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1 Introduction
In this paper, we assume that H is a real Hilbert space with the inner product 〈·, ·〉 and the
norm ‖ · ‖. Let I denote the identity operator on H . Let C and Q be nonempty, closed and
convex subsets of real Hilbert spacesH andH, respectively. The split feasibility problem
(SFP) is to find a point

x ∈ C such that Ax ∈ Q, (.)

where A : H → H is a bounded linear operator. The SFP in finite-dimensional Hilbert
spaces was first introduced byCensor and Elfving [] formodeling inverse problemswhich
arise from phase retrievals and in medical image reconstruction []. The SFP attracts the
attention of many authors due to its application in signal processing. Various algorithms
have been invented to solve it (see, for example, [–] and references therein).
Note that the split feasibility problem (.) can be formulated as a fixed point equation

by using the fact

PC
(
I – γA∗(I – PQ)A

)
x∗ = x∗; (.)

that is, x∗ solves SFP (.) if and only if x∗ solves fixed point equation (.) (see [] for de-
tails). This implies that we can use fixed point algorithms (see [–]) to solve SFP. A pop-
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ular algorithm that solves SFP (.) is due to Byrne’s CQ algorithm [] which is found to
be a gradient-projection method (GPM) in convex minimization. Subsequently, Byrne []
applied KM iteration to the CQ algorithm, and Zhao and Yang [] applied KM iteration
to the perturbed CQ algorithm to solve the SFP. It is well known that the CQ algorithm
and the KM algorithm for a split feasibility problem do not necessarily converge strongly
in the infinite-dimensional Hilbert spaces.
Now let us recall the definitions of some operators that will be used in this paper.
Let T :H →H be a mapping. A point x ∈H is said to be a fixed point of T provided that

Tx = x, and denote by F(T) the fixed point set of T .

Definition . The mapping T :H → H is said to be
(a) nonexpansive if

‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈H ;

(b) strictly pseudocontractive if there exists a constant k ∈ [, ) such that

‖Tx – Ty‖ ≤ ‖x – y‖ + k
∥∥(x – y) – (Tx – Ty)

∥∥, ∀x, y ∈H ;

(c) (k, {μn}, {ξn},φ)-total asymptotically strict pseudocontractive if there exists a
constant k ∈ [, ) and sequences {μn} ⊂ [,∞), {ξn} ⊂ [,∞) with μn →  and
ξn →  as n → ∞, and a continuous and strictly increasing function
φ : [,∞)→ [,∞) with φ() =  such that for all n≥ , x, y ∈H ,

∥∥Tnx–Tny
∥∥ ≤ ‖x–y‖ +k∥∥(x–y)–(Tx–Ty)∥∥ +μnφ

(‖x–y‖)+ξn, ∀x, y ∈H .

One parameter family � := {S(t) :  ≤ t < ∞} is said to be a (continuous) Lipschitzian
semigroup on a real Hilbert space H if the following conditions are satisfied:
() S()x = x for all x ∈ H ;
() S(s + t) = S(s)S(t) for all s, t ≥ ;
() for each t > , there exists a bounded measurable function Lt : (,∞)→ [,∞) such

that

∥∥S(t)x – S(t)y
∥∥ ≤ Lt‖x – y‖, x, y ∈H ;

() for each x ∈H , the mapping S(·)x from [,∞) into H is continuous.
A Lipschitzian semigroup � is called nonexpansive (or contractive) if Lt =  for all t > 
and asymptotically nonexpansive if lim supt→∞ Lt ≤ , respectively. Let F(�) denote the
common fixed point set of the semigroup �, i.e., F(�) := {x ∈ K : S(t)x = x,∀t > }.
LetH be a real Hilbert space, � := {S(t) :  ≤ t < ∞} be a continuous operator semigroup

on H . Then � is said to be uniformly asymptotically regular (in short, u.a.r.) on H if for all
h≥  and any bounded subset C of H ,

lim
t→∞ sup

x∈C

∥∥S(h)(S(t)x) – S(t)x
∥∥ = .

