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Abstract

In the literature, various iterative methods have been proposed for finding a common
solution of the classical variational inequality problem and a fixed point problem.
Research along these lines is performed either by relaxing the assumptions on the
mappings in the settings (for instance, commonly seen assumptions for the mapping
involved in the fixed point problem are nonexpansive or strictly pseudocontractive)
or by adding a general system of variational inequalities into the settings. In this
paper, we consider both possible ways in our settings. Specifically, we propose an
iterative method for finding a common solution of the classical variational inequality
problem, a general system of variational inequalities and a fixed point problem of a
uniformly continuous asymptotically strictly pseudocontractive mapping in the
intermediate sense. Our iterative method is hybridized by utilizing the well-known
extragradient method, the CQ method, the Mann-type iterative method and the
viscosity approximation method. The iterates yielded by our method converge
strongly to a common solution of these three problems. In addition, we propose a
hybridized extragradient-like method to yield iterates converging weakly to a
common solution of these three problems.
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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm | - ||, let C be a
nonempty closed convex subset of H, and let P¢ be the metric projection of H onto C. Let
S: C — C be a self-mapping on C. We denote by Fix(S) the set of fixed points of S and
by R the set of all real numbers. A mapping A : C — H is called L-Lipschitz continuous if
there exists a constant L > 0 such that

|Ax — Ay|| <Lllx—-y|, VxyeC.

In particular, if L = 1, then A is called a nonexpansive mapping [1]; if L € [0,1), then A is
called a contraction. Also, a mapping A : C — H is called monotone if (Ax — Ay,x —y) >0
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for all x,y € C. A is called n-strongly monotone if there exists a constant 7 > 0 such that
(Ax —Ay,x —y) > nllx —y||2, Vx,y € C.

A is called «-inverse-strongly monotone if there exists a constant « > 0 such that
(Ax — Ay,x —y) > a||Ax — Ay||?>, Vx,yeC.

Itis obvious that if A is «-inverse-strongly monotone, then A is monotone and é—Lipschitz
continuous.

For a given nonlinear operator A : C — H, we consider the variational inequality prob-
lem (VIP) of finding x* € C such that

(Ax*,x —x*) >0, VxeC. (1.1)

The solution set of VIP (1.1) is denoted by VI(C, A). VIP (1.1) was first discussed by Lions
[2] and now has many applications in computational mathematics, mathematical physics,
operations research, mathematical economics, optimization theory, and other fields; see,
e.g, [3—-6]. It is well known that if A is a strongly monotone and Lipschitz-continuous
mapping on C, then VIP (1.1) has a unique solution.

In the literature, there is a growing interest in studying how to find a common solution
of Fix(S) N VI(C, A). Under various assumptions imposed on A and S, iterative algorithms
were derived to yield iterates which converge strongly or weakly to a common solution of
these two problems.

1.1 Finding a common element and weak convergence

Consider that a set C C H is nonempty, closed and convex, a mapping S : C — C is nonex-
pansive and a mapping A : C — H is ¢-inverse-strongly monotone. Takahashi and Toyoda
[7] introduced the Mann-type iterative scheme:

x9=x € C chosen arbitrarily, (12)
Xnil = Ay + (1= 0,)SPc (%, — ApAxy,), VYr >0, ‘

where {&,} is a sequence in (0,1) and {A,} is a sequence in (0,2«). They proved that if
Fix(S) N VI(C, A) # ¥, then the sequence {x,} generated by (1.2) converges weakly to some
z € Fix(S) N VI(C, A).

Motivated by Korpelevich’s extragradient method [8], Nadezhkina and Takahashi [9]
proposed an extragradient iterative method and showed the iterates converge weakly to a
common element of Fix(S) N VI(C, A):

x9=x€ C chosen arbitrarily,
Yn = Pc(x, — AnAxy),
Xp+l = QpXy + (1 - an)SPC(xn - )\nAyn): Vn >0,

where A : C — H is a monotone, L-Lipschitz continuous mapping and S: C — C is a
nonexpansive mapping and {A,} C [a, b] for some a,b € (0,1/L) and {«,} C [c, d] for some
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¢,d € (0,1). See also Zeng and Yao [10], in which a hybridized iterative method was pro-
posed to yield a new weak convergence result.

