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Abstract

In this paper, maximal regularity properties for linear and nonlinear elliptic
differential-operator equations with VMO (vanishing mean oscillation) coefficients are
studied. For linear case, the uniform separability properties for parameter dependent
boundary value problems is obtained in [P spaces. Then the existence and uniqueness
of a strong solution of the boundary value problem for a nonlinear equation

is established. In application, the maximal regularity properties of the anisotropic
elliptic equation and the system of equations with VMO coefficients are derived.
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1 Introduction

The goal of the present paper is to study the nonlocal boundary value problems (BVPs) for
parameter dependent linear differential-operator equations (DOEs) with discontinuous
top-order coefficients,

sa(®)u® (x) + A@)ux) + s2A1(x)u® (x) + Ao ()ulx) + Aux) = £(x), )
and the nonlinear equation
a(x)u® (x) + B(x, u, u(l))u(x) = F(x, u, u(l)),

where a is a complex valued function, s is a positive, A is a complex parameter, and
A = A(x), A; = A;(x) are linear and B is a nonlinear operator in a Banach space E. Here,
the principal coefficients a and A may be discontinuous. More precisely, we assume that
a and A(-)A71(xo) belong to the operator-valued Sarason class VMO. The Sarason class
VMO was first defined in [1]. In the recent years, there has been considerable interest in
elliptic and parabolic equations with VMO coeflicients. This is mainly due to the fact that
the VMO class contains as a subspace C(Q) that ensures the extension of L,-theory of
operators with continuous coefficients to discontinuous coefficients (see, e.g., [2-7]). On
the other hand, the Sobolev spaces W'"(Q2) and W% (), 0 < o <1, are also contained in
VMO. Global regularity of the Dirichlet problem for elliptic equations with VMO coeffi-
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cients has been studied in [2—4]. We refer to the survey [4], where an excellent presenta-
tion and relations with another similar results can be found concerning the regularizing
properties of these operators in the framework of Sobolev spaces.

It is known that many classes of PDEs (partial differential equations), pseudo DEs and
integro DEs can be expressed in the form of DOEs. Many researchers (see, e.g., [8—24])
investigated similar spaces of functions and classes of PDEs under a single DOE. Moreover,
the maximal regularity properties of DOEs with continuous coefficients were studied, e.g.,
in [10, 19, 20].

Here, the equation with top-order VM O-operator coefficients is considered in abstract
spaces. We shall prove the uniform separability of the problem (1), i.e., we show that, for
each f € L?(0,1; E), there exists a unique strong solution u of the problem (1) and a positive
constant C depending only on p, y, E and A such that

2

i _i i
D s M 6 o * 14Ul 015 < Cllf o).
i=0

Note that the principal part of a corresponding differential operator is nonselfadjoint.
Nevertheless, the sharp uniform coercive estimate for the resolvent and Fredholmness are
established. Then the existence and uniqueness of the above nonlinear problem is derived.
In application, we study maximal regularity properties of anisotropic elliptic equations in
mixed LP spaces and the systems (finite or infinite) of differential equations with VMO
coefficients in the scalar L? space.

Since (1) involves unbounded operators, it is not easy to get representation for the Green
function and estimate of solutions. Therefore, we use the modern harmonic analysis el-
ements, e.g., the Hilbert operators and the commutator estimates in E-valued L? spaces,
embedding theorems of Sobolev-Lions spaces and some semigroups estimates to over-
come these difficulties. Moreover, we also use our previous results on equations with con-
tinuous leading coefficients and the perturbation theory of linear operators to obtain our
main assertions.

2 Notations and background
Throughout the paper, we set E to be a Banach space and Q2 C R". L?(2; E) denotes the
space of all strongly measurable E-valued functions that are defined on Q2 with the norm

Wl = I s = ( / |v<x>||§dx)”, 1<p<oo.

BMO(E) (bounded mean oscillation) (see [21, 25]) is the space of all E-valued local inte-
grable functions with the norm

sup f 1FGe) fa |l = Il < 0o,
B B

where B ranges in the class of the balls in R” and f3 is the average ;7' Jof ) dx.
For f € BMO(E) and r > 0, we set

sup / 1) s, dx = (),
p<rJB

where B ranges in the class of balls with radius p.
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We will say that a function f € BMO(E) is in VMO(E) if lim,_, ;o n(r) = 0. We will call the
n(r) a VMO modulus of f.

Note that, if E = C, where C is the set of complex numbers, then BMO(E) and VMO(E)
coincide with the John-Nirenberg class BMO and Sarason class VMO, respectively.

The Banach space E is called a UMD (unconditional martingale difference)-space if the
Hilbert operator

(Hf)(x) = lim M dy
>0 Ji yse X =Y
isboundedin L,(R, E), p € (1,00) (see, e.g., [26,27]). UMD spaces include, e.g., L,, [, spaces
and Lorentz spaces Ly, p,q € (1,00).
Let

Sy={reC,argh| <@} U0}, 0<gp<m.

A linear operator A is said to be a ¢-positive (or positive) in a Banach space E with the
bound M > 0 if D(A) is dense on E and

|A+21 <M(1+x)"

-1
I
for » € Sy, ¢ € (0,7], I is an identity operator in E and L(E) is the space of bounded linear
operators in E. Sometimes instead of A + Al, it will be written as A + A and denoted by 4.
It is known [22, §1.15.1] that there exist fractional powers A? of the positive operator A.
Let E(A?) denote the space D(A?) with the graphical norm

1
el paey = (lull? + |A%u|”)?, 1< p<oo,~00<8<oo0.
Let E; and E, be two Banach spaces. A set W C L(Ey,E;) is called R-bounded (see

[24, 26]) if there is a positive constant C such that for all T3,7T5,...,T,, € W and
Upu,... .y €E,meN

1| m 1| m
[ 1m0t a=c [ 15 50m| a
O )= B 0 | j=1 £

where {r;} is a sequence of independent symmetric {-1,1}-valued random variables on
[0,1].

