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Abstract

In this paper, the new concepts of generalized Menger probabilistic metric spaces
and tripled common fixed point for a pair of mappings T: X x X x X — X and

A: X — X are introduced. Utilizing the properties of the pseudo-metric and the
triangular norm, some tripled common fixed point problems of hybrid probabilistic
contractions with a gauge function ¢ are studied. The obtained results generalize
some coupled common fixed point theorems in the corresponding literature. Finally,
an example is given to illustrate our main results.
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1 Introduction

Coupled fixed points were considered by Bhaskar and Lakshmikantham [1]. Recently,
some new results for the existence and uniqueness of coupled fixed points were presented
for the cases of partially ordered metric spaces, cone metric spaces and fuzzy metric
spaces (see [2—12]). The concept of probabilistic metric space was initiated and studied
by Menger which is a generalization of the metric space notion [13]. Many results on
the existence of fixed points or solutions of nonlinear equations under various types of
conditions in Menger spaces have been extensively studied by many scholars (see [14—
18]). In 2010, Jachymski established a fixed point theorem for probabilistic ¢-contractions
and give a characterization of function ¢ having the property that there exists a proba-
bilistic ¢-contraction, which is not a probabilistic k-contraction (k € [0,1)) [19]. In 2011,
Xiao et al. obtained some common coupled fixed point results for hybrid probabilistic
contractions with a gauge function ¢ in Menger probabilistic metric spaces and in non-
Archimedean Menger probabilistic metric spaces without assuming any continuity or
monotonicity conditions for ¢ [20].

The purpose of this paper is to introduce the concept of generalized Menger probabilis-
tic metric spaces and tripled common fixed point for a pair of mappings 7: X x X x X — X
and A : X — X. Utilizing the properties of the pseudo-metric and the triangular norm,
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some tripled common fixed points problems for pairs of commutative mappings under hy-
brid probabilistic contractions with a gauge function ¢ are studied in generalized Menger
PM-spaces and in generalized non-Archimedean Menger PM-space, respectively. The ob-
tained results generalize some coupled common fixed point theorems in corresponding
literatures. Finally, an example is given to illustrate our main results.

2 Preliminaries
Consistent with Menger [13] and Zhang [14], the following results will be needed in the
sequel.

Denote by R the set of real numbers, R* the nonnegative real numbers, and Z* the set
of all positive integers.

If  : R* — R is a function such that ¢(0) = 0, then ¢ is called a gauge function. If £ € R*,
then ¢"(¢) denotes the uth iteration of ¢(¢) and ¢~1({0}) = {t € R* : ¢(£) = 0}.

A mapping f : R — R is called a distribution function if it is nondecreasing and left-
continuous with inf;ep f(£) = 0, sup,pf(£) = 1.

We shall denote by Z the set of all distribution functions while H will always denote the
specific distribution function defined by

0, t=<0,
H(t) =
1, t>0.
Definition 2.1 ([14]) A function A :[0,1] x [0,1] x [0,1] — [0,1] is called a triangular
norm (for short, a £-norm) if the following conditions are satisfied for any a,b,c,d, e,f €
[0,1]:

(A-1) A(a,1,1) =a, A(0,0,0) =0;

(A-2) Ala,b,c) = Ala,c,b) = Alc, b, a);

(A-3) a=d,b>e,c>f= Ala,b,c) > Ald,e,f);

(A-4) A(a, A(b,c,d),e) = A(A(a,b,c),d,e) = Ala, b, Alc,d,e)).

Two typical examples of t-norms are A, (a, b, c) = min{a, b,c} and A,(a, b, ¢) = abc for all
a,b,c€0,1].
We now introduce the definition of generalized Menger probabilistic metric space.

Definition 2.2 A triplet (X,.%#,A) is called a generalized Menger probabilistic metric
space (for short, a generalized Menger PM-space) if X is a non-empty set, A is a £-norm
and .% is a mapping from X x X into & (we shall denote the distribution function .% (x, y)
by F, and F,(t) will represent the value of F, at t € R) satisfying the following condi-
tions:

(GPM-1) F,,(0) =

(GPM-2) F,,(2) = (t) forall £ € Rif and only if x = y;

(GPM-3) F,,(t) = F,,(t) forallx,y € X and t € R;

(GPM-4) Fy,(ti+ty +13) = A(Fyy (), Fy-(t2), Fru(t3)) for allx, y,z,w € X and t1, £, t3 € R*.
(X, #, A) is called a generalized non-Archimedean Menger PM-space if it is a general-

ized Menger PM-space satisfying the following condition:

(GPM-5) F,y(max{t,s,r}) > A(Fy(t), F;u(s), Fuy(r)) for all x,y,z,w € X and £,s,r € R*.
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Remark 2.1 In 1942, Menger [13] proposed a generalization of a metric space called a
Menger probabilistic metric space (briefly a Menger PM-space). Our definition of a gen-
eralized Menger PM-space is different from the one of Menger, since the t-norm we used
here is an associative function of three variables rather than a function of two variables.
Note that Definition 2.1 is first used by Chang to define a probabilistic 2-metric space.
Our definition is also different from the one of Chang since the distribution function of
the latter is from X x X x X to 2.

