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1 Introduction

In this paper, we assume that H is a real Hilbert space with the inner product (-, -) and the
norm || - ||. Let I denote the identity operator on H. Let C and Q be nonempty, closed and
convex subsets of real Hilbert spaces H; and Hj, respectively. The split feasibility problem
(SFP) is to find a point

x € C such that Ax € Q, (1.1)

where A : Hy — H, is a bounded linear operator. The SFP in finite-dimensional Hilbert
spaces was first introduced by Censor and Elfving [1] for modeling inverse problems which
arise from phase retrievals and in medical image reconstruction [2]. The SFP attracts the
attention of many authors due to its application in signal processing. Various algorithms
have been invented to solve it (see, for example, [3—11] and references therein).

Note that the split feasibility problem (1.1) can be formulated as a fixed point equation
by using the fact

Pc(I - yA*(I - Po)A)x* = x%; (1.2)
that is, ™ solves SFP (1.1) if and only if x* solves fixed point equation (1.2) (see [8] for de-
tails). This implies that we can use fixed point algorithms (see [12—14]) to solve SFP. A pop-
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ular algorithm that solves SFP (1.1) is due to Byrne’s CQ algorithm [2] which is found to
be a gradient-projection method (GPM) in convex minimization. Subsequently, Byrne [3]
applied KM iteration to the CQ algorithm, and Zhao and Yang [15] applied KM iteration
to the perturbed CQ algorithm to solve the SFP. It is well known that the CQ algorithm
and the KM algorithm for a split feasibility problem do not necessarily converge strongly
in the infinite-dimensional Hilbert spaces.

Now let us recall the definitions of some operators that will be used in this paper.

Let T : H — H be a mapping. A point x € H is said to be a fixed point of T provided that
Tx = x, and denote by F(T) the fixed point set of T'.

Definition 1.1 The mapping 7': H — H is said to be
(a) nonexpansive if

I1Tx - Tyl < llx—yll, Vx,y€H;
(b) strictly pseudocontractive if there exists a constant k € [0,1) such that

2
)

I T — Tyll> < llx = ylI” + k|| (x — ) — (Tx — Ty)

Vx,y € H;

(©) (k, {ien}, (En}, @)-total asymptotically strict pseudocontractive if there exists a
constant k € [0,1) and sequences {u,} C [0,00), {§,} C [0, 00) with u,, — 0 and
&, — 0 as m — oo, and a continuous and strictly increasing function
¢ :[0,00) — [0, 00) with ¢(0) = 0 such that foralln > 1, x,y € H,

| 7%= T7||* < llx—yI> + k|| = 3) — (Tx=T) | * + 1up (Ix—yll) + £ Vx5 € H.

One parameter family I' := {S(¢) : 0 < ¢ < oo} is said to be a (continuous) Lipschitzian
semigroup on a real Hilbert space H if the following conditions are satisfied:
(1) S(0)x =« for allx € H;
(2) S(s+t)=S(s)S(¢) for all s, > 0;
(3) for each t > 0, there exists a bounded measurable function L; : (0,00) — [0, 00) such
that

|S@®)x - S@)y| <Lillx-yl, xyeH;

(4) for each x € H, the mapping S(-)x from [0, 00) into H is continuous.
A Lipschitzian semigroup I is called nonexpansive (or contractive) if L, =1 for all £ > 0
and asymptotically nonexpansive if limsup,_, . L; <1, respectively. Let F(I') denote the
common fixed point set of the semigroup T', i.e., F(I") := {x € K : S(t)x = x,V¢ > 0}.

Let H be areal Hilbert space, I" := {S(¢) : 0 < ¢ < 0o} be a continuous operator semigroup
on H. Then I is said to be uniformly asymptotically regular (in short, u.a.r.) on H if for all
h > 0 and any bounded subset C of H,

lim sup||S(h)(S(t)x) - S(t)x” =0.
t—00 xEC

The nonexpansive semigroup {o; : £ > 0} defined by the following lemma is an example of
u.a.r. operator semigroup. Other examples of u.a.r. operator semigroup can be found in
Examples 17, 18 of [16].


http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Cholamjiak and Shehu Fixed Point Theory and Applications 2014, 2014:131 Page 3 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Lemma 1.2 (See Lemma 2.7 of [17]) Let D be a bounded closed convex subset of H, and
[:={S(t) : t > 0} be a nonexpansive semigroup on H such that F(T") is nonempty. For each
h>0,set oy(x) = 1 fot S(s)xds, then

lim sup”S(h)(otx) - atxH =0.
t—00 xeD

Example 1.3 (See [18]) The set {0, : ¢ > 0} defined by Lemma 1.2 is an u.a.r. nonexpansive
semigroup.