Let S(R";E) denote the Schwarz class, i.e., the space of all E-valued rapidly decreas-
ing smooth functions on R". Let F denote the Fourier transformation. A function V¥ €
L*°(R"; B(Ey,Ey)) is called a Fourier multiplier from L,(R";E;) to L,(R"; E;) if the map
u— Ayu=F YW (E)Fu, u € S(R"; E,) is well defined and extends to a bounded linear op-
erator

Ay :L,(R%Ey) — L,(R%E).

The set of all multipliers from L,(R"; E;) to L,(R"; E>) will be denoted by Mﬁ(El,Ez). For
E, = E, = E, it will be denoted by M} (E).
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Let

u, = {:3 = (ﬂl:ﬂZr“w,Bn) EN”:,B](G {0,1}}

Definition 1 A Banach space E is said to be a space satisfying the multiplier condition
if, for any W € C"(R"; L(E)), the R-boundedness of the set {SﬁDglIf(S) :£E€eR"N\0,8eU,}
implies that W is a Fourier multiplier in L,(R"; E), i.e., ¥ € M;’(E) for any p € (1, 00).

Definition 2 The ¢-positive operator A is said to be an R-positive in a Banach space E if
there exists ¢ € [0,7) such that the set Ly = {A(A + 1) : 1 € S,,} is R-bounded.

A linear operator A(x) is said to be positive in E uniformly in x if D(A(x)) is independent
of x, D(A(x)) is dense in E and

[(AG) + 1) | <M+ 1)~
forall A € S(p), ¢ € [0, 7).

Let 0. (E1, E3) denote the space of all compact operators from E; to E;. For E; = E; = E,
it is denoted by oo (E).

Assume E, and E are two Banach spaces and Ej is continuously and densely embedded
into E. Let m be a natural number. W (Q; Ey, E) (the so-called Sobolev-Lions type space)
denotes a space of all functions u € L?(£2; Ey) possessing the generalized derivatives D]y =

g:—,ﬁ‘ such that D}"u € LP(Q; E) endowed with the norm
k

n
el o izo, 5 = oz + Y[ DF#] ey < 00
k=1

For Ey = E, the space W (Q; Ey, E) will be denoted by W™#($2; E). It is clear that
W"P(Q; Ey, E) = W™P(Q; E) N LP(2; Ep).

Let s be a positive parameter. We define in W"?(2;Ey, E) the following parameter-
dependent norm:

n

letllymo ey ) = Ntllresge) + D [SDY | e
k=1

The space B;YP(F;EO,E) is defined as a trace space for W"?(; Ey, E) as in a scalar case
(see, e.g, [22, §3.6.1]).

Function u € W??(0,1;E(A),E, Ly) = {u € W>P(0,1;E(A),E), Lyxu = 0} satisfying the
equation (1) a.e. on (0, 1) is said to be a solution of the problem (1) on (0,1).

From [28] we have

Theorem A; Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00) and
A is an R-positive operator in E;

Page 4 of 21
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(2) a=(a1,0,...,0,) are n tuples of nonnegative integer numbers such that » = ‘iml <1
and 0 < <1-

(3) Q2 € R"is a region such that there exists a bounded linear extension operator from
WP (Q2; E(A), E) to W™P(R"; E(A), E).

Then the embedding

D* W™ (Q;E(A),E) C IP (S E(A'™))

is continuous and there exists a positive constant C,, such that

o]

sm HDQ”HM(Q;E(APWM)) =Cu [h”l””W;””’(Q;E(A),E) + ”””U’(Q;E)]
forallu e W™P(;E(A),E) and 0 <h < hy < 00.

Theorem A, Suppose all the conditions of Theorem A, are satisfied. Assume 2 is a
bounded region in R" and A~ € 0o (E). Then, for 0 < ju <1 — , the embedding

D* W™ (Q;E(A),E) C LP(QE(A7H))
is compact.
In a similar way as in [3, Theorem 2.1], we have the following result.

Lemma A; Let E be a Banach space and f € VMO(E). The following conditions are equiv-
alent:

(1) f € VMO(E);

(2) f is in the BMO closure of the set of uniformly continuous functions which belong to
VMO;

(3) limy—o [[f (x = y) = f ()]l = 0.
For f € LP(Q%E), p € (1,00), a € L*(R"), consider the commutator operator

Hlaf109) = alolf ) - Hiaf) o) - im [ =90

|x—y|>¢, xX—-y

From [21, Theorem 1] and [29, Corollary 2.7], we have

Theorem A; Let E be a UMD space and a € VMO N L*°(R"). Then Hla,f] is a bounded
operator in LP(R;E), p € (1,00).

From Theorem Aj and the property (2) of Lemma A; we obtain, respectively, the fol-
lowing.

