) = min(a, b);
Agy(a, b) = max(a, b);
As(a,b) =a+ b — ab;
Ag(a, b) = min(a + b, 1).

It is easy to check that the above six A-norms have the following relations:

Ai(a,b) < Ax(a,b) = As(a, b) < Au(a,b) < As(a, b) < Nel(a, ),

for any a,b € [0,1].

Definition 1.3 A function F(¢) : (—o0, +00) — [0, 1] is called a distribution function if it is
non-decreasing and left-continuous with lim,_, _ F(£) = 0. If in addition F(0) = O then F
is called a distance distribution function.

Definition 1.4 A distance distribution function F satisfying lim,_, , F(t) = 1 is called a
Menger distance distribution function. The set of all Menger distance distribution func-

tions is denoted by D*. A special Menger distance distribution function given by

0, t<0,
H() =
1, t>0.

Definition 1.5 A probabilistic metric space is a pair (E, F), where E is a nonempty set, F
is a mapping from E x E into D* such that, if F,, denotes the value of F at the pair (x, ),
the following conditions hold:

(PM-1) F,,(t) = H(¢) if and only if x = y;

(PM-2) F,,(t) = F,,(¢t) for all x,y € E and t € (-00, +00);
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(PM-3) F,.(t) =1, F,,(s) =1 implies F,,(t +5) =1
forall x,y,z € E and —00 < £ < +00.

Definition 1.6 A Menger probabilistic metric space (abbreviated, Menger PM space) is a
triple (E, F, A) where E is a nonempty set, A is a continuous ¢-norm and F is a mapping
from E x E into D* such that, if F,,, denotes the value of F at the pair (x,y), the following
conditions hold:

(MPM-1) F,,(t) = H(¢) if and only if x = y;

(MPM-2) F,,(t) = F,(t) for all x,y € E and t € (—00, +00);

(MPM-3) F,,(t +5) > A(Fy(t), Fyy(s)) forallx,y,z€ Eand t >0, s> 0.

Now we give a new definition of probabilistic metric space so-called S-probabilistic met-
ric space. This definition reflects a more probabilistic meaning and the probabilistic back-

ground. In this definition, the triangle inequality has been changed to a new form.

Definition 1.7 A S-probabilistic metric space is a pair (E, F), where E is a nonempty set,
F is a mapping from E x E into D* such that, if F, , denotes the value of F at the pair (x, y),
the following conditions hold:

(SPM-1) F,,(t) = H(¢) if and only if x = y;

(SPM-2) F,,(t) = F,x(t) for allx,y € E and t € (00, +00);

(SPM-3) F,,(t) = Fy.(t) x F,,(t) Vx,y,z € E,
where F.(¢) * F,,(t) is the convolution between F, ;(¢) and F,,(¢) defined by

Fun(t) % Euy ) = /0 Bt - ) dF. W)

Example Let X beanonempty set, S be a measurable space which consist of some metrics
on the X, (€2, P) be a complete probabilistic measure space and f : 2 — S be a measurable
mapping. It is easy to think S is a random metric on the X, of course, (X, S) is a random
metric space. The following expressions of the distribution functions F,(t), Fy(t), and

F,,(t) are reasonable:

Eyy(t) =P{f{d € S;d(x,y) < t}},
F. () =P{f*{d € S;d(x,2) <t}},

and
E,y(t) =P{f{d € S;d(z,y) < t}}
for all x,,z € X. Since
P{fd e S;d(x,y) <t}} = P{f'{d € S;d(x,2) + d(z,y) < t}}
it follows from probabilistic theory that

P{fM{d e S;d(x,2) + d(z,y) < t}} = Fy.(£) % F,(2).
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Therefore
Fyy(t) = Fy (t) x F,(2), Vx,3,z€X.
In addition, the conditions (SPM-1), (SPM-2) are obvious.

In this paper, both the Menger probabilistic metric spaces and the S-probabilistic metric
spaces are included in the probabilistic metric spaces.