1.2 Finding a common element and strong convergence

Let C C H beanonempty closed convex subset, let S : C — C be a nonexpansive mapping,
and let A : C — H be an «-inverse strongly monotone mapping. liduka and Takahashi [11]
introduced the following hybrid method:

x9=x € C chosen arbitrarily,
Yn = 0uXy + (1 - Oln)SPC(xn - )\nAxn):
Cu={zeCtlly,—zll < llxn —zll},

,={zeC: (x,—z,x—x,) >0},

Xn+l = PC,,ﬁan; Vn > 0,

where 0 <@, <c<1land 0 <a < A, < b < 2a. They showed that if Fix(S) N VI(C,A) #
@, then the sequence {x,}, generated by this iterative process, converges strongly to
Prixs)nvi(c,a)®. Recently, the method proposed by Nadezhkina and Takahashi [12] also
demonstrated the strong convergence result. However, note that they assumed that A is
monotone and L-Lipschitz-continuous while S is nonexpansive. For another strong con-
vergence result, see Ceng and Yao [13] whose method is based on the extragradient method
and the viscosity approximation method.

As we have seen, most of the papers were based on the different assumptions imposed
on A while the mapping S is nonexpansive. In the following, we shall relax the nonexpan-
sive requirement on S (for instance, « -strictly pseudocontractive, asymptotically « -strictly
pseudocontractive mapping in the intermediate sense, etc.). Furthermore, we also consider
adding a general system of variational inequalities to our settings.

1.3 Relaxation on nonexpansive S
Definition 1.1 Let C be a nonempty subset of a normed space X, and let S: C — C be a
self-mapping on C.
(i) S isasymptotically nonexpansive (c¢f. [14]) if there exists a sequence {k;} of positive
numbers satisfying the property lim,_, o k, =1 and

[S7x — S™y|| < kallx=yll, ¥n=>1,Yx,yeC;

(ii) S is asymptotically nonexpansive in the intermediate sense [15] provided S is
uniformly continuous and

limsup sup (]| S"x - S"y| - llx-yl) < 0;

n—00 x,yeC

(iii) S is uniformly Lipschitzian if there exists a constant £ > 0 such that
|S$"x~S"y| < Lllx—yl, Vn=1VxyeC.

It is clear that every nonexpansive mapping is asymptotically nonexpansive and every
asymptotically nonexpansive mapping is uniformly Lipschitzian.
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The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[14] as an important generalization of the class of nonexpansive mappings. The existence
of fixed points of asymptotically nonexpansive mappings was proved by Goebel and Kirk
[14] as follows.

Theorem GK (see [14, Theorem 1]) If C is a nonempty closed convex bounded subset of a
uniformly convex Banach space, then every asymptotically nonexpansive mapping S : C —
C has a fixed point in C.

Let C be a nonempty closed convex bounded subset of a Hilbert space H. An iterative
method for the approximation of fixed points of an asymptotically nonexpansive map-
ping with sequence {k,} was developed by Schu [16] via the following Mann-type iterative

scheme:
X1 = (L= @)y + @, S"%y,  Yn>1, (1.3)

where § <, <1-§ (Vn > 1) for some § > 0. He proved the weak convergence of {x,} to
a fixed point of S if Y7, (k, — 1) < co. Moreover, iterative methods for approximation of
fixed points of asymptotically nonexpansive mappings have been further studied by other
authors (see, e.g., [16—18] and references therein).

The class of asymptotically nonexpansive mappings in the intermediate sense was in-
troduced by Bruck et al. [15] and iterative methods for the approximation of fixed points
of such types of non-Lipschitzian mappings were studied by Bruck et al. [15], Agarwal et
al. [19], Chidume et al. [20], Kim and Kim [21] and many others.

Recently, Kim and Xu [22] introduced the concept of asymptotically «-strictly pseudo-
contractive mappings in a Hilbert space as follows.

Definition 1.2 Let C be a nonempty subset of a Hilbert space H. A mapping S: C — C
is said to be an asymptotically «-strictly pseudocontractive mapping with sequence {y,}
if there exists a constant « € [0,1) and a sequence {y,} in [0, c0) with lim,_, », 3, = 0 such
that

||S”x—S”y||25(1+yy,)||x—y||2+/<||x—S”x—(y—S”y)||2, Vn>1Vx,yeC. (14)

They studied weak and strong convergence theorems for this class of mappings. It is
important to note that every asymptotically «-strictly pseudocontractive mapping with

sequence {y,} is a uniformly £-Lipschitzian mapping with £ = sup{ =¥ W’ :n>1}.