Theorem A, Assume all the conditions of Theorem As are satisfied. Also, let a € VMO N

L*®(R") and let n be the VMO modulus of a. Then, for any ¢ > 0, there exists a positive
number § = 5(e,n) such that

|H a1 o ey < Mefllporey 7 € (0,8).
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Theorem A; Let E be a UMD space and A(-) uniformly R-positive in E. Moreover, let
A()AN(xg) € Loo(R; L(E)) N BMO(L(E)), %o € R. Then the commutator operator

HIA,f](x) = A(x)A™ (xo)Hf (x) — H(A(X)A™ (x0)f ) (%)
_ lim / [A(x)A™ (x0) — A(y)A™ (x0)
[x—y|>e,

e—>0 x—y

L) ay

is bounded in L (R;E), p € (1,00).

Theorem A Assume all the conditions of Theorem As are satisfied and n is a VMO mod-
ulus of A(-) A (xo).

Then, for any € > 0, there exists a positive number § = §(&,1) such that
”H[Arf] ”LP(QV;E) SMSHf”LP(Qr;E); re (0!6)
Counsider the nonlocal BVP for a parameter dependent DOE with constant coefficients
(L +A)u =sau®(x) + (A + Dulx) = f(x), x€(0,1)

mi
L= s agui®(0) + B V)] = fir k=12, )
i=0

where my, € {0,1}, a, ay;, Br; are complex numbers, s is a positive parameter, A is a complex

spectral parameter, |1; = é + %p, O = 55 + %p, A, =A + A and A is a linear operator in E.
Let wy, @y be roots of the equation aw® + 1 = 0 and let

(—w)™ay Py
Qg = oy Br = Bk = .
e " ‘(—wz)maz Brwy”

1
It is known that if the operator A is p-positive in E, then operators wiA; , k = 1,2 generate
analytic semigroups

14 11
Ups(x) = e 2455, Uy () = e 24709 for ) e S(g).

Let

Ex = (E(A),E) b’

From [19, Theorem 2] and [30, Theorem 3.1], we obtain

Theorem A; Assume the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00);
(2) A is an R-positive operator in E for 0 < ¢ < and u # 0;
(3) Rewy #0 and wik € S(p) for A € S(p), k =1,2.
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Then
(1) for f € L,(0,1;E), fx € Ex, A € S(¢) and for sufficiently large ||, the problem (2) has a
unique solution u € W*?(0,1; E(A), E). Moreover, the coercive uniform estimate holds

2 ) 4 2
Yot [ o + 1A 08 < c[nfnmm +> ufknEk}.

i=0 k=1

(2) For fi = 0, the solution is represented as

1
ul) = ]0 Gout ) ) dy, 3)

2 m 1 L
Gl y) = Y > [By() (s A2) TV U () Uis (1 - )]
ij=1 k=0

2 my

— @+m;—k-1)
£ Y Y DA T U () Unas ()] + Uns(x = y),
ij=1 k=0

where B;j(A) and Dy(\) are uniformly bounded operators in E and

1
61‘18%&2 Ups(x—y), x>y,
Upsx—y) = L1
—a's2A,  Ups(x—y), x<y.

Consider the BVP for a DOE with variable coefficients

sa(x)u® (x) + (A(x) + A)u(x) =f(x), =x€(0,1),

Liu= Zsf’k [akiu(i)(O) + ﬁkiu(i)(l)] =0, k=1,2, (4)
i=0

where a = a(x) is a complex valued function, s is a positive parameter, my € {0,1}, oy, B
are complex numbers, 1 is a spectral parameter, 6 = ¢ + zip and A(x) is a linear operator
inE.

Let @1 = w1 (x), wy = o (%) be roots of the equation a(x)w? + 1 = 0 and let

(o)™ ooy

(~w2)™ay  Prwy?

Qe = Qe » Br = Brmy» nx) = ‘

In the next theorem, let us consider the case that principal coefficients are continuous.
The well-posedness of this problem occurs in the studying of equations with VMO coef-
ficients. From [19, Theorem 3] and [21, Theorem 5.1], we get

Theorem Ag Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00);
(2) a € C[0,1], —a € S(p), a(0) = a(1), and pu(x) #0 for a.e. x € [0,1];
(3) Rewi(x) #0 and wik € S(p) for » € S(p), k=1,2. a.e.x € [0,1];
(4) A(x) is a uniformly R-positive operator in E and

A()A™ (%) € C([0,1; L(E)),  #0 € (0,1),A(0) = A(1).
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Then, forallf € LP(0,1;E), A € S(p) and for sufficiently large | 1|, there is a unique solution
u € W2P(0,1; E(A), E) of the problem (4). Moreover, the following coercive uniform estimate

holds:
2 . .
Y st w ) e * AUl oLE < Clf lpoe)-
i=0
3 DOEs with VMO coefficients
Consider the principal part of the problem (1)

(L +M)u = sa(@)u®(x) + (A(x) + A)ulx) =f(x), x€(0,1),

Liu= Zs‘” [akiu(i)(O) + /Skium(l)] =0, k=1,2.

Condition 1 Assume the following conditions are satisfied:
(1) Eisa UMD space, p € (1,00);
(2) a€ VMO NL*®(R), n; is a VMO modulus of a, —a € S(p), u(x) #0;

(3) Rewi(x) #0 and wik € S(p)for e S(p),0<p<m, k=1,2.ae x€0,1];

(4) A(x) is a uniformly R-positive operator in E and
A()A ™ (x0) € Loo (0, L(E)) N VMO(L(E)), %0 € (0,1);
(5) a(0) = a(1), A(0) = A(1) and 7, is a VMO modulus of A(-)A~(xo).

First, we obtain an integral representation formula for solutions.