Example 2.1 Suppose that X = [-1,1] C R. Define .% : X x X — Z by

(ti_l)lx_yl’ t>0,

F(x,)(t) = Fry(t) = {0 t<0

for x,y € X. It is easy to verify that (X,.#,A,) is a generalized Menger PM-space. Now,
assume that £,s,r > 0 and %, y,z, w € X. Then we have

[x—z] |z—w| [w—y|
st ) - (755) - (57)(753)

5 ( max{s s, r) )|x—z|+|z—w|+|w—y

max{t,s,r} +1
2=y
- max{t,s,r}
— \max{t,s,r}+1
= Fx,y(max{t, s, r}).

Hence (X, %, A,) is a generalized non-Archimedean Menger PM-space.

Proposition 2.1 Let (X,.%, A) be a generalized Menger PM-space and A be a continuous
t-norm. Then (X,.7, A) is a Hausdorff topological space in the (g, ))-topology 7, i.e., the
family of sets

{U(e;n) 16> 0,1 €(0,1],x € X}
is a base of neighborhoods of a point x for &, where
Uy(e,1) = {y € X : Fyy(e) >1-1}.

Proof 1t suffices to prove that:
(i) For any x € X, there exists an U = U, (g, A) such that x € U.
(ii) For any given U(e1, 1) and Uy (g2, A2), there exist € > 0 and A > 0, such that
U, (e, 1) C Ux(er, 11) N U (g2, A2).
(iii) Foranyy e Uy(e, 1), there exist &' > 0 and A’ > 0, such that U,(e",A") C U,(e, A).
(iv) Forany x,y € X, x #y, there exist U,(e1, A1) and U, (&2, A), such that
Uy (e1, 1) N U, (82, A2) = 0.
Itis easy to check that (i)-(iii) are true. Now we prove that (iv) is also true. In fact, suppose
that x,y € X and x # y. Then there exist £, >0 and 0 < a < 1, such that F, () = a. Let
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where 0 < b <1 and A(b,1,b) > a (since A is continuous and A(1,1,1) = 1, such b exists).
Now suppose that there exists a point w € U, N U, which implies that Fx,w(%o) > b and
Fy,w(%o) > b. Take v = w. Then we have

£ £ £
a = Fyy(to) > A(Fx,w(go),Fw,v(go),Fv,y(§0)> > A(b,1,b) > a,

which is a contradiction. Thus the conclusion (iv) is proved. This completes the proof.
O

Definition 2.3 Let (X,.%#,A) be a generalized Menger PM-space, A be a continuous
t-norm.
(i) A sequence {x,} in X is said to be 7 -convergent to x € X if lim,_, o, Fy, 4(£) = 1 for
all£>0.
(i) A sequence {x,} in X is said to be a .7 -Cauchy sequence, if for any given & > 0 and
A € (0,1], there exists a positive integer N = N (g, 1), such that Fy ,, (¢) >1— A
whenever n,m > N.
(ii) (X,.Z,A) is said to be .7 -complete, if each .7 -Cauchy sequence in X is
T -convergent to some point in X.

nxm

Definition 2.4 A ¢-norm A is said to be of H-type if the family of functions {A”(£)}52, is
equicontinuous at ¢ = 1, where

AN =t, A () = A8, A1), n=12,...,6€[0,1].

Definition 2.5 Let X beanon-emptyset, 7: X x X x X — X and A : X — X be two map-
pings. A is said to be commutative with T, if AT (x,y,z) = T(Ax, Ay, Az) for all x,y,z € X.
A point u € X is called a tripled common fixed point of T and A, if u = Au = T(u, u, u).

Imitating the proof in [9], we can easily obtain the following lemma.

Lemma 2.1 Let (X,.%, A) be a generalized Menger PM-space. For each ) € (0,1], define a
functiond, : X x X — R* by

d; (x,7) =inf{t>0:Fx,y(t) >1—A}. (2.1)

Then the following statements hold:

(1) di(x,y) < tifand only if F, () >1-2;

(2) di(x,y) =di(y,x) forall x,y € X and X € (0,1];

(3) dy(x,y) =0 ifand only if x = y;

(4) dy(x,2) <d,(x,9) +d,(y,2) for all x,,z € X and 1n € (0, 1].

The following lemmas play an important role in proving our main results in Sections 3
and 4.

Lemma 2.2 ([17]) SupposethatF € 9.Foranyn € Z*,let F,: R — [0,1] be nondecreasing,
and g, : (0,+00) — (0, +00) satisfy lim,_, oo g,(¢) = 0 for all t > 0. If F,,(g,(¢)) > F(¢t) for all
t>0, then lim,_, F,(t) =1 forall t > 0.
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Lemma 2.3 Let X be a nonemptyset, T : X x X x X — X and A : X — X be two mappings.
IfT(X x X x X) C A(X), then there exist three sequences {x,},°, {¥n} oo, and {z,}520 in X,
such that Axy = T (%, Vi Zn), AVns1 = TV Xy 24), and Azy = T2y, %, Vi)