Several authors have proved several convergence theorems using several iterative
schemes for fixed points of nonexpansive semigroups in the literature. See, for example,
[16—22] and the references contained therein.

In this paper, we shall focus our attention on the following split common fixed point
problem (SCFP):

find x € C such that Ax € Q, 1.3)

where A : Hi — H, is a bounded linear operator, {S(¢) : t > 0} is a uniformly asymptot-
ically regular nonexpansive semigroup on H; and T is a uniformly L-Lipschitzian con-
tinuous and (k, {i,}, {€,4}, ¢)-total asymptotically strict pseudocontractive mapping with
nonempty fixed point sets C := ﬂtzo F(S(¢)) and Q := F(T), and denote the solution set of
the two-operator SCFP by

Q:={yeC:4yeQ}=CnNA(Q). (1.4)

Recall that ﬂtio F(S(¢)) and F(T') are closed and convex subsets of H; and H, respectively.
If Q@ # ¥, we have that Q is a closed and convex subset of H;. The split common fixed point
problem (SCEP) is a generalization of the split feasibility problem (SFP) and the convex
feasibility problem (CFP) (see [2, 23]).

In order to solve (1.3), Censor and Segal [23] proposed and proved, in finite-dimensional
spaces, the convergence of the following algorithm:

Xpi1 = S(xn + yA(T - DAx,), n=1, (1.5)

where y € (0, 2), with A being the largest eigenvalue of the matrix A’A (A’ stands for ma-
trix transposition) and S and T are quasi-nonexpansive operators.
In 2011, Moudafi [5] introduced the following relaxed algorithm:

KXn+l = (1 - an)yn + OlnSyn, n= L (16)

where y, = x, + YA*(T — I)Ax,, B € (0,1), @, € (0,1), and y € (0, ﬁ), with A being the
spectral radius of the operator A*A. Moudafi proved weak convergence result of algorithm
(1.6) in Hilbert spaces where S and T are quasi-nonexpansive operators. We observe that
strong convergence result can be obtained in the results of Moudafi [5] if a compactness-
type condition like demicompactness is imposed on the operator S. Furthermore, we can

also obtain a strong convergence result by suitably modifying algorithm (1.6).


http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Cholamjiak and Shehu Fixed Point Theory and Applications 2014, 2014:131 Page 4 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Recently, Zhao and He [24] introduced the following viscosity approximation algorithm
Xpi1 = of (%) + (1= 0x) (1 = W)y + wuS(%y + yAX(T —DAx,)), n=>1, (1.7)

where f : H; — H; is a contraction of modulus p > 0, w, € (0, %), y € (0, %), with A being
the spectral radius of the operator A*A, and they proved strong convergence results con-
cerning (1.3) for quasi-nonexpansive operators S and 7 in real Hilbert spaces. Inspired
by the work of Zhao and He [24], Moudafi [6] quite recently revisited the viscosity-type
approximation method (1.7) above introduced in [24]. First, he proposed a simple proof of
the strong convergence of the iterative sequence {x,} defined by (1.7) based on attracting
operator properties and then proposed a modification of this algorithm (1.7) and proved
its strong convergence (see Theorem 2.1 of [6]).

Very recently Chang et al. [25] proved the following convergence theorem for multiple-
set split feasibility problem (MSSFP) (1.3) for a family of multi-valued quasi-nonexpansive
mappings and a total asymptotically pseudocontractive mapping in infinitely dimensional
Hilbert spaces.