The nonexpansive semigroup {σt : t > } defined by the following lemma is an example of
u.a.r. operator semigroup. Other examples of u.a.r. operator semigroup can be found in
Examples ,  of [].
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Lemma . (See Lemma . of []) Let D be a bounded closed convex subset of H , and
� := {S(t) : t > } be a nonexpansive semigroup on H such that F(�) is nonempty. For each
h > , set σt(x) = 

t
∫ t
 S(s)xds, then

lim
t→∞ sup

x∈D

∥∥S(h)(σtx) – σtx
∥∥ = .

Example . (See []) The set {σt : t > } defined by Lemma . is an u.a.r. nonexpansive
semigroup.

Several authors have proved several convergence theorems using several iterative
schemes for fixed points of nonexpansive semigroups in the literature. See, for example,
[–] and the references contained therein.
In this paper, we shall focus our attention on the following split common fixed point

problem (SCFP):

find x ∈ C such that Ax ∈Q, (.)

where A : H → H is a bounded linear operator, {S(t) : t ≥ } is a uniformly asymptot-
ically regular nonexpansive semigroup on H and T is a uniformly L-Lipschitzian con-
tinuous and (k, {μn}, {ξn},φ)-total asymptotically strict pseudocontractive mapping with
nonempty fixed point sets C :=

⋂
t≥ F(S(t)) and Q := F(T), and denote the solution set of

the two-operator SCFP by

� := {y ∈ C : Ay ∈Q} = C ∩A–(Q). (.)

Recall that
⋂

t≥ F(S(t)) and F(T) are closed and convex subsets ofH andH, respectively.
If � �= ∅, we have that � is a closed and convex subset ofH. The split common fixed point
problem (SCFP) is a generalization of the split feasibility problem (SFP) and the convex
feasibility problem (CFP) (see [, ]).
In order to solve (.), Censor and Segal [] proposed and proved, in finite-dimensional

spaces, the convergence of the following algorithm:

xn+ = S
(
xn + γAt(T – I)Axn

)
, n≥ , (.)

where γ ∈ (, 
λ
), with λ being the largest eigenvalue of the matrix AtA (At stands for ma-

trix transposition) and S and T are quasi-nonexpansive operators.
In , Moudafi [] introduced the following relaxed algorithm:

xn+ = ( – αn)yn + αnSyn, n≥ , (.)

where yn = xn + γA∗(T – I)Axn, β ∈ (, ), αn ∈ (, ), and γ ∈ (, 
λβ
), with λ being the

spectral radius of the operatorA∗A. Moudafi provedweak convergence result of algorithm
(.) in Hilbert spaces where S and T are quasi-nonexpansive operators. We observe that
strong convergence result can be obtained in the results of Moudafi [] if a compactness-
type condition like demicompactness is imposed on the operator S. Furthermore, we can
also obtain a strong convergence result by suitably modifying algorithm (.).
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Recently, Zhao and He [] introduced the following viscosity approximation algorithm

xn+ = αnf (xn) + ( – αn)
(
( –wn)xn +wnS

(
xn + γA∗(T – I)Axn

))
, n≥ , (.)

where f :H → H is a contraction of modulus ρ > , wn ∈ (,  ), γ ∈ (, 
λ
), with λ being

the spectral radius of the operator A∗A, and they proved strong convergence results con-
cerning (.) for quasi-nonexpansive operators S and T in real Hilbert spaces. Inspired
by the work of Zhao and He [], Moudafi [] quite recently revisited the viscosity-type
approximationmethod (.) above introduced in []. First, he proposed a simple proof of
the strong convergence of the iterative sequence {xn} defined by (.) based on attracting
operator properties and then proposed a modification of this algorithm (.) and proved
its strong convergence (see Theorem . of []).
Very recently Chang et al. [] proved the following convergence theorem formultiple-

set split feasibility problem (MSSFP) (.) for a family of multi-valued quasi-nonexpansive
mappings and a total asymptotically pseudocontractive mapping in infinitely dimensional
Hilbert spaces.

Theorem . Let H and H be two real Hilbert spaces, A : H → H be a bounded lin-
ear operator and A∗ : H → H be the adjoint of A. Let {Si}∞i= : H → CB(H) be a fam-
ily of multi-valued quasi-nonexpansive mappings and for each i ≥ , Si is demiclosed
at . Let T :H →H be a uniformly L-Lipschitzian continuous and (k, {μn}, {ξn},φ)-total
asymptotically strict pseudocontractivemapping satisfying

∑∞
n= μn <∞ and

∑∞
n= ξn < ∞.