Proof Let x9, ¥o, zo be any given points in X. Since T(X x X x X) C A(X), we can choose
x1,%1,21 € X, such that Ax; = T'(x0,%0,20), Ay1 = T (¥0,%0,20), and Az = T (zo,%0,%0). Con-
tinuing this process, we can construct three sequences {x,}0c;, {yx}io;, and {z,}52; in X,
such that Ax,1 = T(%, Vi 2n)s AVus1 = T Vs X 24), and Azy1 = T2, X5 V1) O

3 Tripled common fixed point results in generalized PM-spaces

Lemma 3.1 Let (X,.#,A) be a generalized Menger PM-space, {d;},c(0,1) be a family of
pseudo-metrics on X defined by (2.1). If A is a t-norm of H-type, then for each A € (0,1],
there exists |1 € (0, A] such that for allm € Z* and xy,x1,...,%, € X,

m-1

dy (%0, Xm) < Zdu(xi»xml)'

i=0

Proof Since A is a t-norm of H-type, {A"(t)}:°; is equicontinuous at ¢ = 1, and so for each
A € (0,1], there exists u € (0, A], such that

A'(l-p)>1-A, VneZ* (3.1)

For any given m € Z* and %o, %1,...,%, € X, we write d, (x;, x;1) = ¢t; (i=0,1,...,m - 1).
For any ¢ > 0, it is evident that d, (x;, x;,1) < t; + €. By Lemma 2.1, we have

Fornti+e)>1l—-pn, i=0,1,...,m-1 (3.2)

It follows from (3.1)-(3.2), and (GPM-4) that

m-1
Fionm (Z L+ ms)
i=0

= A(Fxo,xl (tO + 8)’Fx1,x2 (tl + 8)’ A(sz,x3 (tZ + 8)»Fx3,x4 (tg + 8))

A( LX) A(Fxm_g,xm_z (tm—B + 8)’ Fxm_z,xm_l (tm—2 + 8): Fxm_l,xm (tm—l + 8)) o )))

>A"1-pu)>1-A.

Using Lemma 2.1 again, we have d, (xo, x,,,) < Z;’ial t; + me. By the arbitrariness of ¢, we

have
m-1 m-1
dy (%0, %) < Z li= Zdu(xiyxiﬂ)'
i=0 i=0
This completes the proof. O

Theorem 3.1 Let (X, .#, A) be a complete generalized Menger PM-space with A a t-norm
of H-type, ¢ : R* — R* be a gauge function such that ¢~*({0}) = {0}, ¢(¢) < ¢, and


http://www.fixedpointtheoryandapplications.com/content/2014/1/158

Luo et al. Fixed Point Theory and Applications 2014, 2014:158

Page 6 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/158

lim,, 00 9" (£) =0 forany t >0. Let T: X x X x X = X and A : X — X be two mappings
satisfying

1
FT(x,y,z),T(p,q,r) (‘P(t)) = [FAx,Ap (t)FAyAq(t)FAZ,Ar(t)] 3 (33)

forall x,y,z,p,q,r € X and t >0, where T(X x X x X) C A(X), A is continuous and com-
mutative with T. Then T and A have a unique tripled common fixed point in X.

Proof By Lemma 2.3, we can construct three sequences {x,}5, {¥,}72y, and {z,}2, in X,

such that Ax,;1 = T(%y, Vi 20)s AVus1 = T Vs X 24), and Az,q = T2, X5 Vi)
From (3.3), for all £ > 0 we have

FAxnsAx}ﬁl ((p(t)) = FT(xn—l:J’n—lrzn—l):T(xn:ynvzn) (q)(t))

> [Easysston Oy, 1,400 (OF 12y 120 (0] (3.4)
Fay, a3, (9(8)) = P13, 100 1,200, TOmnn) (#(2))
> [Fay,p-1,49 (8) Fy ey ()t 3,2, (1)] 3 (3.5)
and
Fuzyaz00 (‘/’(t)) =F T(Zn—l'xn—l:}’n—l):T(vaxrl:}’n)(go(t))
> [Etey v on (O ny 1 a0 (10 ()] (3.6)

Denote Py (t) = [Fax, ;,4x,(£)Fay, 1,4y, (£)F az,,_ 1,42, ()] 3. From (3.4)-(3.6), we have

wal—

Py (‘P(t)) = [FAxn,Ax,Hl (‘p(t))FAyn,Ayml (q)(t))FAzn,Az,Hl ((P(t))]

> [Pn(t)Pn(t)Pn(t)]% = Py(1),

which implies that

Ensytsnt (") = Pu(" (1)) = -+ = P1(2), (3.7)

Eaypiynar (7)) = Pu(" () = -+ = Py(2) (3.8)
and

Fazyazy (0"(0)) = Pa(" (1)) = -+ = Py(2). (3.9)

Since Pi(t) = [Faxg.anm (t)FAyo,Ayl(t)FAZO,AZl(t)]% € 9 and lim,,_, o, ¢"(¢) = 0 for each ¢ > 0,
using Lemma 2.2, we have

lim FAxy,,Aan ) =1, lim FA}’n,AJ’ml ) =1, lim FAZn,AZyH] (¥) =1 (3.10)
n—00 n—00 n—00
Thus

lim P,(£)=1, Vt>O0. (3.11)

n—00
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We claim that for any k € Z* and £ > 0,

Fpnpn (£) = AF <Pn<t _;(t)», (3.12)