Very recently, Sahu et al. [23] considered the concept of asymptotically « -strictly pseu-

docontractive mappings in the intermediate sense, which are not necessarily Lipschitzian.

Definition 1.3 Let C be a nonempty subset of a Hilbert space H. A mapping S: C — C
is said to be an asymptotically «-strictly pseudocontractive mapping in the intermediate
sense with sequence {y,,} if there exists a constant « € [0,1) and a sequence {y,} in [0, c0)
with lim,,_, o, ¥, = 0 such that

limsup sup (|| S"» —S”y”2 — @+ y)llx—yl* =[x = S"x = (y = S™y) ”2) <0. (1.5)

n—oo xyeC
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Put ¢, := max{0, sup, . c([8"x = S"y|I> = (1 + y,) | =yl =k [ x = S"x — (y = §"y)|1*)}. Then
¢, >0(Vn>1),c,— 0 (n— o0) and (1.5) reduces to the relation

||S”x—S”y||2 <@+y)lx-yl? +/<Hx—S”x— (y-S"y) ||2 +¢n, Vn=1Vx,yeC. (1.6)

Whenever ¢, = 0 for all » > 1 in (1.6), then S is an asymptotically « -strictly pseudocon-
tractive mapping with sequence {y,}.

For S to be a uniformly continuous asymptotically « -strictly pseudocontractive mapping
in the intermediate sense with sequence {y,} such that Fix(S) is nonempty and bounded,
Sahu et al. [23] proposed an iterative Mann-type CQ method in which the iterates con-
verge strongly to a fixed point of S.

Theorem SXY (see [23, Theorem 4.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H, and let S : C — C be a uniformly continuous asymptotically «-strictly
pseudocontractive mapping in the intermediate sense with sequence {y,} such that Fix(S)
is nonempty and bounded. Let {o,} be a sequence in [0,1] such that 0 < § < a, <1 -« for
all n > 1. Let {x,} be a sequence in C generated by the following (CQ) algorithm:

x1=x€C chosen arbitrarily,
In = (L= 0tu)%y + €uS" %,
Cu={z€C:llyn—2zl* < lxn = 2II* + 64}, (1.7)

Q.={zeC:{x,—z,x—x,) >0},

Xn+l = PCnﬁQ,,x: Vn > 1,

where 6, = ¢, + yu Ay and A, = sup{||x, —z||? : z € Fix(S)} < oo. Then {x,,} converges strongly
to Ppix(g)x.

1.4 Common solution of three problems
Let By, B, : C — H be two mappings. Recently, Ceng et al. [24] introduced and considered
the problem of finding (x*, y*) € C x C such that

(U By* +x* —y*,x—x*) >0, VxeC(C, (18)
(UaBox™ +y* —x*,x—y*) >0, VxeC, .

which is called a general system of variational inequalities (GSVI), where ; > 0 and 3 > 0
are two constants. The set of solutions of GSVI (1.8) is denoted by GSVI(C, By, By). In par-
ticular, if B; = B,, then GSVI (1.8) reduces to the new system of variational inequalities
(NSVI), introduced and studied by Verma [25]. Further, if x* = y* additionally, then the
NSVIreduces to VIP (1.1). Moreover, they transformed GSVI (1.8) into a fixed point prob-
lem in the following way.

Lemma CWY (see [24]) For given %,y € C, (x,y) is a solution of GSVI (1.8) if and only if x
is a fixed point of the mapping G : C — C defined by

G(x) = Pc[Pc(x — uaBax) — 1BiPc(x — n2Bax)], Vx e C,

where x = Pc(X — 3 BaXx).
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In particular, if the mapping B; : C — H is B;-inverse strongly monotone for i = 1,2, then
the mapping G is nonexpansive provided ; € (0,28;) fori=1,2.