Suppose that there exist constants M > , M >  such that φ(λ) ≤ Mλ
, ∀λ > M. Let

C :=
⋂∞

i= F(Si) �= ∅ and Q := F(T). Assume that for each p ∈ C, Sip = {p} for each i ≥ . Let
{xn} be the sequence generated by

⎧⎪⎨
⎪⎩

x ∈H chosen arbitrarily,
xn+ = α,nyn +

∑∞
i= αi,nwi,n, wi,n ∈ Siyn,

yn = xn + γA∗(Tn – I)Axn, n≥ ,
(.)

where {αi,n} ⊂ (, ) and γ >  satisfy the following conditions:
(a)

∑∞
i= αi,n =  for each n≥ ;

(b) for each i≥ , lim infn→∞ α,nαi,n > ;
(c) γ ∈ (, –k

‖A‖ ).
If � (the set of solutions of multiple-set split feasibility problem (.)) is nonempty, then
both {xn}∞n= and {yn}∞n= converge weakly to some point x ∈ �. In addition, if there exists
a positive integer m such that Sm is semi-compact, then both {xn}∞n= and {yn}∞n= converge
strongly to x ∈ �.

We observe on Theorem . that:
() Theorem . gives a weak convergence result for multiple-set split feasibility problem

(.) for a family of multi-valued quasi-nonexpansive mappings and a total
asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces.
In order to get strong convergence, Chang et al. [] imposed a compactness-type
condition (semi-compactness) on the mappings {Si}∞i=. This compactness condition
appears strong as only few mappings are semi-compact.
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() It is an interesting problem to extend the results of Theorem . to the
nonexpansive semigroup case so that strong convergence is obtained. In order to
obtain a strong convergence result in Theorem . without compactness-type
condition for the nonexpansive semigroup case, a modification of (.) is necessary.
This modification could be an implicit iterative scheme or an explicit iterative
scheme. In the implicit iterative scheme, the computation of the next iteration xn+
involves solving a nonlinear equation at every step of the iteration, a task which may
pose the same difficulty level as the initial problem. Therefore, in order to get a
strong convergence result for the split common fixed point problem for a
nonexpansive semigroup case and a total asymptotically pseudocontractive
mapping in infinitely dimensional Hilbert spaces without compactness-type
condition, a modification of (.), which is an explicit iterative scheme, is necessary.
This leads to the following natural question.

Question Can we modify the iterative scheme (.) so that strong convergence is guar-
anteed for a split common fixed point problem involving a uniformly asymptotically reg-
ular nonexpansive semigroup and a total asymptotically pseudocontractive mapping in
infinitely dimensional Hilbert spaces without any compactness-type condition assumed?

Our interest in this paper is to answer the above question. We thus modify the iterative
scheme (.) and prove a strong convergence result for the split common fixed point prob-
lem for a uniformly asymptotically regular nonexpansive semigroup and a total asymp-
totically pseudocontractive mapping in infinitely dimensional Hilbert spaces without any
further compactness-type condition assumed. Our results improve the corresponding re-
sults of Chang et al. [] and many recent and important results that the results of Chang
et al. [] improved and extended like Censor et al. [, ], Yang [], Moudafi [], Xu
[], Censor and Segal [], Masad and Reich [] and others.

2 Preliminaries
Wefirst recall somedefinitions, notations and conclusionswhichwill be needed in proving
our main results.
• xn → xmeans that xn → x strongly;
• xn ⇀ xmeans that xn → x weakly.
Next, we state the following well-known lemmas which will be used in the sequel.

Lemma . Let H be a real Hilbert space. Then the following well-known results hold:
(i) ‖x + y‖ = ‖x‖ + 〈x, y〉 + ‖y‖, ∀x, y ∈ H ;
(ii) ‖x + y‖ ≤ ‖x‖ + 〈y,x + y〉, ∀x, y ∈H ;
(iii) ‖λx + ( – λ)y‖ = λ‖x‖ + ( – λ)‖y‖ – λ( – λ)‖x – y‖, ∀x, y ∈ H , ∀λ ∈ [, ].