Fay iy (6) = A"(Pn(t _;”(t)» (3.13)
and

Fuzz,, () = AF (Pn(t — ;p © )) (3.14)

In fact, by (3.7)-(3.9), it is easy to see that (3.12)-(3.14) hold for k = 1. Assume that (3.12)-
(3.14) hold for some k. Since ¢(¢) < ¢, by (3.4) we have Fuy, ax,,, (£) = Fax,ax,,,(0(t) >
P,(t). By (3.3) and (3.12)-(3.14), we have

ST

FAxml,AxmkH (q)(t)) = [FAxn,Axmk (t)FAyn,Aymk (t)FAzn,Azmk (t)]

(1)

Hence, by the monotonicity of A, we have

FAxnxAxn+k+1 (t) = FAxVI'Axn+k+1 (t - W(t) + gD(t))

t—o(t) t—ol(t)
= A (FAxn»Aerl (T)’ FAxn+1:Axn+1 ( 2 4

FAxn+1:Axn+k+1 ((p (t)) )

225050 (+(57))
- n 2 »&n 2 ’ n 2
(5 (557)

- (22

Similarly, we have Fyy, 4y, .., (t) > Ak*l(P,,([_;ﬂ)) and Faz, 4z, () = Ak”(Pn(%m)).
Therefore, by induction, (3.12)-(3.14) hold for all k € Z* and ¢ > 0.

Suppose that A € (0,1] is given. Since A is a t-norm of H-type, there exists § > 0 such
that

Af@s)>1-2, se@-8,1,keZ". (3.15)

By (3.11), there exists N € Z*, such that P,,(t';ﬁ) >1-4 forall » > N.Hence, from (3.12)-
(3.15), we get Fux, ax,,, (£) >1 = A, Fayay, (£) >1 = A, Fazu,,,, () >1— A forall m > N,
k € Z*. Therefore {Ax,}, {Ay,}, and {Az,} are Cauchy sequences.

Since (X,.%,A) is complete, there exist u,v,w € X, such that lim,_, . Ax, = u,

lim,, oo Ay, = v and lim,_, .o Az, = w. By the continuity of A, we have

lim AAx, = Au, lim AAy, = Av, lim AAz, = Aw.

n—00 n—00 n—00
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The commutativity of A with T implies that AAx,,;1 = AT (X, V> 20) = T(Axy,, Ay, Azy).
From (3.3) and ¢(¢) < ¢, we obtain

FAAxn,,l,T(u,v,w)(t) > FAAxn+1,T(l4,v,W) ((/)(t))

= Fr(asmymAz), Ty (©(0))

ol

> [Fans,au(®)Fany,av(O)Faaz,an(®)]®. (3.16)

Letting n — o0 in (3.16), we have lim,,_, oo AAx,, = T'(4, v, w). Hence, T (u, v, w) = Au. Sim-

ilarly, we can show that T'(v,u,w) = Avand T (w, u,v) = Aw.

Next we show that Au = v, Av = u, and Aw = w. In fact, from (3.3), for all £ > 0 we have

Fauay, (©®)) = Fraumm), T, 1,501,200 (0(0)

1
> [FAu,Ay,,,l (t)FAv,Ax,,,l (t)FAw,Az,,,l (t)] 3 ) (3-17)
1
Favax, (9(8)) > [Favasy @) Fauay, ()Fawaz, (D] (3.18)
and
1
FAw,Az,, (w(t)) > [FAW,Azn,l (t)FAu,Axn,l (t)FAv,Ayn,l (t)] 3 . (3-19)

Denote Q,(t) = Fauay, (6)F av, A, (£)Faw, Az, (£). By (3.17)-(3.19), we have Q,(¢(£)) > Q,1(2),
and hence forall £ > 0

Qu(2"(®) = Quoa(¢™71(1) = -+ = Qo).

Thus, for all £ > 0 we have

ol

Fauay, (9"(0) = [Qo(®)]>, Favax, (¢"(1) = [Qo(1)]?,
Fawaz, (¢"@®) = [Qu(]3.

wl

Since [Qo(t)]% € 9 and lim,,_, o, ¢"(¢t) = 0 for all £ > 0, by Lemma 2.2, we conclude that

lim Ax, = Av, lim Ay, = Au, lim Az, = Aw. (3.20)
n— 00 Hn— 00 n—00
This shows that Au = v, Av = i, and Aw = w. Hence, v = T(u,v,w), u = T(v,u,w), and
w = T'(w, u,v). Finally, we prove that u = v. By (3.3), for all £ > 0 we have

Fu,v(w(t)) = Fr(v,umw), T(wvw) (‘P(t))

2
3

> [Eaotu®FaarOF 0] = [Fun®d]’ (3.21)

which implies that F,,(¢"(£)) > [Fu,v(t)](%)n. Using Lemma 2.2, we have F,,(t) = 1 for all
t >0, ie, u =v. Similarly, we can show that # = w. Hence, there exists u € X, such that
u=Au="T(u,u,u).
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Finally, we show the uniqueness of the tripled common fixed point of 7" and A. Suppose
that #' € X is another tripled common fixed point of T and A, i.e., u' = Au' = T(u/,u/, ).
By (3.3), for all £ > 0 we have