Several problems can be changed as equations of the form Tx = x, where T is a given
self-mapping defined on a subset of a metric space, a normed linear space, a topological
vector space or some suitable space. However, if T' is a non-self-mapping from A to B,
then the aforementioned equation does not necessarily admit a solution. In this case, it is
contemplated to find an approximate solution x in A such that the error d(x, Tx) is mini-
mum, where d is the distance function. In view of the fact that d(x, Tx) is at least d(A, B),
a best proximity point theorem guarantees the global minimization of d(x, Tx) by the re-
quirement that an approximate solution x satisfies the condition d(x, Tx) = d(A, B). Such
optimal approximate solutions are called best proximity points of the mapping 7. Inter-
estingly, best proximity point theorems also serve as a natural generalization of fixed point
theorems, for a best proximity point becomes a fixed point if the mapping under consid-
eration is a self-mapping. Research on the best proximity point is an important topic in
the nonlinear functional analysis and applications (see [19-31]).

Let A, B be two nonempty subsets of a complete metric space and consider a mapping
T : A — B. The best proximity point problem is whether we can find an element x, € A
such that d(xo, Txo) = min{d(x, Tx) : x € A}. Since d(x, Tx) > d(A, B) for any x € A, in fact,
the optimal solution to this problem is the one for which the value d(A4, B) is attained.

Let A, B be two nonempty subsets of a metric space (X, d). We denote by Ay and By the
following sets:

Ay = {x € A:d(x,y) = d(A, B) for some y GB},

By = {y € B:d(x,y) = d(A, B) for some x eA},

where d(A, B) = inf{d(x,y) : x € A and y € B}.

It is interesting to notice that Ay and By are contained in the boundaries of A and B,
respectively, provided A and B are closed subsets of a normed linear space such that
d(A,B) >0 [19].

In order to study the best proximity point problems, we need the following notations.

Definition 1.8 ([30]) Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with
Ao # . Then the pair (A, B) is said to have the P-property if and only if for any x1,x, € Ag
and y1,y2 € B,

d(x1,) = d(A, B),

= d(x,x) =dy, ).
d(xa,y,) = d(A, B)

In [31], the author proves that any pair (4, B) of nonempty closed convex subsets of a
real Hilbert space H satisfies P-property.
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In [25, 26], P-property has been weakened to the weak P-property. An example that
satisfies the P-property but not the weak P-property can be found there.

Definition 1.9 ([25, 26]) Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
with Ag # @. Then the pair (A4, B) is said to have the weak P-property if and only if for any
x1,%y € Ag and y1, 9, € By,

d(xhyl) = d(A) B)r

d(x1,%2) < d(y1,92).
d(xQ’yZ) = d(ArB)

Recently, many best proximity point problems with applications have been discussed
and some best proximity point theorems have been proved. For more details, we refer the
reader to [27].

In this paper, we establish some definitions and basic concepts of the best proximity

point in the framework of probabilistic metric spaces.

Definition 1.10 Let (£, F) be a probabilistic metric space, A, B C E be two nonempty sets.
Let

Fap(t)= sup Fyy(t), Vte(-o00,+00),
x€A,yeB

which is said to be the probabilistic distance of A, B.

Example Let X be a nonempty set and d, d; be two metrics defined on X with the prob-
abilities p; = 0.5, p; = 0.5, respectively. Assume that

di(x,y) <da(x,y), Vx,yeX.

For any x,y € X, the table

di(x,y)  da(x,y)
0.5 0.5

is a discrete random variable with the distribution function

01 t S dl(x’y)’
Fry(£) =105, di(xy) <t <dy(x,),
1, dy(x,y) < t.

Let A, B be two nonempty sets of X, the table

dl(A,B) dZ(A»B)
0.5 0.5
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is also a discrete random variable with the distribution function

0, t S dl (A; B)y
Fip(t)=140.5 di(A,B)<t<dy(A4,B),
1) dZ(A>B) < tr

where

di(A,B)= inf d;(x,y), i=12.

xe€A,yeB

It is easy to see that

Fap(t)= sup Fyy(t), Vite(-00,+00).
x€A,yeB

Definition 1.11 Let (E, F) be a probabilistic metric space, A, B C E be two nonempty sub-
sets and T : A — B be a mapping. We say that x* € A is a best proximity point of the
mapping T if the following equality holds:

Fye, 1+ () = Fap(2), V£ € (-00,+00).
Example Let X be a nonempty set and d;, d, be two metrics defied on X with the proba-
bilities p; = 0.5, p» = 0.5, respectively. Let A, B be two nonempty sets of X and 7: A — B
be a mapping. Assume

di(x,y) <d>(x,y), Vx,y€X.
If there exists a point x* € A, such that

dl (x*, Tx*) = dl(A,B), dz (x*, Tx*) = dz(A,B),

then the table

di(x*, Tx*)  dy(x*, Tx*)
0.5 0.5

is a discrete random variable with the distribution function

0, t<dx*Tx"),
Fio 1y () = 0.5, di(x*, Tx*) <t < do(x*, TX*),
1, do(x*, Tx*) < t.

It is obvious that Fy« 7y (£) = Fa p(£).

It is clear that the notion of a fixed point coincided with the notion of a best proximity
point when the underlying mapping is a self-mapping. Let (E, F) be a probabilistic metric
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space. Suppose that A C E and B C E are nonempty subsets. We define the following sets:

Ap = {x €A :F,)(t) = F45(t) for some y € B},

By = {y € A:F,,(t) = Fy5(t) for somex € A}.

Definition 1.12 Let (A4, B) be a pair of nonempty subsets of a probabilistic metric space
(E,F) with Ag # 9. Then the pair (4, B) is said to have the P-property if and only if for any
x1,%2 € A and y1,9, € B,

Fxl,yl (t) = FA,B(t)J Fxg,yz (t) = FA,B(t) = Fxl,xz (t) = Fyl,yz (t)

Definition 1.13 Let (A4, B) be a pair of nonempty subsets of a probabilistic metric space
(E,F) with Ag # ¥. Then the pair (A, B) is said to have the weak P-property if and only if
for any x;,%, € A and y1,y, € B,

Fxl,yl (t) = FA,B(t): sz,yz (t) = FA,B(t) = Fxl,xz (t) > Fyl,yz (t)

Definition 1.14 Let (E, F) be a probabilistic metric space.

(1) A sequence {x,} in E is said to converges to x € E if for any given ¢ >0 and A > 0,
there must exist a positive integer N = N (g, A) such that F,, .(¢) >1— X whenever
n>N.

(2) A sequence {x,} in E is called a Cauchy sequence if for any ¢ > 0 and A > 0, there

must exists a positive integer N = N (g, 1) such that F;, 4, (¢) >1 — A, whenever

nXm
n,m>N.
(3) (E,F,A) is said to be complete if each Cauchy sequence in E converges to some

pointin E.

We denote by x,, — x the {x,} converges to x. It is easy to see that x,, — « if and only if
F,, »(t) = H(¢) for any given t € (—00, +00) as n — 00.

2 Contraction mapping principle in S-probabilistic metric spaces
Let (E, F) be a S-probabilistic metric space. For any x, y € E we definite

dr(x,y) :/ tdF;,(t).
0

Since ¢ is a continuous function and Fy, is a bounded variation functions, so the above
integer is well definite. In fact, the above integer is just the mathematical expectation of
F,,(t). Throughout this paper we assume that

+00
dr(x,y) = / tdF,,(t) < +oo, Vx,y€kE,
0

for all probabilistic metric spaces (E, F) presented in this paper.
Next we give a new notation of convergence.
(1) A sequence {x,} in E is said to converges averagely to x € E if

+00

lim tdF,, (t) = 0.

n—0o0 0

Page 7 of 15
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(2) A sequence {x,} in E is called an average Cauchy sequence if

+00

lim tdF,, . (£)=0.

nm—00 [

(3) (E,F) is said to be average complete if each average Cauchy sequence in E converges
averagely to some point in E.
We denote by x,, = x the {x,} that converges averagely to x.