Lemma . (Chang et al. []) Let T : H → H be a uniformly L-Lipschitzian continuous
and (k, {μn}, {ξn},φ)-total asymptotically strict pseudocontractive mapping, then I – T is
demiclosed at origin.

Lemma . (Alber et al. []) Let {λn} and {γn} be nonnegative, {αn} be positive real num-
bers such that

λn+ ≤ λn – αnλn + γn, n ≥ .

http://www.fixedpointtheoryandapplications.com/content/2014/1/131
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Let for all n > ,

γn

αn
≤ c and αn ≤ α.

Then λn ≤max{λ,K∗}, where K∗ = ( + α)c.

Lemma . (Xu []) Let {an} be a sequence of nonnegative real numbers satisfying the
following relation:

an+ ≤ ( – αn)an + αnσn + γn, n ≥ ,

where
(i) {an} ⊂ [, ],

∑∞
n= αn =∞;

(ii) lim supn→∞ σn ≤ ;
(iii) γn ≥ ,

∑∞
n= γn < ∞.

Then an →  as n→ ∞.

3 Main results
For solving the split common fixed point problem (.), we assume that the following con-
ditions are satisfied:
() H and H are two real Hilbert spaces, A :H →H is a bounded linear operator and

A∗ :H → H is the adjoint of A;
() {S(t) : t ≥ } is a uniformly asymptotically regular nonexpansive semigroup on H;
() T :H →H is a uniformly L-Lipschitzian continuous and (k, {μn}, {ξn},φ)-total

asymptotically strict pseudocontractive mapping satisfying the following
conditions:
(i)

∑∞
n= μn < ∞;

∑∞
n= ξn < ∞;

(ii) {αn} is a real sequence in (, ) such that μn = o(αn), ξn = o(αn), limn→∞ αn = ,∑∞
n= αn =∞;

(iii) there exist constantsM > ,M >  such that φ(λ) ≤Mλ
, ∀λ >M;

(iv) C :=
⋂

t≥ F(S(t)) �= ∅, Q := F(T) �= ∅ and � �= ∅.
In this section, we introduce the following algorithm and prove its strong convergence

for solving split common fixed point problem (.).

Theorem . Let H, H, A, A∗, {S(t) : t ≥ }, T , C, Q, k, {μn}, {ξn}, φ and L satisfy the
above conditions (i)-(iv). Let {xn} be the sequence generated by x ∈H,

⎧⎪⎨
⎪⎩

un = ( – αn)xn,
yn = un + γA∗(Tn – I)Aun,
xn+ = βnyn + ( – βn)S(tn)yn, n≥ ,

(.)

where tn → ∞ and {βn} ⊂ (, ) and γ >  satisfy the following conditions:
(a)  < ε ≤ βn ≤ b < ;
(b) γ ∈ (, –k

‖A‖ ).
If � is nonempty, then the sequence {xn}∞n= converges strongly to an element of �.
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Proof Since φ is continuous, it follows that φ attains maximum (say M) in [,M] and by
our assumption, φ(λ)≤Mλ

, ∀λ >M. In either case, we have that

φ(λ)≤M +Mλ
, ∀λ ∈ [,∞).

Let x∗ ∈ �. Then, by the convexity of ‖ · ‖, we obtain
∥∥un – x∗∥∥ =

∥∥( – αn)xn – x∗∥∥ =
∥∥( – αn)

(
xn – x∗) + αn

(
–x∗)∥∥

≤ ( – αn)
∥∥xn – x∗∥∥ + αn

∥∥x∗∥∥. (.)

From (.) and Lemma .(i), we obtain that

∥∥yn – x∗∥∥ =
∥∥un – x∗ + γA∗(Tn – I

)
Aun

∥∥

=
∥∥un – x∗∥∥ + γ

〈
un – x∗,A∗(Tn – I

)
Aun

〉
+ γ ∥∥A∗(Tn – I

)
Aun

∥∥. (.)