Fu,u’ ((D(t)) = FT(u,u,u),T(u’,u’,u’)(q)(t))

ol

> [FAM,AM’ (t)FAu,Au’(t)FAu,Au’(t)]

> Fauauw(t) = Fuu (2), (3.22)

which implies that F, ,/(¢"(£)) > F,,,,(¢) for all £ > 0. Using Lemma 2.2, we have F,, ,(¢£) =1
forall >0, i.e., u = u'. This completes the proof. O

Corollary 3.1 Let (X,.7, A) be a complete generalized Menger PM-space with A a t-norm
of H-type and A > A,, ¢ : R* — R* be a gauge function such that ¢~'({0}) = {0} and
> @"(t) < +00, foreach t > 0. Let T : X x X x X — X and A : X — X be two mappings
satisfying

Fr(ey2Tpan (9(0) = [A(FAx,Ap(t)rFAy,Aq(t)’FAz,Ar(t))]% (3.23)

forall x,y,z,p,q,r € X and t >0, where T(X x X x X) C A(X), A is continuous and com-
mutative with T. Then T and A have a unique tripled common fixed point in X.

Letting A = I (I is the identity mapping) in Corollary 3.1, we can obtain the following
corollary.

Corollary 3.2 Let (X, #, A) be a complete generalized Menger PM-space with A a t-norm

of H-type and A > A,, ¢ : R* — R* be a gauge function such that ¢~'({0}) = {0} and
Y2 @"(t) < +00, forany t > 0. Let T : X x X x X — X be a mapping satisfying

1
FT(x,y,z),T(p,q,r) (w(t)) > [A(Fx,p(t)rFy,q(t): Fz,r(t))] ’
forallx,y,z,p,q,r € X and t >0. Then T has a unique fixed point in X.
Letting ¢(¢) = ot (0 < & < 1) in Corollary 3.1, we can obtain the following corollary.

Corollary 3.3 Let (X,.#, A) be a complete generalized Menger PM-space with A a t-norm
of H-typeand A > Ay, T: X x X x X — X and A : X — X be two mappings satisfying

[SSTN

FT(x,y,z),T(p,q,r) (Olt) = [A (FAx,Ap(t)) FAy,Aq(t)7 FAz,Ar(t))]

forall x,y,z,p,q,r € X and t >0, where 0 < <1, T(X x X x X) C A(X), A is continuous
and commutative with T. Then T and A have a unique tripled common fixed point in X.

Letting A = I (I is the identity mapping) in Theorem 3.1, we can obtain the following
corollary.

Corollary 3.4 Let (X,.Z, A) be a complete generalized Menger PM-space with A a t-norm
of H-type, ¢ : R* — R* be a gauge function such that ¢~*({0}) = {0}, ¢(¢) < t, and
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limy,—, 00 ¢"(t) =0 forany t >0. Let T : X x X X X — X be a mapping satisfying

1
FT(va/yZ),T(p,q,r) ((ﬂ(t)) = [Fx,p(t)Fy,q(t)Fz,r(t)] 3
forallx,y,z,p,q,r € X and t >0. Then T has a unique fixed point in X.
Letting ¢(¢) = @t (0 < @ <1) in Theorem 3.1, we can obtain the following corollary.

Corollary 3.5 Let (X,.#, A) be a complete generalized Menger PM-space with A a t-norm
of H-type, T: X x X X X — X and A : X — X be two mappings satisfying

ol

FT(x,y,z),T(p,q,r)(at) > [FAx,Ap (t)FAy,Aq(t)FAZ,Ar(t)]

forall x,y,z,p,q,r € X and t >0, where 0 <a <1, T(X x X x X) C A(X), A is continuous
and commutative with T. Then T and A have a unique tripled common fixed point in X.

From the proof of Theorem 3.1, we can similarly prove the following result.

Theorem 3.2 Let (X,.%, A) be a complete generalized Menger PM-space with A a t-norm
of H-type, ¢ : R* — R* be a gauge function such that ¢~1({0}) = {0}, @(t) > ¢t, and
lim,, 00 ¢"(t) = +o0 forany t >0. Let T: X x X x X — X and A : X — X be two map-
pings satisfying

FT(x,y,z),T(p,q,r) (t) = min {FAx,Ap (w(t))7 FAy,Aq ((/)(t)), FAZ,Ar (‘P(t)) } (324)

forall x,y,z,p,q,r € X and t > 0, where T(X x X x X) C A(X), A is continuous and com-
mutative with T. Then T and A have a unique tripled common fixed point in X.

Letting A = I (I is the identity mapping) in Theorem 3.2, we can obtain the following
corollary.

Corollary 3.6 Let (X,.%, A) be a complete generalized Menger PM-space with A a t-norm
of H-type, ¢ : R* — R* be a gauge function such that ¢~1({0}) = {0}, ¢(t) > ¢t, and
limy,_, o0 ¢"(£) = +o0 forany t > 0. Let T : X x X x X — X be a mapping satisfying

FT(x,y,z),T(p,q,r)(t) = min{Fx,p (‘p(t))»Fy,q (w(t)); F,, ((ﬂ(t))}
forallx,y,z,p,q,r € X and t >0. Then T has a unique fixed point in X.