Theorem 2.1 Let (E,F) be a S-probabilistic metric space. For any x,y € E we define
+00
dr(x,y) = / tdF,,(t).
0

Then dp(x,y) is a metric on the E.
Proof Since Fy,(t) = H(t) (Vt € R) if and only if x = y, and

/ tdH(t) = 0,

0

we know the condition dr(x,y) = 0 < x = y holds. The condition dr(x,y) = dr(y,x), for

all x,y € E, is obvious. Next we will prove the triangle inequality. For any x,y,z € E, from
(SPM-3) we have

0> / T Ea(t - W dEsy () = Funlt) % oy 0.
0

By using probabilistic theory we know that

/ tdF,,(t) < / tdF,,(t) + / tdF,,(t),
0 0 0

which implies that
dr(x,y) < dp(x,2) + dr(z,y).
This completes the proof. O

Theorem 2.2 Let (E,F) be a complete S-probabilistic metric space. Let T : E — E be a
mapping satisfying the following condition:

t
Fry(t) > Fx,y(z): Vx,y € E,Nt € R = (—00, +00), (2.1)

where 0 < h < 1isa constant. Then T has a unique fixed point x* € E and for any given x, €
E the iterative sequence x,.1 = Tx, converges to x*. Further, the error estimate inequality

n

+00 h
f tdFT"xo,x* (t) =<
0 1

+00
h A tdFTxo,xo (t)

holds for all n > 1.
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Proof For any x,y € E, from (2.1) we have

dr(Tx, Ty) = / tdFTx,Ty(t)
0

+00 t +00 4 t
Fool - ) = ZdF,,(~
<[ e () = [ ()
= h/ udF,,(u) = hdr(x,y).
0

For any given x¢ € E, define x,,,; = Tx, foralln =0,1,2,.... Observe that

Ar(Xps Xem) < Ap(Xps K1) + A (Kpa1, Xpm)
< dr®n Xns1) + Ar(Xpi1, Xpi2)
+ dF(anrZ; xn+m)

<"+ B B v+ B dp (0, 51). (2.2)

Since 0 < /1 < 1, we have

(h” Ry T R h”*m’l)dp(xo,xl) —0
as n — 00. Hence

+00
/ tden,xmm (t) = dF(xnr xn+m) —0
0
as n — 00. We claim that
XnXn+m

lim F = H(). (2.3)

If not, there must exist numbers £y > 0, 0 < Ag < 1, and subsequences {n;}, {my} of {n} such
that F, (to) < A, for all k > 1. In this case, we have

KngXng+my
+00
el o) = [ sy, O
0
to +00
= /0 tdenkvxnk+mk (t) + / tdenkv"nk+mk (t)
to

+00
> / tde”k'x"k”"k (t) = tO(l _Fx"’k‘x”k*mk (tO))
to

> to(l —)\.0) > 0.

This is a contradiction. From (2.3) we know {x,} is a Cauchy sequence in complete S-
probabilistic metric space (E, F). Hence there exists a point x* € E such that {x,,} converges

to x* in the mean of

lim F,, . (t) = H(f), Vt>0.

n—00

Page 9 of 15
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Therefore
. . t
lim Fxn,Tx* (t) > lim Fxn_l,x* <—> = H(t), vVt > 0.
n—>00 n—>00 h

We claim x™* is a fixed point of 7, in fact, for any ¢ > 0, it follows from condition (SPM-3)
that

+00
F« v () = / Fx*,xn (t-u) den,Tx* ()
0

t
2
> / Eyo, (¢ - u) dEs, 10 ()
0

t t
= Ly* g, 5 Fxn,Tx* 5 -0)—1

as n — 00, which implies Fy+ 7.+ (£) = H(£), and hence x* = Tx*. The x* is a fixed point of T
If there exists another fixed point x** of T, we obverse

t
Fx*,x** (t) = FTx*,Tx** (t) = Fx*,x** (Z),

which implies Fy+ ++(£) = H(£) Vt € R, and hence x* = x**. Then the fixed point of T is
unique. Meanwhile, for any given xy, the iterative sequence x, = T"x, converges to x™.
Finally, we prove the error estimate formula. Let 71 — oo in the inequality (2.2); we get

n

dF(xmx*) =< hdF(xO:xl)y

which can be rewritten as the following error estimate formula:

n

+00 h
/ tdFT”xo,x* (t) =<
o 1

+00
. /0 LAF 1y 5, (2).