Theorem 1.4 Let Hy and H, be two real Hilbert spaces, A : Hl — H, be a bounded lin-
ear operator and A* : Hy — H, be the adjoint of A. Let {S;}5, : Hi — CB(H,) be a fam-
ily of multi-valued quasi-nonexpansive mappings and for each i > 1, S; is demiclosed
at 0. Let T : Hy — Hy be a uniformly L-Lipschitzian continuous and (k, {{t,},{En}, ¢)-total
asymptotically strict pseudocontractive mapping satisfying y oo jy <00 andy o, &, < 00.
Suppose that there exist constants My > 0, My > 0 such that ¢(1) < Mo, YA > M. Let
C:=N2 E(S) #9¥ and Q := F(T). Assume that for each p € C, Sip = {p} for each i > 1. Let
{x,} be the sequence generated by

x1 € Hy chosen arbitrarily,
Xp+l = o uYn + Z?fl AiuWin, Win € Siym (18)
Y =%y + YA (T" - DAx,, n>1,

where {a;,} C (0,1) and y > 0 satisfy the following conditions:

(@) Y rpdin=1foreachn>1;

(b) foreach i> 1, liminf,_, o 0tg ntiy > 0;

© v e ik,
If Q (the set of solutions of multiple-set split feasibility problem (1.3)) is nonempty, then
both {x,}32, and {y,}52, converge weakly to some point x € Q. In addition, if there exists

a positive integer m such that S, is semi-compact, then both {x,}2, and {y,}2; converge
strongly to x € Q.

We observe on Theorem 1.4 that:

(1) Theorem 1.4 gives a weak convergence result for multiple-set split feasibility problem
(1.3) for a family of multi-valued quasi-nonexpansive mappings and a total
asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces.
In order to get strong convergence, Chang et al. [25] imposed a compactness-type
condition (semi-compactness) on the mappings {S;}7°. This compactness condition
appears strong as only few mappings are semi-compact.
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(2) Itis an interesting problem to extend the results of Theorem 1.4 to the
nonexpansive semigroup case so that strong convergence is obtained. In order to
obtain a strong convergence result in Theorem 1.4 without compactness-type
condition for the nonexpansive semigroup case, a modification of (1.8) is necessary.
This modification could be an implicit iterative scheme or an explicit iterative
scheme. In the implicit iterative scheme, the computation of the next iteration ;41
involves solving a nonlinear equation at every step of the iteration, a task which may
pose the same difficulty level as the initial problem. Therefore, in order to get a
strong convergence result for the split common fixed point problem for a
nonexpansive semigroup case and a total asymptotically pseudocontractive
mapping in infinitely dimensional Hilbert spaces without compactness-type
condition, a modification of (1.8), which is an explicit iterative scheme, is necessary.
This leads to the following natural question.

Question Can we modify the iterative scheme (1.8) so that strong convergence is guar-
anteed for a split common fixed point problem involving a uniformly asymptotically reg-
ular nonexpansive semigroup and a total asymptotically pseudocontractive mapping in
infinitely dimensional Hilbert spaces without any compactness-type condition assumed?

Our interest in this paper is to answer the above question. We thus modify the iterative
scheme (1.8) and prove a strong convergence result for the split common fixed point prob-
lem for a uniformly asymptotically regular nonexpansive semigroup and a total asymp-
totically pseudocontractive mapping in infinitely dimensional Hilbert spaces without any
further compactness-type condition assumed. Our results improve the corresponding re-
sults of Chang et al. [25] and many recent and important results that the results of Chang
et al. [25] improved and extended like Censor et al. [26, 27], Yang [10], Moudafi [28], Xu
[9], Censor and Segal [23], Masad and Reich [29] and others.

2 Preliminaries
We first recall some definitions, notations and conclusions which will be needed in proving
our main results.

+ x, — x means that x, — «x strongly;

« %, — x means that x,, — x weakly.

Next, we state the following well-known lemmas which will be used in the sequel.

Lemma 2.1 Let H be a real Hilbert space. Then the following well-known results hold:
@ [+ 17 = lxl® + 2x,9) + IylI%, Vx5 € H;
(i) [l + 211 < Il + 209, + 9), Vs, y € H;
(i) 12+ (L= 2yl = Al + (1= D)yl = A1 = Wllx - yll, Va,y € H, Vi € [0,1].