Utilizing Lemma CWY, they introduced and studied a relaxed extragradient method
for solving GSVI (1.8). Throughout this paper, the set of fixed points of the mapping G
is denoted by &. Based on the relaxed extragradient method and the viscosity approx-
imation method, Yao et al. [26] proposed and analyzed an iterative algorithm for find-
ing a common solution of GSVI (1.8), and the fixed point problem of a «-strictly pseu-
docontractive mapping S : C — C (namely, there exists a constant « € [0,1) such that
1S = SylI* < llx = ylI> + i (I = S)x — (I = S)y||* for all x,y € C).

The main theme of this paper is to study the problem of finding a common element of
the solution set of VIP (1.1), the solution set of GSVI (1.8) and the fixed point set of a self-
mapping S: C — C. Ceng et al. [27] analyzed this problem by assuming the mapping S to
be strictly pseudocontractive as follows.

Theorem CGY (see [27, Theorem 3.1]) Let C be a nonempty closed convex subset of a
real Hilbert space H. Let A : C — H be «-inverse strongly monotone and B; : C — H be B;-
inverse strongly monotone fori=1,2. Let S : C — C be a k-strictly pseudocontractive map-
ping such that Fix(S)N & NVI(C,A) # 0. Let f : C — C be a p-contraction with p € [0, %).
For given x € C arbitrarily, let the sequences {x,}, {y,} and {z,} be generated iteratively by

Zn = PC(xn - )VnAxn)’
Yn = ar(f(xn) + (1 —a,)Pc[Pc(z, — paBaz,) — 1B1Pc(zy — n2Bazy)], (19)
Xpi1 = BuXn + Vuln + SnSyn; Vn >0,

where p; € (0,28;) fori =1,2, {A,} C (0,2c] and {a,},{Bu}, {yu}, {81} C [0,1] such that
(i) Bu+yu+8,=1and (y,+38,)k <y, foralln>0;
(ii) limy—oo0t, =0 and Y oo, = 00;

(iii) 0 <liminf,_ s B, <limsup,_, ., Bn <1 and liminf,_, . 8, > 0;

(IV) llmnﬁOO 11/;:‘11 - 11/;") =0;

(v) 0<liminf,_ o Ay <limsup,_, o Ay < 20 and liminf,_, oo [Ays1 — Ayl = 0.
Then the sequence {x,} generated by (1.9) converges strongly to X = Prixsynznvi(c,a)Qx and
(%,9) is a solution of GSVI (1.8), where y = Pc(x — jtaByx).

In this paper, we study the problem of finding a common element of the solution set
of VIP (1.1), the solution set of GSVI (1.8) and the fixed point set of a self-mapping
S : C — C, where the mapping S is assumed to be a uniformly continuous asymptotically
Kk -strictly pseudocontractive mapping in the intermediate sense with sequence {y,} such
that Fix(S) N & N VI(C, A) is nonempty and bounded. Not surprisingly, our main points
of proof come from the ideas in [23, Theorem 4.1] and [27, Theorem 3.1]. Our major con-
tribution ensures a strong convergence result to the extent of involving uniformly con-
tinuous asymptotically « -strictly pseudocontractive mappings in the intermediate sense.
Moreover, in Section 4 we extend Ceng, Hadjisavvas and Wong’s hybrid extragradient-like
approximation method given in [28, Theorem 5] to establish a new weak convergence the-
orem for finding a common solution of VIP (1.1), GSVI (1.8) and the fixed point problem
of S.
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2 Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and | - ||,
respectively. Let C be a nonempty closed convex subset of H. We write x,, — x to indicate
that the sequence {x,} converges weakly to x and x, — x to indicate that the sequence
{x,} converges strongly to x. Moreover, we use w,(x,) to denote the weak w-limit set of

the sequence {x,}, i.e.,
wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C

which assigns to each point x € H the unique point Pcx € C satisfying the property
ll = Pex|| = inf ||lx — y|| =: d(x, C).
yeC

Some important properties of projections are gathered in the following proposition.

Proposition 2.1 For givenx € H and z € C:
(i) z=Pcx o (x—2,y—2) <0,Vy e C;
(i) z=Pcx & llx—z|2 < e =y = lly - 21 Yy € G
(iii) (Pcx—Pcy,x—y) = |Pcx —Pcy|?, Vy € H.

Consequently, Pc is nonexpansive and monotone.
We need some facts and tools which are listed as lemmas below.