(5)

Lemma 1 Let Condition 1 hold and f € L7(0,1; E). Then, for all solutions u of the problem

(5) belonging to W*?(0,1; E(A), E), we have

u? (x) = /0 1 s x =) {[a®) - a()]u® ()

+[A@) - AQ)]u() +fO)} dy + f ),
Au) = /O o= ) [ato) - a)]u®0)
+[AW) - A0)]u) +fO)} dy + £ ),

where

L @Qrmy—k-i-
[ (- ) = ZZ (B, () (s A,) 2 00 () U1 - )]
ij=1 k=0

+ Z Z D/ ()\) 2Qerk_k_i_l)ijs(x)uzxs()’)]

ij=1 k=0

+Upx-y), v=0,12,
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here B;j(k), D;j()») are uniformly bounded operators,

Wl P (-y), x>y,

Uyps®=2) =1
e ~ha IR AT U, (- y), x <y,

and the expression Ty, (x,x — ) is a scalar multiple of Ty (x,x — y).
Proof Consider the problem (5) for a(x) = a(xy) and A(x) = A(xo), i.e.,

(Lo + A)u = sa(xo)u® (x) + (A(xo) + k)u(x) =f(x), x€(0,1),

my
L=y s"[aqu®(0) + B (W)] =0, k=1,2. 7)
i=0

Let u € C?([0,1]; E(A)) be a solution of the problem (7). Taking into account the equality
Lou = (Lo — L)u + Lu and Theorem A7, we get

u®(x) = fo sl ) [alxo) - a()]u® )

+ [Ao) — AW [u() +£ ()} dy +f (),
Alwo)ul) = /0 = )| [a0) — aG) ] 0)
+[Axo) = AW () +f ()} dy + £ ).

Setting x = x in above, we get (6) for u € C?([0,1]; E(A)). Then the density argument,
using Theorem A3, gives the conclusion for

ue W>(0,,E(A),E), Lwu=0.
Consider the problem (5) on (0, ), i.e.,

(Ly + M = sa(x)u® (x) + (A(x) + V) ulx) =f(x), x€(0,b),

.
Lyu = Zs’”[akiu(i)(O) + ﬁkiu(i)(b)] =0, k=1,2. (8)
i=0 O

Theorem 1 Suppose Condition 1 is satisfied. Then there exists a number b € (0,1) such

that the uniform coercive estimate

2

ZS% |)‘-|17% ” u(i) ”Lp(O,h;E) + ”AM”LP(O,b;E) = C” (Lb + )L)u”Lp(O,b;E) (9)
i=0

holds for large enough |\| and u € W>?(0,b; E(A),E), Lyxu = 0, A € S(¢), where C is a posi-
tive constant depending only on p, My, n1, 2.
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Proof By Lemma 1, for any solution u € W?#(0, b; E(A), E) of the problem (8), we have

b
u?(x) = /0 Pipns(xx = y){[ax) - a(y) ]u® ()

+[AW®) = AW Ju) + )} dy +f (), (10)
where
1bks(xrx y) = Z Z B/ )‘-) %(2+Mk_k_i_l)L[j)L(x)U1)L(b —y)]
ij=1 k=0

~1¢ _k—ie
+ ZZ [D}(0)(s7A4,) 2 0 1 () U ()]
ij=1 k=0
+Ux-y, v=012, (11)
here B;.j()\), D'.(x) are uniformly bounded operators,

g

1

11 1
-1 1.2
Uy (x) = €15 2417, Uy (x) = g2 245 (=)
and

_ (1-v)/2
wla sl "/2A D2 — ), x>y,

Uy x—y) = v=0,1,2.
v —ha s AT, (x—y), x <y,

Moreover, from (10) and (11), clearly, we get
b
Auts) = [, - [a) - a0 + [A) - QO SO}, (12)

where the expression I'y, (x,x — y) differs from I'y4, (x,x — y) only by a constant.
Consider the operators

1 b
Bo)‘f‘:/‘ Gb,\s(x,y)f()’)dy, Bikif:/ Fib,\s(x,x—)’)f()/) d)’;
0 0
b
Sote= [ Tnox = p[ate) - a0)]u )y,
b
Djsu = f Cipas (%, — 9) [A(x) —A()’)]M()’) dy, i=0,1,2,
0
b
Dyypu = /0 T} = y)[alx) — a()]u® () dy,
b
Do u :/0 Fl’ﬂ(x,x—y)[A(x) —A(y)]u(y) dy.

Since the operators By, and By, are regular on L?(0, b; E), by using the positivity proper-
ties of A and the analyticity of semigroups Uy, (x) in a similar way as in [30, Theorem 3.1],
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we get
2 .
1Bisf llr06:2) < MIA™ 2 (Iflzeo),  i=0,1. (13)
Since the Hilbert operator is bounded in L?(R; E) for a UMD space E, we have

1Borf llr 0,68y < M2 0,6:E)- (14)

Thus, by virtue of Theorems A4, Ag and in view of (10)-(12) for any € > 0, there exists a
positive number b = b(g, 1, 12) such that

ISaullrone < Melr|™T |u®|
atllr 0,68 < LP(ObE)
_2-i .
”Diku”I}’(O,b;E) SMS')\.l 2 ”A(xO)M“LP(O,b;E)’ L= 0; 17 2; (15)
I ®1xeellr o) < Me||u® ||Lp(0_b£), | Dozl Lr(0,6:E) < M€HA(?C0)MHWO,Z,;E)'
Hence, the estimates (13)-(15) imply (9). O

Theorem 2 Assume Condition 1 holds. Let u € W??(0,1; E(A), E) be a solution of (4). Then,
for sufficiently large |1|, . € S(¢), the following coercive uniform estimate holds:

2

Do sEATE U0 g+ MAul01) < CLIE+ 1t g + lr0i0])- (16)
i=0

Proof This fact is shown by a covering and flattening argument, in a similar way as in
Theorem Ag. Particularly, by partition of unity, the problem is localized. Choosing diam-
eters of supports for corresponding finite functions, by using Theorem 1, Theorems Ay,
Ag, A7 and embedding Theorem A; (see the same technique for DOEs with continuous
coefficients [19, 20]), we obtain the assertion.