Lemma 2.2 (Chang et al. [25]) Let T : H — H be a uniformly L-Lipschitzian continuous
and (k, {t,}, {4}, @)-total asymptotically strict pseudocontractive mapping, then I — T is
demiclosed at origin.

Lemma 2.3 (Alber et al. [30]) Let {A,} and {y,} be nonnegative, {v,,} be positive real num-
bers such that

)"n+1 = )\n - an)‘n + Vn» n= 1.
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Letforalln>1,

Yn
—<c and o,<a.
Uy

Then A, < max{Ay, K.}, where K, = (1 + a)c;.

Lemma 2.4 (Xu [31]) Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

an1 < (1 —ay)a, + 0,0, + Y, n>0,

where
(D) {aa} C [0,1], 3255, ot = 003
(ii) limsup,_, 0, <0;
(iii) ¥ >0, 32,8 v < 00.
Then a,, — 0 as n — oo.

3 Main results
For solving the split common fixed point problem (1.3), we assume that the following con-
ditions are satisfied:
(1) H and H, are two real Hilbert spaces, A : H| — H, is a bounded linear operator and
A*: Hy — H, is the adjoint of 4;
(2) {S(2): t > 0} is a uniformly asymptotically regular nonexpansive semigroup on Hj;
(3) T:H, — H, is a uniformly L-Lipschitzian continuous and (k, {¢,.}, {§,}, ¢)-total
asymptotically strict pseudocontractive mapping satisfying the following
conditions:
(i) Do Hn <005 307 & < 005
(i) {ay} is a real sequence in (0,1) such that u, = o(®,), &, = o(wy,), lim,,_, o &, = 0,
o1 On = 003
(iii) there exist constants My > 0, M; > 0 such that ¢(1) < MoAZ, VA > M;;
(iv) C:=(No F(S() #9, Q:=F(T) #¥ and Q # 0.
In this section, we introduce the following algorithm and prove its strong convergence
for solving split common fixed point problem (1.3).

Theorem 3.1 Let Hy, Hy, A, A*, {S(t): t =0}, T, C, Q, k, {un}, {4}, ¢ and L satisfy the
above conditions (i)-(iv). Let {x,} be the sequence generated by x; € Hs,

Uy = (1 - an)xm
Y = Uy + yA*(T" = )Au,, (3.1)
Xn+l = ﬁnyn + (1 - ﬁn)S(tn)ym n>1,

where t, — 00 and {f,} C (0,1) and y > 0 satisfy the following conditions:
(a) 0<e<B,<b<l;
(b) ¥ € (0, i5%)-
If Q is nonempty, then the sequence {x,}5, converges strongly to an element of Q2.

Page 6 of 14
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Proof Since ¢ is continuous, it follows that ¢ attains maximum (say M) in [0, M;] and by
our assumption, ¢(1L) < MoA2, VA > M. In either case, we have that

d(A) <M + Mor%, Vi e[0,00).
Let x* € Q. Then, by the convexity of | - |2, we obtain

ot =" = 10 =) =7 = 0 = ) (o =) + en (=) |

< (l—ozn)“xn—x* ||2 +oc,,||x*||2. (3.2)
From (3.1) and Lemma 2.1(i), we obtain that

[y = = =2+ y A" (1" = 1) Au, |
2

= ot =& |* + 29 (-, A5 (T" = D) Aw,) + 2| A* (T = 1) Au, |, (3.3)
Since
V2| A (T = 1)Au, | = A" (T" = 1) Au,, A*(T" - 1) Auy,)
= y*(AA*(T" —1)Auy, (T" - 1) Auy)
< VAP (T" - D) Au, |, (3.4)

Ax* € Q=F(T)and T is a total asymptotically strict pseudocontractive mapping, then we

obtain

(ty —*, A*(T" = 1) Auy)

= (A(un — "), (T" = 1) Au)

(A(ty — %) + (T" = 1) Aty — (T" = 1) Auty, (T" ~ 1) Aut)
= (T"Au, — Ax*, (T" - 1) Aw,) - | (T" - ) Auw,|)?