Since

γ ∥∥A∗(Tn – I
)
Aun

∥∥ = γ 〈A∗(Tn – I
)
Aun,A∗(Tn – I

)
Aun

〉

= γ 〈AA∗(Tn – I
)
Aun,

(
Tn – I

)
Aun

〉

≤ γ ‖A‖∥∥(
Tn – I

)
Aun

∥∥, (.)

Ax∗ ∈Q = F(T) and T is a total asymptotically strict pseudocontractive mapping, then we
obtain

〈
un – x∗,A∗(Tn – I

)
Aun

〉

=
〈
A

(
un – x∗), (Tn – I

)
Aun

〉

=
〈
A

(
un – x∗) + (

Tn – I
)
Aun –

(
Tn – I

)
Aun,

(
Tn – I

)
Aun

〉

=
〈
TnAun –Ax∗,

(
Tn – I

)
Aun

〉
–

∥∥(
Tn – I

)
Aun

∥∥

=


[∥∥TnAun –Ax∗∥∥ +

∥∥(
Tn – I

)
Aun

∥∥ –
∥∥Aun –Ax∗∥∥]

–
∥∥(
Tn – I

)
Aun

∥∥

≤ 

[∥∥Aun –Ax∗∥∥ + k

∥∥(T – I)Axn
∥∥ +μnφ

(∥∥Aun –Ax∗∥∥)
+ ξn

]

+


[∥∥(

Tn – I
)
Aun

∥∥ –
∥∥Aun –Ax∗∥∥]

–
∥∥(
Tn – I

)
Aun

∥∥

≤ k – 


∥∥(
Tn – I

)
Aun

∥∥ +
μn


(
M +M

∥∥Aun –Ax∗∥∥) + ξn


. (.)

Substituting (.) and (.) into (.), we have

∥∥yn – x∗∥∥ ≤ ∥∥un – x∗∥∥ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Aun

∥∥

+μnγ
(
M +M

∥∥Aun –Ax∗∥∥) + γ ξn. (.)
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Putting (.) and (.) into (.), we obtain

∥∥xn+ – x∗∥∥ =
∥∥βn

(
yn – x∗) + ( – βn)

(
S(tn)yn – x∗)∥∥

≤ βn
∥∥yn – x∗∥∥ + ( – βn)

∥∥S(tn)yn – x∗∥∥

≤ βn
∥∥yn – x∗∥∥ + ( – βn)

∥∥yn – x∗∥∥ =
∥∥yn – x∗∥∥

≤ ∥∥un – x∗∥∥ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Aun

∥∥

+μnγ
(
M +M

∥∥Aun –Ax∗∥∥) + γ ξn

≤ ( – αn)
∥∥xn – x∗∥∥ + αn

∥∥x∗∥∥ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Aun

∥∥

+μnγ
(
M +M‖A‖(( – αn)

∥∥xn – x∗∥∥ + αn
∥∥x∗∥∥)) + γ ξn

=
∥∥xn – x∗∥∥ –

(
αn –μnγM‖A‖( – αn)

)∥∥xn – x∗∥∥ + αn
∥∥x∗∥∥

+μnγM + γαnM‖A‖∥∥x∗∥∥ + γ ξn

– γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Aun

∥∥

≤ ∥∥xn – x∗∥∥ –
(
αn –μnγM‖A‖( – αn)

)∥∥xn – x∗∥∥ + αn
∥∥x∗∥∥

+μnγM + γαnM‖A‖∥∥x∗∥∥ + γ ξn

=
∥∥xn – x∗∥∥ –

(
αn –μnγM‖A‖( – αn)

)∥∥xn – x∗∥∥ + σn, (.)

where σn = αn‖x∗‖μnγM + γαnM‖A‖‖x∗‖ + γ ξn. Since μn = o(αn) and ξn = o(αn), we
may assume without loss of generality that there exist constants k ∈ (, ) and M > 
such that for all n≥ ,

μn

αn
≤  – k

Mγ ‖A‖( – αn)
and

σn

αn
≤M.

Thus, we obtain

∥∥xn+ – x∗∥∥ ≤ ∥∥xn – x∗∥∥ – αnk
∥∥xn – x∗∥∥ + σn.