Lemma 2.1 (see [29, demiclosedness principle]) Let C be a nonempty closed and convex
subset of a Hilbert space H, and let S : C — C be a nonexpansive mapping. Then the map-
pingI-S is demiclosed on C. That is, whenever {x,} is a sequence in C such that x, — x € C
and (I — S)x,, — y, it follows that (I — S)x = y. Here I is the identity operator of H.

Lemma 2.2 ([19, Proposition 2.4]) Let {x,} be a bounded sequence on a reflexive Banach

space X. If w,({x,,}) = {x}, then x,, — x.

Lemma 2.3 Let A : C — H be a monotone mapping. In the context of the variational in-

equality problem, the characterization of the projection (see Proposition 2.1(i)) implies
ueVI(C,A) & u=Pc(u—-rAu), VYr>O0.

Lemma 2.4 Let H be a real Hilbert space. Then the following hold:
@ llx=yI% = x> = IylI* = 2(x - y,9) for all x,y € H;
(b) (1 =tx+tyl? = A -)x|? + tllyl* — £ - t)llx — y|| for all t € [0,1] and for all
x,y € H;
(c) If {xy} is a sequence in H such that x,, — x, it follows that

lim sup ||x, —y||2 = limsup ||x, —x*+ = —y||2, VyeH.

n—0o0 n— 00
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Lemma 2.5 ([23, Lemma 2.5]) Let H be a real Hilbert space. Given a nonempty closed
convex subset of H and points x,y,z € H, and given also a real number a € R, the set

veC:ly—vIP <lx—vI>+ (zv) +a)
is convex (and closed).

Lemma 2.6 ([23, Lemma 2.6]) Let C be a nonempty subset of a Hilbert space H, and let
S : C — C be an asymptotically k-strictly pseudocontractive mapping in the intermediate
sense with sequence {y,}. Then

87~ 8" < (il =1l +/ (L+ @ = 1)) o=y + (1= k)cs)

1-«

forallx,ye Candn>1.

Lemma 2.7 ([23, Lemma 2.7]) Let C be a nonempty subset of a Hilbert space H, and let
S: C — C be a uniformly continuous asymptotically k -strictly pseudocontractive mapping
in the intermediate sense with sequence {y,}. Let {x,} be a sequence in C such that ||x, —
Xpa1ll = 0 and ||x, — S"x,|| — 0 as n — oo. Then ||x, — Sx,|| — 0 as n — oo.

Lemma 2.8 (Demiclosedness principle [23, Proposition 3.1]) Let C be a nonempty closed
convex subset of a Hilbert space H, and let S : C — C be a continuous asymptotically k-
strictly pseudocontractive mapping in the intermediate sense with sequence {y,}. Then I - S
is demiclosed at zero in the sense that if {x,} is a sequence in C such that x, — x € C and
limsup,,_, . limsup,_, o Il*, — S™x,| = 0, then (I - S)x = 0.

Lemma 2.9 ([23, Proposition 3.2]) Let C be a nonempty closed convex subset of a Hilbert
space H, and let S : C — C be a continuous asymptotically k-strictly pseudocontractive
mapping in the intermediate sense with sequence {y,} such that Fix(S) # 0. Then Fix(S) is
closed and convex.

Remark 2.1 Lemmas 2.8 and 2.9 give some basic properties of an asymptotically «-
strictly pseudocontractive mapping in the intermediate sense with sequence {y,,}. More-
over, Lemma 2.8 extends the demiclosedness principles studied for certain classes of non-
linear mappings in Kim and Xu [22], Gornicki [30], Marino and Xu [31] and Xu [32].

To prove a weak convergence theorem by the hybrid extragradient-like method for find-
ing a common solution of VIP (1.1), GSVI (1.8) and the fixed point problem of an asymp-
totically « -strictly pseudocontractive mapping in the intermediate sense, we need the fol-
lowing lemma by Osilike et al. [33].

Lemma 2.10 ([33, p.80]) Let {a,}21, {buliny and {8,}52, be sequences of nonnegative real
numbers satisfying the inequality

Aps1 = (1 + 5}1)“7[ + bn; Vn > 1L

IfY 2 8p<o0andy o2 by, <00, then lim,_, ~ a, exists. If, in addition, {a,}32, has a sub-

sequence which converges to zero, then lim,_, o a, = 0.
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Corollary 2.1 ([34, p.303]) Let {a,}ox, and {b,};>, be two sequences of nonnegative real

numbers satisfying the inequality
ap1 <ay+b, VYn=>0.