= LT Ay = A |+ | (2" = 1A |~ A, — A |
("~

[, - 45° [+ KT - DA, | + 1Aty - A5°]) + 6]

=<

&

< (T = Aw|” + 5

(M + M, ||Au,, — Ax* ||2) + % (3.5)
Substituting (3.5) and (3.4) into (3.3), we have

[y =" < e =2 =y (1= k= y WA (" = D) A

+ Wy (M + Mo | Au,, — Ax* ||2) + Y&, (3.6)


http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Cholamjiak and Shehu Fixed Point Theory and Applications 2014, 2014:131
http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Putting (3.6) and (3.2) into (3.1), we obtain

1 = 2% = | Balom = 2%) + (A= B} (SCe)y —57) |
< Bullyn =" + (A= B[Sty - |
< Bullon =2 P+ @ )y = = ="
< w2 =y (1 =k =y IAIP) [ (1" = D) Aus |
+ iy (M + Mo A, — Ax* %) + v&,
< =) =27+ el | -y (L= k= 1A1°) | (T" - D) Aw, |
+ oy (M + Mol AIP (=) o0 =5° | + | °[)) + v
= [Jow = = (ctn = 1y Mo AN = ) 0 — 27| * + @ty "
+ Y M+ yauMoll A" + v,
—y (1 =k=yIAIP) (1" - D) Au, |
< =2 |* = (et = pny Mol AIP (L = ) [0 — |+ | ]|
+ 1y M+ yoMollAIP | |* + &,
= [ =2 [* = (ctn = sy MollAIP(1 = ) |0 — 6% * + 53 (3.7)
where 0, = @, % | 11uy M + youMo |A|?|a*|> + y&,. Since 1, = o(ety) and &, = o(e,), we

may assume without loss of generality that there exist constants k; € (0,1) and M, > 0
such that forall # > 1,

1-k
TS . S
oy MOV”A” (l_an) oy

Thus, we obtain
=57 = = | — kol | 4.
By Lemma 2.3, we have that

o — * ||2 < max{|x —x*| >+ ko)M,}.

Therefore, {x,} is bounded. Furthermore, the sequences {y,} and {u,} are bounded.
The rest of the proof will be divided into two parts.
Case 1. Suppose that there exists 7 € N such that {||x, —x*||}°°

sno is nonincreasing. Then

{llx, — x*[1}52, converges and
s =" " = Jotwr =" > 0, = o0.
From (3.6), we have that

w1 =1 < ="

< =2 =y (L= k= y IAI) (17 - D) A

Page 8 of 14
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+ Wy (M + Mo ||Axn — Ax* ||2) + Y&,
< [on =2 =y (1= k = y AI) | (T" - 1) A, |

+ iy (M + Mo || Ay = Ax*[*) + v &, + ||

This implies that

y(1=k=yIAIP) | (1" = DA < [ =] = s =2

+ 1y (M + Mo | A, = Ax* %) + v &, + |27

and

y(1-k—ylAP?)|[(T" - D)Ax,|* - 0, n— oco.
Hence, we obtain

(1" - 1)Ax,| - 0, n— oo. (3.8)
Also, we observe that

lyn = xall = yA* | (T" = 1)Ax,| = 0, n— oo.
Using (3.6) and Lemma 2.1(jii) in (3.1), we have

I

[er =2 * = |0 = Ba) (0 = %) + Bu(S()yn — x%)
< =By =2 |* + Bu | SE7m = 2| = (L= B)Bo 3 — Sl
= yw = 2|* = A= B)Ballyn — Sty
< [ = =y (L= k= Y IAIP) [ (7" - DA, |

+ 1y (M + Mo | Axy = Ax*|*) + v = (1= B)Bul|yn — SE)ya .
This implies from (3.2) and condition (b) that

(1 - ﬁn),Bn ||yn - S(tn)yn || = ”xn _x* ”2 - ||xn+1 _x* ”2
+ uny(M + M, ||Axn —Ax* ||2) +yE&,
< Jow =" = a5 + cnJ "]

+ Wy (M + Mo | Ax,, — Ax* ||2) + Y&,
From condition (a) we have
lim ||y, = St)yu | = 0. (3.9)
n—0Q
Hence, for any t > 0,