This completes the proof. d

Theorem 2.3 Let (E,F, A) be a complete Menger probabilistic metric space. Assume

t t +00
A<Fx,z<§>»F2,y<§>> 2 /0 Fx,z(t_u) sz,y(u)r (24)

forallx,y,z€ E, t>0. Let T : E — E be a mapping satisfying the following condition:
t
Fry(t) > Fx,y(ﬁ), Vx,y € E,Nt >0, (2.5)

where 0 < h < 1isa constant. Then T has a unique fixed point x* € E and for any given x, €
E the iterative sequence x,,1 = Tx, converges to x*. Further, the error estimate inequality

n

+00 h +00
/ EdF g () < / EdF iy (1)
0 1-nJo

holds for all n > 1.

Page 10 of 15
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Proof From (2.4) we know that (E,F, A) is a S-probabilistic metric space. This together
with (2.5), by using Theorem 2.2, shows that the conclusion is proved. 0

3 Best proximity point theorems for contractions

We first define the notion of P-operator P : By — Ay, it is very useful for the proof of
the best proximity point theorem. From the definitions of Ao and By, we know that for
any given y € By, there exists an element x € A such that Fy,,(t) = F4,5(¢). Because (4, B)
has the weak P-property, such x is unique. We denote by x = Py the P-operator from By
into Ag.

Theorem 3.1 Let (E,F) be a complete S-probabilistic metric space. Let (A, B) be a pair
of nonempty subsets in E and Ay be a nonempty closed subset. Suppose (A, B) satisfies the
weak P-property. Let T : A — B be a mapping satisfying the following condition:

t
FTx,Ty(t) zFx,y(z>; Vx,y € A,Vt> 0,

where 0 < h <1is a constant. Assume that T(A¢) C Bo. Then T has a unique best proximity
point x* € A and for any given xy € E the iterative sequence x,,1 = PTx, converges to x*.
Further, the error estimate inequality

n

+00
/ tdF(PT)”xo,x* (t) <
0

tdFpre v (t
_l—h/o PT0,0()

holds for all n > 1.

Proof Since the pair (A, B) has the weak P-property, we have

t
FPTxl,Psz (t) > FTxl,sz (t) > Fxl,x2 <Z>» vt > 0,

for any x;,%, € Ag. This shows that PT : Ao — Ao is a contraction from complete S-
probabilistic metric subspace Ay into itself. Using Theorem 2.2, we know that PT has a
unique fixed point x* and for any given x, € E the iterative sequence x,,; = PTx, converges
to x*. Further, the error estimate inequality

n

+00 h +00
/ t dF(PT)"xo,x* (t) =< / t dFPTxO,xo (t)
0 1-h 0

holds for all n > 1. Since PTx* = x* if and only if Fyx 1+ (£) = F45(£), so the point x* is a
unique best proximity point of 7': A — B. This completes the proof. g

Theorem 3.2 Let (E,F, A) be a complete Menger probabilistic metric space. Assume that

t t +00
A(Fx,z<5>fz,y<5>) > /O Eyalt - u) dE, (), (3.1)

forall x,y,z€ E, t > 0. Let (A, B) be a pair of nonempty subsets in E and Ao be nonempty
closed subset. Suppose that (A, B) satisfies the weak P-property. Let T : A — B be a mapping
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satisfying the following condition:
t
FTx,Ty(t) ZFx,y(ﬁ); Vx,yeA,Vt>0,

where 0 < h <1 is a constant. Assume T(Ao) C Bo. Then T has a unique best proximity
point x* € A and for any given x, € E the iterative sequence x,.1 = PTx, converges to x*.

Further, the error estimate inequality

n

+00
_/0 tAFpryssy o (t) < -

+00
/ t AFprg xo ()
0
holds for all n > 1.

Proof From (3.1) we know that (E, F, A) is a S-probabilistic metric space. By using Theo-

rem 3.1, the conclusion is proved. ]

4 Best proximity point theorem for Geraghty-contractions
First, we introduce the class I" of those functions 8 : [0, +0c0) — [0,1) satisfying the fol-

lowing condition:
Bit)—>1 = t,—0.