Let Q, denote the operator in L?(0,1; E) generated by the problem (4) for A =0, i.e.,

D(Qs) = Wz’p(O,l;E(A),E, Lk), Qut = sa(x)u® + A(x)u. O

Theorem 3 Assume Condition 1 holds. Then, for all f € [P(0,1;E), A € S(¢) and for large
enough |A|, the problem (5) has a unique solution u € W>?(0,1; E(A), E). Moreover, the fol-
lowing coercive uniform estimate holds:

2

Pl
E s2 (A2 |u® ||LP((),1;E) + |Auliro,i5) < Cllf llzr0,15)- 17)
i=0

Proof First, let us show that the operator Q + A has a left inverse. Really, it is clear that

1

el zo(0,15E) =
4]

[H (QS + )\')u”U’(O,l;E) + quHU’(O,l;E)]'
By Theorem A, for u € W>#(0,1; E(A), E), we have

”QSMHLP(O,I;E) =< C”M” Wf’p(O,I;E(A),E)'
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Then, by virtue of (16) and in view of the above relations, we infer, for all z € W2#(0,1;
E(A),E) and sufficiently large |A|, that there is a small ¢ and C(¢) such that

2

Z o |)»|1_% H o ”Lp(o‘l;E) + || Aul|1r(0,1:E)
i=0

<C[(Qs+1) M”Lp(()lE + ellullwzooueme + CE)](Qs+4) u”LP(OlE] (18)

From the estimate (18) for u € W2#(0,1; E(A), E), we get

2

S SRS o + IAulp0sn < CJQ+ W] g 1 (19)
i=0

The estimate (19) implies that (4) has a unique solution and the operator Q; + A has a
bounded inverse in its rank space. We need to show the rank space coincides with all
the space L7(0,1; E). It suffices to prove that there is a solution u € W*#(0,1; E(A), E) for
all f € L#(0,1; E). This fact can be derived in a standard way, approximating the equa-
tion with a similar one with smooth coefficients [19, 20]. More precisely, by virtue of
[23, Theorem 3.4], UMD spaces satisfy the multiplier condition. Moreover, by the part
(2) of Lemma A;, given a € VMO with VMO modules 75(r), we can find a sequence
of mollifiers functions {a;} converging to a in BMO as h — 0 with a VMO modulus
ny such that ny(r) < n(r). In a similar way, it can be derived for the operator function
A(x)A (x0) € VMO(L(E)). O

Result 1 Theorem 3 implies that the resolvent (Q; + A)™! satisfies the following sharp uni-
form estimate:

Zsf ml" Qs ) +AQ + M7 Loy = € (20)

L(LP(0,1;E))

for |argA| < ¢, ¢ € (0,7) and s > 0.
The estimate (20) particularly implies that the operator Q is uniformly positive in
L7(0,1; E) and generates analytic semigroups for ¢ € (7, 7) (see, e.g., [22, §1.14.5]).

Remark 1 Conditions 4(0) = a(1), A(0) = A(1) arise due to nonlocality of the boundary
conditions (4). If the boundary conditions are local, then the conditions mentioned above
are not required any more.

Consider the problem (1), where Lyu is the same boundary condition as in (4). Let O;
denote a differential operator generated by the problem (1). We will show the separability
and Fredholmness of (1).

Theorem 4 Assume

(1) Condition 1 holds;

(2) forany e >0, there is C(g) > 0 such that for a.e. x € (0,1) and for 0 <vg <1,0 < vy < %,
|Ao@)u| . < ellAulle + C(e)llulle, u € EA),

|As@u], < elluleune, | +C@lul,  ue (EA)E)

1
1 3

N
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Then, for all f € Lp(O 1;E) and for large enough |A|, A € S(p), there is a unique solution

u € W*P(0,1;E(A), E) of the problem (1) and the following coercive uniform estimate holds:
2 . .

D s A u O onm * HAUllr01E < Cllf lrone)- (21)

i=0

Proof 1t is sufficient to show that the operator O; + A has a bounded inverse (O; + A)™
from L?(0,1; E) to W>?(0,1; E(A), E). Put Osu = Q,u + Qou, where

Qo =52 Ayu®™ + Agu,u € W>(0,1E(A), E, Ly).
By the second assumption and Theorem A, there is a small ¢ and C(¢) such that

lAoull o < C HAI‘”°M||M(0,1;E>

= 8””[” OIE(A) E) + C(£)||M||ZP(0,1;E)1 (22)
s> 41 =C || AT
24U oo = “IS Ul p0,18)
=< 8||M|| ?o1EA)E) T C(e)llullzr0,1:E)-
In view of estimates (17) and (22), we have
lAozllr(0,1,E) < 811l QstellLr(0,1:E)s
(23)

52 41 | oy < 311 Qutllzp o8

for u € W*#(0,1;E(A),E) and & < 1. By Theorem 3, the operator Q; + A has a bounded
inverse (Q; + A)™! from 17(0,1;E) to W*?(0,1; E(A),E) for sufficiently large |A|. So, (23)
implies the following uniform estimate:

[ Qo(Qs +2)7! ||L(LP(0,1;E)) <1
It is clear that
(Os+2) = [I+Qo(Q +1)7'](Q:+ 1),
O+ 1™ = (Q+ 1) [T+ Qo(Q + 1]
Then, by above relation and by virtue of Theorem 3, we get the assertion. O
Theorem 4 implies the following result.