1S@yn = yul| < |S@pn = SOSE)yn| + | SEOSEYn — SE)yn]| + | SE)yn = ¥n |
< HS(t)S(tn)y,, = S(t)yn H + 2||S(t,,)yn — Y || -0, n— oo (3.10)


http://www.fixedpointtheoryandapplications.com/content/2014/1/131

Cholamjiak and Shehu Fixed Point Theory and Applications 2014, 2014:131 Page 10 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/131

We obtain from (3.1) that

[1%241 _xn”Z = “ Bun —x4) + (1 - ﬂn)(s(tn)yn _xn) ||2
< Bullyn _xnllz +(1- ﬂn)”S(tn)yn —Xn ”2

2
< Bullyn = xall> + @ = B (| SE)yn = 3| + 1y = 21l)"
Since lim,,_, o ||y, — %, || = 0 and lim,,—, o ||y, — S(,)yx|l = 0, we have
lim %41 — x4l = 0.
n—00
Consequently,

”un+1 — Uy ” = || (1 - an+l)xn+1 - (1 - an)xn ”

< l@ns1 = ol %ns1 [l + (L= ) %041 = x4l = 0, 11— o0. (3.11)
Using the fact that T is uniformly L-Lipschitzian, we have

| TAuy, — Auy|l < || TAwy — T" Ay | + | T Aty — T Attya |
+ || Tn+1Aun+1 _Aun+1 H + ”Aunﬂ _Aun”
< L|Auy — T" Ay | + (L + Dl Aths1 — At + | T Atti1 — Atts |

= L”Aun - TnAun H + (L + 1)||A|| ||Mn+1 - un” + ” TnJrlAMrHl _Aun+1 ||
From (3.8) and (3.11), we obtain
(T - DAu,| -0, n— oo. (3.12)

Since {x,} is bounded, there exists {x”/} of {x,,} such that %y, — z € H. Using the fact that
Xy = Z € Hj and ||y, —x,|| = 0,n — 0o, we have thaty,,}. — z € H;. Similarly, Uy —Z € H,;
since ||u,, —x,|| — 0, n — o0.

We next show that z € (.o F(S(¢)) = C. Assume the contrary that z # S(¢)z for some
¢t > 0. Then, by Opial’s condition, we obtain from (3.10) that

111;3 igf Iy, = 21l < 1ig igf” ¥ — S(t)z||
< timinf(|,, = SOy | + |S@)ys, - S(e)z])
=< yw; —zll.

This is a contradiction. Hence, z € ﬂtzo F(S(¢)) = C. On the other hand, since A is a linear
bounded operator, it follows from Uy —Z € H; that Aun/. — Az € H,. Hence, from (3.12),
we have that

I TAw,, — Auy || = | TAtty, — Ay | — 0, j— oo.

Since T is demiclosed at zero, we have that Az € F(T) = Q. Hence z € Q.
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Next, we prove that {x,} converges strongly to z. From (3.6) and Lemma 2.1(ii), we have

%1 = 2012 < Iy — 2112
<l -2l =y (1 -k =y IAI) | (T - 1) Au,|®
+ way (M + Mol|Au, — Az|) + y&,
< Nt — 21> + sy (M + Mol|Aut, — Az|*) + y &y
<ty —2|* + M* o + v&n
= @ - ) (n = 2) — a2 |® + M + v 5y
< (1= an)’ 0 — 211 = 200 (thy — 2,2) + M* 1y + Y&y

< (1= ay)llen - Z||2 — 200, (Uy — 2,2) + M* 1y + Y&y, (3.13)
where M* > y sup,..; (M + Mo || Au, —Az||?) > 0.1tis clear that —2(u, —z,z) — 0,7 — oo and
Yoo My, < 005 > 02 v, < 00. Now, using Lemma 2.4 in (3.13), we have ||x, —z|| — 0.
Sox, — zasn— o0.