By Lemma ., we have that

∥∥xn – x∗∥∥ ≤max
{∥∥x – x∗∥∥, ( + k)M

}
.

Therefore, {xn} is bounded. Furthermore, the sequences {yn} and {un} are bounded.
The rest of the proof will be divided into two parts.
Case . Suppose that there exists n ∈N such that {‖xn–x∗‖}∞n=n is nonincreasing. Then

{‖xn – x∗‖}∞n= converges and
∥∥xn – x∗∥∥ –

∥∥xn+ – x∗∥∥ → , n→ ∞.

From (.), we have that

∥∥xn+ – x∗∥∥ ≤ ∥∥yn – x∗∥∥

≤ ∥∥xn – x∗∥∥ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Axn

∥∥
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+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn

≤ ∥∥xn – x∗∥∥ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Axn

∥∥

+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn + αn
∥∥x∗∥∥.

This implies that

γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Axn

∥∥ ≤ ∥∥xn – x∗∥∥ –
∥∥xn+ – x∗∥∥

+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn + αn
∥∥x∗∥∥

and

γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Axn

∥∥ → , n→ ∞.

Hence, we obtain

∥∥(
Tn – I

)
Axn

∥∥ → , n→ ∞. (.)

Also, we observe that

‖yn – xn‖ = γA∗∥∥(
Tn – I

)
Axn

∥∥ → , n→ ∞.

Using (.) and Lemma .(iii) in (.), we have

∥∥xn+ – x∗∥∥ =
∥∥( – βn)

(
yn – x∗) + βn

(
S(tn)yn – x∗)∥∥

≤ ( – βn)
∥∥yn – x∗∥∥ + βn

∥∥S(tn)yn – x∗∥∥ – ( – βn)βn
∥∥yn – S(tn)yn

∥∥
=

∥∥yn – x∗∥∥ – ( – βn)βn
∥∥yn – S(tn)yn

∥∥
≤ ∥∥xn – x∗∥∥ – γ

(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Axn

∥∥

+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn – ( – βn)βn
∥∥yn – S(tn)yn

∥∥.

This implies from (.) and condition (b) that

( – βn)βn
∥∥yn – S(tn)yn

∥∥ ≤ ∥∥xn – x∗∥∥ –
∥∥xn+ – x∗∥∥

+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn

≤ ∥∥xn – x∗∥∥ –
∥∥xn+ – x∗∥∥ + αn

∥∥x∗∥∥

+μnγ
(
M +M

∥∥Axn –Ax∗∥∥) + γ ξn.

From condition (a) we have

lim
n→∞

∥∥yn – S(tn)yn
∥∥ = . (.)

Hence, for any t ≥ ,

∥∥S(t)yn – yn
∥∥ ≤ ∥∥S(t)yn – S(t)S(tn)yn

∥∥ +
∥∥S(t)S(tn)yn – S(tn)yn

∥∥ +
∥∥S(tn)yn – yn

∥∥
≤ ∥∥S(t)S(tn)yn – S(tn)yn

∥∥ + 
∥∥S(tn)yn – yn

∥∥ → , n→ ∞. (.)
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We obtain from (.) that

‖xn+ – xn‖ =
∥∥βn(yn – xn) + ( – βn)

(
S(tn)yn – xn

)∥∥

≤ βn‖yn – xn‖ + ( – βn)
∥∥S(tn)yn – xn

∥∥

≤ βn‖yn – xn‖ + ( – βn)
(∥∥S(tn)yn – yn

∥∥ + ‖yn – xn‖
).

Since limn→∞ ‖yn – xn‖ =  and limn→∞ ‖yn – S(tn)yn‖ = , we have

lim
n→∞‖xn+ – xn‖ = .

Consequently,

‖un+ – un‖ =
∥∥( – αn+)xn+ – ( – αn)xn

∥∥
≤ |αn+ – αn|‖xn+‖ + ( – αn)‖xn+ – xn‖ → , n→ ∞. (.)