Result 2 Suppose all the conditions of Theorem 4 are satisfied. Then the resolvent (O; +
1)7! of the operator O; satisfies the following sharp uniform estimate:

O+A)

Zszml“

+ ||A(OS +2)7 ”L(LP(O,I;E)) =C

L(LP(0,LE

for |argA| < ¢, ¢ € [0,7) and s > 0.

Page 13 of 21
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Consider the problem (1) for A =0, i.e.,

Lu = sa(x)u® (x) + Ax)u(x) + A, (x)u® + Ao (x)u =f(x), x€(0,1),

miy
L= s"[aqu®(0) + Bi®(1)] =0, k=1,2. (24)
i=0

Theorem 5 Assume all the conditions of Theorem 4 hold and A™' € 6,o(E). Then the prob-
lem (24) is Fredholm from W*?(0,1;E(A), E) into L?(0,1; E).

Proof Theorem 4 implies that the operator O; + A has a bounded inverse (O; + A)™! from
LP(0,1;E) to W*?(0,1; E(A), E) for large enough |A|; that is, the operator O; + A is Fredholm
from W2?(0,1; E(A), E) into L7(0, 1; E). Then, by virtue of Theorem A, and by perturbation

theory of linear operators, we obtain the assertion. O

4 Nonlinear DOEs with VMO coefficients

Let, at first, consider the linear BVP in a moving domain (0, b(s)),

a(x)u® (x) + A@)ux) + Ay () u® (x) + Ao (x)u(x) = f(x), (25)

Liu=Y [e;u(0) + B (B)] =0, j=1,2,

i=0

where a is a complex valued function, and A = A(x), A; = A;(x) are possible operators in a
Banach space E, where b(s) is a positive continuous independent of u.

Theorem 4 implies the following result.

Result 3 Let all the conditions of Theorem 4 be satisfied. Then the problem (25), for
f € LP(0,b(s);E), p € (1,00), . € S, and for large enough |A|, has a unique solution u €
W?2(0,b; E(A), E) and the following coercive uniform estimate holds:

2

S [ o + 1A 008 < I lp0)-
i=0

Proof Really, under the substitution t = xb(s), the moving boundary problem (25) maps
to the following BVP with a parameter in a fixed domain (0, 1):

b72(8)a(r)u® () + (A + Mu(t) + b () A1 (1) (1) + Ay (T)u(z) = f (1),
> b7 ()[ed0) + giu ()] =0, j=1,2,
i=0
where
t1€(0,1), A=A(th(s)),  Ai=A(tb79)).

Then, by virtue of Theorem 4, we obtain the assertion. O
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Consider the nonlinear problem

oz(x)u(z)(x) + B(x, u, u)u(x) = F(x, u, uy), (26)
my

Z[akiu(i)(o) + ﬁkiu(i)(a)] =0, k=1,2,

i=0

where my € {0,1}, a;, Br; are complex numbers, x € (0, b), where b is a positive number in
(0) b()]

In this section, we will prove the existence and uniqueness of a maximal regular solution
of the nonlinear problem (26). Assume A is a ¢-positive operator in a Banach space E. Let

X =I7(0,b;E), Y = W*?(0,b;E(A),E),

1+jp
E/ = (E(A)’E)aj,p’ 0j = 2p ’ XO = HE}'

Remark 2 By using [22, §1.8], we obtain that the embedding D'Y € E; is continuous and
there exists the constant C; such that for w e Y, W = {wo w1}, w; = Dw(-),j=0,1,

1 1
Wlxooo = [ TIPWl oy = sup TTIDW ], < Cullwlly.
j=0 / xel0b] _g U

Condition 2 Assume the following are satisfied:
(1) n=(-1)"a1B; — (-1)"ayB; #0 and a(x) is a positive continuous function on [0, b],
a(0) = a(b);
(2) Eisa UMD space and p € (1,00);
(3) F(x,ug,11):[0,b] x X9 — E is a measurable function for each v; € E;, i = 0,1;
F(x,-,-) is continuous with respect to x € [0, b] and f(x) = F(x,0) € X. Moreover, for
each R > 0, there exists g such that

||F(x, U) _F(xv I:[)”E = /'LR”U_ L_[||X01
where U = {uo, u1} and U = {i1y, 4} for a.a. x € [0, ], u;, u; € E; and
1Ullx, <R, IUllx, <R

(4) for U = {ug,u1} € Xo, the operator B(x, U) is R-positive in E uniformly with respect
to x € [0,b]; B(x, U)B~1(x°, U) € C([0, b]; B(E)), where the domain definition
D(B(x, U)) does not depend on x and U; B(x, W) : (0,b) x Xo — B(E(A),E) is
continuous, where A = A(x) = B(x, W) for fixed W = {wq, w1} € Xo;

(5) for each R > 0, there is a positive constant L(R) such that
IB(x, U) = B(x, U)Jvlle < LIR)IU - Ullx, [ Av||£ for x € (0,5), U, U € Xo,

[ Ullxy, | U]lx, <R and v € D(A) and A(0) = A(b).