Definition 4.1 Let (E, F) be a probabilistic metric space. Let (4, B) be a pair of nonempty
subsets in E. A mapping T : A — B is said to be a Geraghty-contraction if there exists
B € I' such that

t
Fr1y(t) > Fx,y( ))), Vx,y € AVt >0, (4.1)

Bldp(x,y

where
dr(x,y) = / tdF,,(t).
0

Theorem 4.2 Let (E, F) be a complete S-probabilistic metric space. Let (A, B) be a pair of
nonempty subsets in E and Ay be a nonempty closed subset. Suppose that (A, B) satisfies
the weak P-property. Let T : A — B be a Geraghty-contraction. Assume T(Ao) C Bo. Then
T has a unique best proximity point x* € A and for any given x € E the iterative sequence

%xn41 = PTx, converges to x*.

Proof From (4.1) and the weak P-property of (A4, B), we get

+00
dp(PTx, PTy) = [ t dFpry,pry(t)
0

= / tdFTx,Ty(t)
0

+00 t
5/0 tdF"”(ﬁ(dp(x,y)))
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+00 t t
< ﬂ(dp(x,y))/o Bdr(x,9)) dF"”(ﬁUTW)))

= B(dr(x,9))de(x,y), Vx,y€E. (4.2)

We have proved that dr(-,-) is a metric on the E in Theorem 2.1. For any given %o € E,
define x,,,1 = PTx,, n=0,1,2,.... From (4.2) we have

Ap(%ns Xni1) = dp(PTxp1, PTXy)
<dp(Txyp1, Txy)
< B(dr(x,9))dr(%y1,%0)
< Ap(Xn_1,%n). (4.3)

Suppose that there exists 71y such that dr(x,,,%4,.1) = 0. In this case, PTx,, = x,,, which
implies that x,,, is a best proximity point of T  and this is the desired result. In the con-
trary case, suppose that dr(x,,x,,1) > 0, for any n > 0. By (4.3), dr(x,,%,,1) is a de-
creasing sequence of nonnegative real numbers, and hence there exists r > 0 such that
lim,,—s 0o dp (%, %,41) = r. In the sequel, we prove that r = 0. Assume r > 0, then from (4.3)

we have

dF (xn: xn+1)

S A (ont, %) < B(dp(xn1,%0)) <1

for all n > 0. The last inequality implies that lim,,_, o, 8(dr(x,,-1,%,)) =1 and since g € I',

we obtain = 0 and this contradicts with our assumption. Therefore,
lim dp(x,,%,41) = 0. (4.4)
n—00

In what follows, we prove that {x,} is a Cauchy sequence in metric space (E,dg(-,-)). In

the contrary case, there exist two subsequences {x,, }, {x,, } such that
Lim dp (%, %m,) > 0. (4.5)
k—o00

Without loss of generality, we still denote by {x,}, {x,,} these subsequences. By using the

triangular inequality,
dF(xm xm) = dF(xm xn+1) + d(anrlr xm+1) + dF(me; xm)
=< dF(xn:an) + dF(PTxn:PTxm) + dF(meyxm)
= dF(xn: xn+1) + dF(Txn: Txm) + dF(xm+1; xm)

= dF(xn: xn+1) + ,3 (dF(xn: xm))dF(xm xm) + dF(xm+1; xm)y

which implies

1

dF(xmxm) = m (dF(xn:er—l) + dF(xm+1:xm))~
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The last inequality together with (4.4) and (4.5) give us

1
lim —————— =00
nm—oo 1 — IB(dF(xnxxm))

Therefore,

lim  B(dr(x,xm)) = 1.

n,m—> 00

Since B € I', we get
lim dp(x,,%,) = 0.
n,m—00

This is a contradiction with (4.5). Hence limy, ,— 00 dr(%4, %4,) = 0, the {x,} is a Cauchy
sequence in metric space (E,dg(+,-)). By using the same method as in Theorem 2.2, we

know

lim F, . (t)=H(), VteR.

n,m— 00

This shows that the {x,} is also a Cauchy sequence in S-probabilistic metric space (E, F).
Since (E, F) is complete, then there exists a point x* € E such that x, — x* as n — oo.
By using the same method as in Theorem 2.2, we know that x* is a unique fixed point
of mapping PT : Ag — Ap. That is, PTx* = x*, which is equivalent to x* is a unique best
proximity point of T. This completes the proof. d
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