Using the fact that T is uniformly L-Lipschitzian, we have

‖TAun –Aun‖ ≤ ∥∥TAun – Tn+Aun
∥∥ +

∥∥Tn+Aun – Tn+Aun+
∥∥

+
∥∥Tn+Aun+ –Aun+

∥∥ + ‖Aun+ –Aun‖
≤ L

∥∥Aun – TnAun
∥∥ + (L + )‖Aun+ –Aun‖ +

∥∥Tn+Aun+ –Aun+
∥∥

≤ L
∥∥Aun – TnAun

∥∥ + (L + )‖A‖‖un+ – un‖ +
∥∥Tn+Aun+ –Aun+

∥∥.

From (.) and (.), we obtain

∥∥(T – I)Aun
∥∥ → , n→ ∞. (.)

Since {xn} is bounded, there exists {xnj} of {xn} such that xnj ⇀ z ∈H. Using the fact that
xnj ⇀ z ∈H and ‖yn–xn‖ → , n→ ∞, we have that ynj ⇀ z ∈ H. Similarly, unj ⇀ z ∈H

since ‖un – xn‖ → , n→ ∞.
We next show that z ∈ ⋂

t≥ F(S(t)) = C. Assume the contrary that z �= S(t)z for some
t ≥ . Then, by Opial’s condition, we obtain from (.) that

lim inf
j→∞ ‖ynj – z‖ < lim inf

j→∞
∥∥ynj – S(t)z

∥∥

≤ lim inf
j→∞

(∥∥ynj – S(t)ynj
∥∥ +

∥∥S(t)ynj – S(t)z
∥∥)

≤ ‖ynj – z‖.

This is a contradiction. Hence, z ∈ ⋂
t≥ F(S(t)) = C. On the other hand, since A is a linear

bounded operator, it follows from unj ⇀ z ∈ H that Aunj ⇀ Az ∈ H. Hence, from (.),
we have that

‖TAunj –Aunj‖ = ‖TAunj –Aunj‖ → , j → ∞.

Since T is demiclosed at zero, we have that Az ∈ F(T) =Q. Hence z ∈ �.
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Next, we prove that {xn} converges strongly to z. From (.) and Lemma .(ii), we have

‖xn+ – z‖ ≤ ‖yn – z‖

≤ ‖un – z‖ – γ
(
 – k – γ ‖A‖)∥∥(

Tn – I
)
Aun

∥∥

+μnγ
(
M +M‖Aun –Az‖) + γ ξn

≤ ‖un – z‖ +μnγ
(
M +M‖Aun –Az‖) + γ ξn

≤ ‖un – z‖ +M∗μn + γ ξn

=
∥∥( – αn)(xn – z) – αnz

∥∥ +M∗μn + γ ξn

≤ ( – αn)‖xn – z‖ – αn〈un – z, z〉 +M∗μn + γ ξn

≤ ( – αn)‖xn – z‖ – αn〈un – z, z〉 +M∗μn + γ ξn, (.)

whereM∗ > γ supn≥(M+M‖Aun–Az‖) > . It is clear that –〈un–z, z〉 → , n→ ∞ and∑∞
n=M∗μn < ∞;

∑∞
n= γ ξn < ∞. Now, using Lemma . in (.), we have ‖xn – z‖ → .

So xn → z as n → ∞.
Case . Assume that {‖xn – x∗‖} is not a monotonically decreasing sequence. Set �n =

‖xn – x∗‖ and let τ :N →N be a mapping for all n≥ n (for some n large enough) by

τ (n) :=max{k ∈ N : k ≥ n,�k ≤ �k+}.

Clearly, τ is a nondecreasing sequence such that τ (n) → ∞ as n → ∞ and

�τ (n) ≤ �τ (n)+, ∀n≥ n.

From (.), it is easy to see that

lim
n→∞

∥∥yτ (n) – S(tτ (n))yτ (n)
∥∥ = .

Furthermore, we can show that

∥∥(T – I)Auτ (n)
∥∥ → , n→ ∞.

By a similar argument as above in Case , we conclude immediately that xτ (n), yτ (n) and
uτ (n) weakly converge to z as τ (n)→ ∞. At the same time, from (.), we note that for all
n≥ n,

 ≤ ‖xτ (n)+ – z‖ – ‖xτ (n) – z‖

≤ ατ (n)
[
–〈uτ (n) – z, z〉 – ‖xτ (n) – z‖] +M∗μτ (n) + γ ξτ (n),

which gives

‖xτ (n) – z‖ ≤ –〈uτ (n) – z, z〉 +M∗μτ (n) + γ ξτ (n).