Theorem 6 Let Condition 1 hold. Then there is b € (0, by] such that the problem (26) has
a unique solution that belongs to the space W;(O, b;E(A),E).
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Proof Consider the linear problem
~a(x)w?(x) + (A(x) + d)w(x) = f (x), (27)

Mg
Liw =) auw?(0) + pw?(b) = 0,
i=0

where
f(x) =F(x,0), x0€(0,b).

By virtue of Result 3, the problem (27) has a unique solution for all f € X and for sufficiently
large d > O that satisfies the following

Iwlly < Collfllx»

where the constant C does not depend on f € X and b € (0,b,]. We want to solve the
problem (26) locally by means of maximal regularity of the linear problem (27) via the
contraction mapping theorem. For this purpose, let w be a solution of the linear BVP (27).
Consider a ball

B, ={veY,Liw=0,k=12,[v-wly <r}.
For v € B,, consider the linear problem
~a(x)u®(x) + Au(x) + du = F(x, V) + [B(0, W) - B(x, V)]v, (28)

M
L=y aqu(0) + B’ (b) = 0,
i=0

where
VZ{U,U(I)}, W = {w,w(l)}.

Define a map Q on B, by Qu = u, where u is a solution of the problem (28). We want
to show that Q(B,) C B, and that Q is a contraction operator provided & is sufficiently
small and r is chosen properly. For this aim, by using maximal regularity properties of the
problem (28), we have

Qu —wlly = lu-wlly < Cof||Fx, V) - F(x,0) ”x + |[B(O, W) - B(x, V)]U||X}~
By assumption (5), we have
I[B(O, W)v - B(x, V)]v |,

= SI[J(’)pb]{ ” [B(O’ W) - B(x, W)]U ”B(XO,X) + ||B(x, W) - Bx, V) ”B(XO,X)”U”Y}
x€|0,

< [8®) + LIRIW = Voo ][lv = wly + [Iwlly]
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< {80 + LB®[Cllv = wly + lv = wly][lIlv=wly + Iwly]}
<{3(0) + LBOICrr + 11[r + IIwlv]},

where

8(b) = sup || [B(O, W) — B(x, W)]

up. [ 3060,

Bearing in mind

||F(x, V) - F(x,0,)

; <8(b)+ |F(x, V)= Flx, W) |, + | F(x, W) — F(x,0)|
< 8(0) + ur[llv = wily + IwlyJurCGi[llv = wly + [wlly]

< ur[Cir + [wly],

where R = Cyr+ ||w||y is a fixed number. In view of the above estimates, by a suitable choice
of g, Lg and for sufficiently small b € [0; by), we have

Qu-wly =7,

Q(B,) C B,
Moreover, in a similar way, we obtain

Qu - Qlly < Co{urCi + Ma+ LR)[Ilv = wlly + Cir]
+LR)Ci[r+ [wliy]llv - Dlly} +8(b).

By a suitable choice of g, L and for sufficiently small b € (0, by), we obtain ||Qu —
Qu|ly <nllv-"0lly, n <1,ie., Qisacontraction operator. Eventually, the contraction map-
ping principle implies a unique fixed point of Q in B, which is the unique strong solution
ueY. (]

5 Boundary value problems for anisotropic elliptic equations with VMO
coefficients

The Fredholm property of BVPs for elliptic equations with parameters in smooth domains

were studied, e.g., in [8, 10], also, for nonsmooth domains, these questions were investi-

gated, e.g,, in [31].

Let Q C R” be an open connected set with a compact C?”-boundary 9. Let us con-
sider the nonlocal boundary value problems on a cylindrical domain G = (0,1) x 2 for the
following anisotropic elliptic equation with VMO top-order coefficients:

?u ou
(L+ANu=salx)— +s2di(x,y)— + do(x,y)u
9x2 ox

+ Y a()Diu+ru=f(xy), x€(0,1),yeQ, (29)

|| <2m

Page 17 of 21
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my

Liw =Y s"i[axiul (0,9) + Bl (1,7)] =0, k=1,2, (30)
i=0

Bu= Y bp()Diulxy) =0, x€(0,1)y€dQj=12,...,m, (31)
|Bl<m;

where s is a positive parameter, a, d; are complex valued functions, og; and By; are complex
numbers,
0 i 1
D’:_’_v € 0)11 = yeeesYu)h i= = P
; lay, my € {0,1} y=01-0n) 2 2+2p

If G=(0,1) x 2, p = (p1,p), LP(G) will denote the space of all p-summable scalar-valued
functions with a mixed norm (see, e.g., [32, §1]), i.e., the space of all measurable functions
f defined on G, for which

: o\
IlfIILP(G>=(/0 </Q[f(x,y)|pldy) dx) < 00.

Analogously, W2*"P(G) denotes the anisotropic Sobolev space with the corresponding
mixed norm [32, §10].