4 Tripled common fixed point results in generalized non-Archimedean
PM-spaces

In this section, we will use the results in Section 3 to get some corresponding results in

generalized non-Archimedean Menger spaces.

Lemma 4.1 Let (X,.#, A) be a complete generalized non-Archimedean Menger PM-space,
{d). }re0,1] be a family of pseudo-metrics on X defined by (2.1). If A is a t-norm of H-type,


http://www.fixedpointtheoryandapplications.com/content/2014/1/158

Luo et al. Fixed Point Theory and Applications 2014, 2014:158 Page 11 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/158

then for each ) € (0,1], there exists u € (0, A], such that forallm € Z* and xo,x1,...,%, € X,

dy (%0, %m) < max d, (%, Xi1).

T 0<i<m-1

Proof Since A is a t-norm of H-type, {A"(£)}2; is equicontinuous at ¢ = 1, and so for each
A € (0,1], there exists u € (0, ] such that

A'(l-p)>1-A, VneZ* (4.1)

For any given m € Z*, and wo, %1, ..., %, € X, write d,, (x;, x;,1) = ¢; (i = 0,1,...,m —1). For

any ¢ >0, we have F, . . (t; + €) > 1 — . It follows from (4.1) and (GPM-5) that

iXi+l

Fxo,xm( max t; + e)

0<i<=m-1
= A(Fx(),xl (tO + 8)¢Fx1,x2 (tl + 8)1 A(sz,xg. (t2 + 8)rFx3,x4 (t?) + 8);
A( c A(vam—3)xm—2 (tm—3 + 8)’Fxm—2»xm—1 (tm—2 + 8)’Fxm_1,xm (tm—l + 8)) t )))

>A"1-pu)>1-A.
By Lemma 2.1, we have d; (%o, X) < MaXo<i<m-1t; + €. By the arbitrariness of ¢, we have

dy. (%0, %) < max t;= max d,(x;xi1).
0<i<m-1 0<i<m-1

This completes the proof. d

Theorem 4.1 Let (X,.%,A) be a complete generalized non-Archimedean Menger PM-
space such that supy ., A(t,t,t) =1 and A > A,, ¢ : R* — R* be a gauge function such
that ¢71({0}) = {0} and lim,_, o ¢"(t) = +oo forany t > 0. Let T : X x X x X — X and
A : X — X be two mappings satisfying

[SSTN

FT(x,y,z),T(p,q,r)(t) = [A(FAx,Ap (‘p(t))rFAy,Aq (‘/)(t))rFAz,Ar(q)(t)))] (4.2)
forall x,y,z,p,q,r € X and t >0, where T(X x X x X) C A(X), A is continuous and com-
mutative with T. Suppose that there exist b,c,d € X, such that for any t > 0,

o0 o0
Jim l—[ Eap10a) (#'(2) =1, Jim 1_[ Facrean(¢'(0) =1,
i=n =n

(4.3)

oo
HILngO HFAd,T(d,b,c) (¥'(1)) =1.

i=n
Then T and A have a unique tripled common fixed point in X.

Proof Take xo = b, yo = ¢, and zp = d. By Lemma 2.3, we can construct three sequences
{2a)020s {¥ntocg, and {z,}52, in X, such that Ax,1 = T (%, ¥ 21)s AVni1 = T Vs X5 2), and
Azy = T(anxnryn)~
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From (4.2), for all £ > 0, we have

FAxn,Axm (0= FT(xn—lvJ’n—len—l)vT(xnvyn:Zn)(t)

> [A(Easy st (000, Eay -1t (08)), sy .00 (08)) ], (4.4)
Eayntynis ) = FT(3,1 01,200, Tmenzn) (£)
> [A(Eapy 1 (000), Eany 1 400 (00), Eaey 1.1 (00))] (4.5)
and
Frzn Az, ) = Friz, 1m0 1.5, Tnsnym) ()
> [A(Eaey ytmn (00), Eaey 1.t (00)), Eagy 1.t (90)) ] (4.6)

1
Denote G, (t) = [A(Fax,_1,4%, (£)s Fay, 1,4y, (£)s Faz, 1,42, (£))]3. From (4.4)-(4.6), and A >
Ap, we obtain

1

Gui1(8) = [A(Gu(9(9), Gu(0(2), Ga(0(®))) ]

> [Gu(9(0)Ga(0(0) Gu(0(®)]* = Gul0(®),
which implies that
Guii(t) = Gu(9(0)) = G (¢°(8) = -+ = Gi("(2)). (4.7)
Thus, by (4.4)-(4.7), we have

FAx,,,Axn+1 (t) > Gl (Wn(t)): FAyn,Ayn+1 (t) > Gl (<ﬂ”(t)),

Fazpaza () = Gi(@"(2)).