Hence, we deduce that

lim
n→∞‖xτ (n) – z‖ = .
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Therefore,

lim
n→∞�τ (n) = lim

n→∞�τ (n)+ = .

Furthermore, for n ≥ n, it is easy to see that �τ (n) ≤ �τ (n)+ if n �= τ (n) (that is τ (n) < n)
because �j ≥ �j+ for τ (n) +  ≤ j ≤ n. As a consequence, we obtain for all n≥ n,

 ≤ �n ≤max{�τ (n),�τ (n)+} = �τ (n)+.

This shows that lim�n =  and hence {xn} converges strongly to z. This completes the
proof. �

Based on Lemma . and Example ., we can deduce the following corollary from The-
orem ..

Corollary . Let H and H be two real Hilbert spaces, A : H → H be a bounded lin-
ear operator and A∗ : H → H be the adjoint of A. Let � := {S(t) :  ≤ t < ∞} be a one-
parameter nonexpansive semigroup on H. Let T :H →H be a uniformly L-Lipschitzian
continuous and (k, {μn}, {ξn},φ)-total asymptotically strict pseudocontractivemapping sat-
isfying the following conditions:

(i)
∑∞

n= μn < ∞;
∑∞

n= ξn < ∞;
(ii) {αn} is a real sequence in (, ) such that μn = o(αn), ξn = o(αn), limn→∞ αn = ;∑∞

n= αn =∞;
(iii) there exist constantsM > ,M >  such that φ(λ) ≤Mλ

, ∀λ >M.
Let C :=

⋂
t≥ F(S(t)) �= ∅, Q := F(T) �= ∅ and � �= ∅. Let {xn} be the sequence generated by

x ∈H,

⎧⎪⎨
⎪⎩

un = ( – αn)xn,
yn = un + γA∗(Tn – I)Aun,
xn+ = βnyn + ( – βn)( 

tn

∫ tn
 T(u)du)yn, n≥ ,

(.)

where {βn} ⊂ (, ) and γ >  satisfy the following conditions:
(a)  < ε ≤ βn ≤ b < ;
(b) γ ∈ (, –k

‖A‖ ).
If � is nonempty, then the sequence {xn}∞n= converges strongly to an element of �.

A strong mean convergence theorem for nonexpansive mappings was first established
for odd mappings by Baillon [] and it was later generalized to that of nonlinear semi-
groups by Reich []. It follows from the above proof that Theorem . is valid for non-
expansive mappings. Thus, we also have the following mean ergodic theorem for nonex-
pansive mappings in Hilbert spaces.

Corollary . Let H and H be two real Hilbert spaces, A :H →H be a bounded linear
operator and A∗ :H → H be the adjoint of A. Let S be a nonexpansive mapping on H. Let
T : H → H be a uniformly L-Lipschitzian continuous and (k, {μn}, {ξn},φ)-total asymp-
totically strict pseudocontractive mapping satisfying the following conditions:

(i)
∑∞

n= μn < ∞;
∑∞

n= ξn < ∞;
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(ii) {αn} is a real sequence in (, ) such that μn = o(αn), ξn = o(αn), limn→∞ αn = ,∑∞
n= αn =∞;

(iii) there exist constantsM > ,M >  such that φ(λ) ≤Mλ
, ∀λ >M.

Let C :=
⋂

t≥ F(S(t)) �= ∅, Q := F(T) �= ∅ and � �= ∅. Let {xn} be the sequence generated by
x ∈H,

⎧⎪⎨
⎪⎩

un = ( – αn)xn,
yn = un + γA∗(Tn – I)Aun,
xn+ = βnyn + ( – βn)( 

n+
∑n

j= Sjyn), n≥ ,
(.)

where {βn} ⊂ (, ) and γ >  satisfy the following conditions:
(a)  < ε ≤ βn ≤ b < ;
(b) γ ∈ (, –k

‖A‖ ).
If � is nonempty, then the sequence {xn}∞n= converges strongly to an element of �.
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