Theorem 7 Let the following conditions be satisfied;
(1) a,dy € VMO N L*®(R), a(0) = a(1), —a € S(¢), u(x) #0, a.e. x € [0,1];
(2) Rewy #0 and wik € S(p) forreS(p),0<p<m, k=12a.e. x€[0,1];

l*l)
() die L™, di(,y)d () €L>(0,1) fora.e.y € Qand 0 <v < 3;
(4) a, € VMO N L>®(R") for each |a| = 2m and a,, € [L*™° + LY*](2) for each |a| = k < 2m
with ry > q and 2m — k > é;
(5) bjg € C*" " (dQ) for each j, B and m; < 2m, Z;ﬁl big(y )o; #0, for |Bl =m;, y € G,
where o = (01,09,...,0,) € R" is a normal to 0G;
(6) forye Q, & eR",veS(p), ¢ €(0,m), [+ v #0 let v+ 3,0, d4a()E* #0;
(7) foreach yo € 9K, a local BVP in local coordinates corresponding to yo

v+ Y ag(o)DD(y) =0,

la|=2m

B9 = > bp(yo)DPuy) =hy, j=1,2,...,m
|Bl=m;

has a unique solution ¢ € Co(R,) for all h = (hy, ha, ..., h,) € R", and for &' € R™
with |'] + |v| #0.

Then

(@) forall f € LP(G), A € S(p) and sufficiently large |A|, the problem (29)-(31) has a
unique solution u belonging to W**"?(G) and the following coercive uniform
estimate holds:

2 . .
D_stls
i=0

Z ”fo””m(g) =< Clif ey

du H
iy *
%6 i

(b) for A =0, the problem (29)-(31) is Fredholm in LP(G).
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Proof Let E = LP1(R2). Then by virtue of [26], the part (1) of Condition 1 is satisfied. Con-
sider the operator A acting in LP1(S2) defined by

D(A) = WP (QBu=0),  Au= ) a(y)D*u(y).

lee| <2m

For x € , also consider operators in L”1(2)

D(A;) = W*™P\(Q; Bju = 0),

Ao(x)u = do(x,y)u(y), A1(%)u = di(x, y)u(y).

The problem (29)-(31) can be rewritten in the form (1), where u(x) = u(x, -), f(x) = f(«,-)
are functions with values in E = L”1(2). By virtue of [13], the problem

vu(y) + Z aa(Y)Dyuy) =f (),

la|<2m

Bu= Y bp)Dlu()=0, j=1,2,...,m

\BI=m;

has a unique solution for f € L1(2) and arg v € S(¢), |[v| — oo. Moreover, in view of [10,
Theorem 8.2], the operator A is R-positive in LP1(L2), i.e., Condition 1 holds. Moreover, it is
known that the embedding W?™#1(2) C L¥1(R2) is compact (see, e.g., [22, Theorem 3.2.5]).
Then, by using interpolation properties of Sobolev spaces (see, e.g., [22, §4]), it is clear that
the condition (2) of Theorem 4 is fulfilled too. Then from Theorems 4, 5, the assertions
are obtained. a

6 Systems of differential equations with VMO coefficients

Consider the nonlocal BVPs for infinity systems of parameter-differential equations with
principal VMO coefficients,

N N
sa@u@ @) + > 52 b @) + 3 d )18 + (s () + 1)ty (6)

j=1 j=1

:fm(x)x xe(O,l),m:l,Z,...,N, (32)
mp

L=y s"[aul)(0) + Buul) ()] =0, k=12, (33)
i=0

where s is a positive parameter, a, b,,j, d,,; are complex valued functions, N is a finite or
infinite natural number, o; and S; are complex numbers, u; =
Let

5+ 5
d(x) = {dm(x)}, d, >0, u = {u,}, Du={du,}, m=12,...,00,

1
N 7
1,(D) = Yu:u € ly(N), lulliyp) = 1Dully, = (Z |dmum|Q> < oo],
m=1

x€(0,1),1<g<o0.
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Let Q denote the operator in L#(0,1;/,) generated by the problem (32)-(33). Let
B=L(L7(0,1;1,)).

Theorem 8 Suppose the following conditions are satisfied:
(1) ae VMONL*®(R), a(0) = a(l), —a € S(p), u(x) #0 a.e. x € (0,1);
(2) Rewi(x) #0 and wik € S(p) for x € S(¢),a.e.x€(0,1),0<¢p<m, k=1,2;
(3) dj € VMONL*®(R), byj, dymj € L*(0,1), p € (1,00);
(4) thereare0<vg<1,0<v < % such that

N
1,
sup > by, " () < M,
m 3
N
sup dej(x)d;(lfv")(x) <M forae.xc(0,1).

m i1

Then, for all f(x) = {f,u(x)}Y € LP(0,1;1,), » € S(¢) and for sufficiently large ||, the prob-
lem (32)-(33) has a unique solution u = {u,,(x)}3° belonging to W*?((0,1), l4(D),1,) and the

following coercive estimate holds:

d

iy
dxi

+ 1 Aullr 0115 < Clf lr0,1,)-
17(0,1l,)

2 . .
D s
i=0

Proof Really, let E = [;, A and A;(x) be infinite matrices such that

A= [dm(x)s,m], Ap(x) = [dm/(x)], Ai(x) = [bm,»(x)], m,j=1,2,...,00.

It is clear that the operator A is R-positive in /;. Therefore, by Theorem 4, the problem
(32)-(33) has a unique solution u € W>7((0,1); l4(D),1,) forallf € L7((0,1);[;), A € S(¢) the

estimate (34) holds.

Remark 3 There are many positive operators in different concrete Banach spaces.
Therefore, putting concrete Banach spaces and concrete positive operators (i.e., pseudo-
differential operators or finite or infinite matrices for instance) instead of E and A, respec-
tively, by virtue of Theorem 4, 5, we can obtain a different class of maximal regular BVPs
for partial differential or pseudo-differential equations or their finite and infinite systems

with VMO coefficients.
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