Case 2. Assume that {||x, — x*||} is not a monotonically decreasing sequence. Set I';, =
lle, —x*||> and let T : N — N be a mapping for all n > ny (for some n large enough) by

t(n):=max{keN:k>nT) <Tia}
Clearly, 7 is a nondecreasing sequence such that t(n) — oo as n — oo and
Cey < Temys, VR = no.
From (3.9), it is easy to see that
Tim [|ycn = S(Een)yeen ] =0
Furthermore, we can show that
(T - DAury | = 0, n— 0.
By a similar argument as above in Case 1, we conclude immediately that x.(,), y-(») and
U (n) weakly converge to z as (1) — 00. At the same time, from (3.13), we note that for all

n=no,

0 < 1Xc(us1 = 2II1* = 1%e(m) — 211>

< &) ~2(the(n) — 22) = Irn) — 27| + M ey + ¥ Exinys
which gives
%) = 21% < =2(the() = 2,2) + M ey + ¥ Ex-
Hence, we deduce that

lim ||%;(, — 2| =0.
n— 00
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Therefore,

lim Ft(y,) = lim Fr(n)+1 =0.
n— o0 n— 00
Furthermore, for n > ny, it is easy to see that I';(;) < I';(,41 if n # T(n) (that is T(n) < n)

because I'; > I',; for 7(n) + 1 <j < n. As a consequence, we obtain for all # > ny,
0=<rI, =< max{rr(n)» FT(VI)+1} = 1—‘r(w)+1c

This shows that limI",, = 0 and hence {x,} converges strongly to z. This completes the
proof. O

Based on Lemma 1.2 and Example 1.3, we can deduce the following corollary from The-
orem 3.1.

Corollary 3.2 Let Hy and Hy be two real Hilbert spaces, A : Hi — Hj be a bounded lin-
ear operator and A* : Hy — H; be the adjoint of A. Let J := {S(t) : 0 < t < 00} be a one-
parameter nonexpansive semigroup on Hy. Let T : Hy — H, be a uniformly L-Lipschitzian
continuous and (k, {i1,,}, {&,}, @)-total asymptotically strict pseudocontractive mapping sat-
isfying the following conditions:
(i) Z:il Hn < O0; Zfﬁl &y < 00;
(i) {o} is a real sequence in (0,1) such that w, = o(a,), &, = o(ay,), lim,_, o ot = 0;
D 1 ot = 00;

(iii) there exist constants My > 0, My > 0 such that ¢p(A) < MoA?, VA > M.
Let C:= (2o F(S®) #9, Q:= F(T) # ¥ and Q2 # 0. Let {x,} be the sequence generated by
x1 € Hy,

Uy = (1 - an)xm
Yu = Uy + yA*(T" = )Au,, (3.14)
Xns1 = Buyn + (1= ﬁn)(i fotn T(u)du)y,, n>1,

where {8,} C (0,1) and y > 0 satisfy the following conditions:
(@ 0<e<B,<b<];
(b) 7 € (0, 15).
If Q is nonempty, then the sequence {x,}o5, converges strongly to an element of Q2.

A strong mean convergence theorem for nonexpansive mappings was first established
for odd mappings by Baillon [32] and it was later generalized to that of nonlinear semi-
groups by Reich [33]. It follows from the above proof that Theorem 3.1 is valid for non-
expansive mappings. Thus, we also have the following mean ergodic theorem for nonex-
pansive mappings in Hilbert spaces.

Corollary 3.3 Let Hy and H; be two real Hilbert spaces, A : Hl — H, be a bounded linear
operator and A* : Hy — H, be the adjoint of A. Let S be a nonexpansive mapping on H,. Let
T : Hy — H; be a uniformly L-Lipschitzian continuous and (k, {it,},{&,}, §)-total asymp-
totically strict pseudocontractive mapping satisfying the following conditions:

(i) Zi‘il Hn < 005 ZZZI &n < 00;
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(i) {o} is a real sequence in (0,1) such that w,, = o(a,), &, = o(ay,), lim,_ ot = 0,
D 1 0 = 00;
(iii) there exist constants My >0, My > 0 such that ¢(1) < MgA?, VA > M;.
Let C:= (2o F(S(8)) #9, Q:= F(T) # ¥ and Q # . Let {x,} be the sequence generated by
X1 € Hl,

Uy = (1 - an)xm
Yu = Uy + YA (T" - 1)Au,, (3.15)
Xp1 = Bun + (1- ﬂn)(ﬁ Z;l:o Sjyn)’ n>1,

where {8,} C (0,1) and y > 0 satisfy the following conditions:
() O<e<B,<b<l;
(b) ¥ € 0, k).
If Q is nonempty, then the sequence {x, )}, converges strongly to an element of Q.
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