Suppose that ¢ > 0 and X € (0,1]. By (4.3), there exists N € Z*, such that

n+k-1 n+k-1
F (2))s1-2 F (2))s1-a
L[ AxoAx | @ % >1l=4 L_n[ Ayo.Ay | @ % >1-=

and

n+k-1 e
1_[ FAZQ,Azl <¢)l (%)) >1-A

foralln >N and k€ Z".
Hence, it follows from (4.8) and (GPM-4) that

FAxn,Axn+k (8)

& & & &
z A <FAxnvAxn+l (E) ’ FAxml,Axmz (E)’ A <FAxn+2»Axn+3 <%> ’FAxn+3»Axn+4 <%>’


http://www.fixedpointtheoryandapplications.com/content/2014/1/158

Luo et al. Fixed Point Theory and Applications 2014, 2014:158 Page 13 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/158

1<;) (f)) +)))
1)

( A<F B, 2(2
=a(o(v (7)o (7))
A(...,A( (k<k)>

= ™ v

v
=
¥
bl
iR
&
U
s@-y
N
Pl )
N~
——

>1—A. (4.9)

This shows that {Ax,} is a Cauchy sequence. Similarly, we can show that {4y, } and {Az,}
are Cauchy sequences.
Since (X,.%,A) is complete, there exist u,v,w € X, such that lim,_ . Ax, = u,

lim,—, oo Ay, = v, and lim,,_, oo Az, = w. By the continuity of A, we have

lim AAx, = Au, lim AAy, = Av, lim AAz, = Aw. (4.10)
n—00 n—00 n—00
From (4.2) and the commutativity of A with T, we have

FAAx,,+1,T(u,v,w)( ) FAT (%1,9m2n), T (u,v,w) (t) FT(Axn,Ayn,Az,,),T(u,v,w)(t)

= [A (FAAxy,,Au (w(t)))FAAyn,Av(go(t)):FAAzn,Aw (w(t)))]

W=

> [t (0(0) Eangy o (0(0) Eaney i (0(0) ] (4.11)

Letting n — oo in (4.11), we have lim,,_, . AAx, = T(u,v,w). Hence, T(u, v, w) = Au. Sim-
ilarly, we have T'(v,u,w) = Av and T (w, u,v) = Aw.
Next we claim that Au = v, Av = u, and Aw = w. In fact, by (4.2), we have

FAu,Ay,7 (t) = FT(u,v,w),T(yn,l ,xn,l,zn,l)(t)

> [A (st (00, Eavany o (0(0), Eaas,, (00))]°

e

> [Fauay,r (9®)) Favax,, () Fawaz,, ((0)]°, (4.12)
FAV,Axn (t) > [FAV,Axn_l (‘P(t))FAuAyn_1 (gD(t))FAw,Azn 1 ( )] % (413)

and
F,az,(2) > [FAW,Azn_l (@(t))FAu,Ax,,_l (‘p(t))FAv,Ayn 1 ( (t))] ; (4.14)

Denote Q,(£) = Fau,ay, (£)Fav,4x, (£)Faw,az, (). It follows from (4.12)-(4.14) that

Qu(®) = Quo1(9(8) = -+ = Qo(¢"(1)),


http://www.fixedpointtheoryandapplications.com/content/2014/1/158

Luo et al. Fixed Point Theory and Applications 2014, 2014:158
http://www.fixedpointtheoryandapplications.com/content/2014/1/158

and thus

[SSTN
[SS

Fayay, (6= [QO ((/)n(t))] ’ Fayax,(t) > [QO (Qﬁn(t))] ,

Wl

Famaz (8) = [Qo(¢"®)]?.
Since lim,,_, » ¢" () = +00, we have
[Qo(9" )] = [Fautso (¢ (0) Favang (6" ) Eavia (¢ @) ]* 1.
as n — 00. From (4.15), we have

lim Ax, = Av, lim Ay, = Au, lim Az, = Aw.

H—>0Q n—o0 n—00

(4.15)

(4.16)

Hence, Au=v, Av = u, and Aw =w, i.e., v="T(u,v,w), u = T(v,u,w), and w = T(w, u, v).

Now we prove that # = v. In fact, by (4.2), we have

Fu,v(t) = FT(v,u,w),T(u,v,w)(t)
= [A (FAV,AM ((ﬂ(t)): FAM,AV (‘P(’f)): FAW,AW ((ﬂ(t)))]

> [Fun(e®)]’

Wl

(4.17)

which implies that F,,(¢) > [Fu’v(fp”(t))](%)”. Letting n — oo, we have F,,(¢) = 1 for all

t >0, i.e, u =v. Similarly, we can show that v = w. Hence, there exists u# € X, such that

u=Au=T(u,uu).

Finally, we show the uniqueness of the tripled common fixed point of 7" and A. Suppose

that «’ € X is another tripled common fixed point of T and A, i.e., v’ = Au' = T(u', ', ).

By (4.2), for all £ > 0, we have

Fu,u’(t) = FT(u,u,u),T(u/,u/,u/)(t)
= [A (FAM,AM’ ((P(f)): FAu,Au’ ((p(t))’FAu,Au’ (¢(t)))]

= FAM,AL{/ (w(t)) = Fu,u’ (gl)(t)),

Wl

(4.18)

which implies that F, ,(t) > F,,/(¢"(¢)) for all ¢ > 0. Letting n — oo, we have F, ,(t) =1

forall £ >0, i.e., u = u'. This completes the proof.

d

Letting A = I ({ is the identity mapping) in Theorem 4.1, we can obtain the following

corollary.

Corollary 4.1 Let (X, #,A) be a complete generalized non-Archimedean Menger PM-

space such that supy . A(t,t,t) =1 and A > A,, ¢ : R* — R* be a gauge function such
that ¢71({0}) = {0} and lim,_, o ¢"(t) = +00 forany t >0. Let T: X x X x X — X be a

mapping satisfying

ol

FT(x,y,z),T(p,q,r)(t) > [A(Fx,p (ﬁﬁ(f)); Fy,q (‘p(t))¢Fz,r (<P(t)))]

Page 14 of 17
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forallx,y,z,p,q,r € X and t > 0. Suppose that there exist b, c,d € X, such that forany t > 0,

o0 o0
Jim l—[ Fp1pea) (¢'(2) =1, Jim l_[ Forean(9'(0) =1,
i=n i=n

- (4.19)
Jim [TFarano(¢'®) =1

i=n
Then T has a unique fixed point in X.

In a similar way, we can obtain the following result.

Theorem 4.2 Let (X,.7,A) be a complete generalized non-Archimedean Menger PM-
space such that A is a t-norm of H-type, ¢ : R* — R* be a gauge function such that
e 1({0}) = (0} and lim, 0o " (t) =0 forany t >0. Let T: X x X x X - X and A: X — X
be two mappings satisfying

FT(x,y,z),T(p,q,r) ((ﬂ(t)) > min{FAx,Ap(t): FAy,Aq(t): FAZ,Ar(t)} (4'20)

forall x,y,z,p,q,r € X and t > 0, where T(X x X x X) C A(X), A is continuous and com-
mutative with T. Then T and A have a unique tripled common fixed point in X.

Letting A = I (I is the identity mapping) in Theorem 4.2, we can obtain the following
corollary.

Corollary 4.2 Let (X,.#,A) be a complete generalized non-Archimedean Menger PM-
space such that A is a t-norm of H-type, ¢ : R* — R* be a gauge function such that
©71({0}) = {0} and lim,, oo ¢"(t) =0 forany t > 0. Let T : X x X x X — X be a mapping
satisfying

FT(x,y,z),T(p,q,r) ((ﬂ(t)) > min{Fx,p(t)r Fy,q(t)7 Fz,r(t)} (4'21)
forall x,y,z,p,q,r € X and t >0. Then T has a unique fixed point in X.
Letting ¢(t) = ot (0 < @ < 1) in Theorem 4.2, we can obtain the following corollary.

Corollary 4.3 Let (X,.%,A) be a complete generalized non-Archimedean Menger PM-
space such that A is a t-norm of H-type. Let T : X x X x X — X and A : X — X be two

mappings satisfying
FT(x,y,z),T(p,q,r) (at) = min{FAx,Ap(t); FAy,Aq(t)y FAz,Ar(t)}

forall x,y,z,p,q,r € X and t >0, where 0 < <1, T(X x X x X) C A(X), A is continuous
and commutative with T. Then T and A have a unique tripled common fixed point in X.

Remark 4.1 If (X,.%, A) is a generalized non-Archimedean Menger PM-space, then the
hypotheses concerning gauge functions can be weakened. Let us note that in Theorem 4.2
the gauge function only satisfies lim,_, o ¢"(¢) = 0 for all £ > 0, and it does not necessarily
satisfy ¢(£) < ¢ for all £ > 0.
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5 An application
In this section, we shall provide an example to show the validity of the main results of this

paper.

Example 5.1 Suppose that X = [-1,1] CR, A = A,,. Then A,, is a t-norm of H-type and
A, > Ap. Define F : X x X — I by

_ vl

e 1, t>0,xy€eX,
F (%,9)() = Fyy(2) =
’ o 0, t<0,xy€X.

We claim that (X,.#, A,,) is a generalized Menger PM-space. In fact, it is easy to verify
(GPM-1), (GPM-2), and (GPM-3). Assume that for any s,¢,7 > 0 and x,y,z,w € X,

lx=z|  _ |z=w| [w=yl _ lx—2|

Am(Fx,z(t),FZ,W(S),FWJ(;"))=min{e_7,e s ,e 7T }:e T,

Then we have t|z—w| <s|x —z|, tjw — y| <r|x —z|, and so t%"’lx—zl =lx—z|+ilx—z|+
Tlx—z| > |x—z| +|z—w| + [w-y| > |x—y|. It follows that

=yl _lx—2|

Foyt+s+r)=etmr >e 1 = Apy(Fyz(t), Fo(s), Fuy(r)).

Hence (GPM-4) holds. It is obvious that (X, .%#, A,,) is complete. Suppose that ¢(¢) = %
For x,y,z€ X, define T: X x X x X — X as follows:

Then for each ¢ > 0 and x,y,z,p,q,r € X, we have
p* 2% +4° = +3(Irl = I2l)| < lp =l (Ip] + %) + g = ¥1(lq] + 171) + 3|7~ 2|
< 9max{|x—p|, ly —ql, |z—r|},
and so

t
Fr(,0,7000 (9®) = Freya), T 3

_ P2 =22 +q?~y2+3(r1-l2))|
27t

1
[ A (Fup(), By q(6), 2 (8)) .
Thus, all the conditions of Corollary 3.2 are satisfied. Therefore, T has a unique fixed point

in X.
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