If Y, b, converges, then lim,_, » a, exists.

We need a technique lemma in the sequel, whose proof is an immediate consequence of

Opial’s property [35] of a Hilbert space and is hence omitted.

Lemma 2.11 Let K be a nonempty closed and convex subset of a real Hilbert space H. Let
(%), be a sequence in H satisfying the properties:

(i) limy— oo [|l%, — x| exists for each x € K;

(i) wy(x,) C K.

Then {x,}:2, is weakly convergent to a point in K.

A set-valued mapping T : H — 2! is called monotoneif forallx,y € H,f € Txand g € Ty
imply (x — y,f — g) > 0. A monotone mapping T : H — 2!’ is maximal if its graph Gph(T)
is not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping 7T is maximal if and only if for (x,f) €e H x H, (x —y,f —g) > 0 for all
(9,2) € Gph(T) implies f € Tx. Let A : C — H be a monotone and Lipschitzian mapping,
and let Ncv be the normal coneto Catve C,ie, Ncv={we H:{(v—u,w)>0,Vue C}.
Define

Av+Ncv ifveC,
& ifveC.

Tv =

It is known that in this case T is maximal monotone, and 0 € Tv if and only if v € £2;
see [36].

3 Strong convergence theorem

In this section, we prove a strong convergence theorem for a hybrid viscosity CQ itera-
tive algorithm for finding a common solution of VIP (1.1), GSVI (1.8) and the fixed point
problem of a uniformly continuous asymptotically « -strictly pseudocontractive mapping
§: C — Cin the intermediate sense. This iterative algorithm is based on the extragradient
method, the CQ method, the Mann-type iterative method and the viscosity approximation
method.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A :
C — H be a-inverse strongly monotone, and let B; : C — H be B;-inverse strongly monotone
fori=1,2.Letf : C — Cbea p-contractionwith p € [0,1),andletS : C — C be a uniformly
continuous asymptotically « -strictly pseudocontractive mapping in the intermediate sense
with sequence {y,} such that Fix(S) N & N VI(C, A) is nonempty and bounded. Let {y,} and


http://www.fixedpointtheoryandapplications.com/content/2013/1/313

Ceng et al. Fixed Point Theory and Applications 2013, 2013:313 Page 10 of 25
http://www.fixedpointtheoryandapplications.com/content/2013/1/313

{cn} be defined as in (1.6). Let {x,}, {y,} and {z,} be the sequences generated by

x1=x€ C chosen arbitrarily,

Yn = Pc(xy — AnAxy),

tn = anf (xn) + (1 = @) Pc[Pc(yun — 2Bayn) — 1B1Pc(yn — n2Bayn)l,

Zn = (1=t = Vi) + Ut + VuS Ly, (3.1)
Cu={z€C: |z, — 2zl < llxy — 2z|* + 6.},

Q.={zeC:{x, —z,x—x,) >0},

Xn+l = PCnﬁan; Vn > 17

where pu; € (0,28;) fori=1,2,0, = cy + (@y + Vn) An»
9 14y 2 . —
A, =sup] ||lx, — z||* + T, | -f)z|" : z € Fix(S)N & N VI(C,A) ¢t < o0,
-p

{L,} is a sequence in (0,2) and {w,}, {i,}, {v.} are three sequences in [0,1] such that
Wn + vy <1 for all n > 1. Assume that the following conditions hold:
(i) lim,_ o0, =0;
(i) {An} C [a,b] for some a,b € (0,2x);
(iii) k& <y foralln=>1;
(iv) 0<o <vy,foralln>1.

Then the sequences {x,}, {y,} and {z,} converge strongly to Prixs)nznvic,a)¥-

Proof 1t is obvious that C, is closed and Q,, is closed and convex for every n=1,2,.... As
the defining inequality in C, is equivalent to the inequality

(2000 = 21),2) < 1%l = 201> + O

by Lemma 2.5 we also have that C, is convex for everyn=1,2,.... As Q, ={z€ C: (x,, —
z,x —x,) > 0}, we have (x, — z,x —x,) > 0 for all z € Q, and, by Proposition 2.1(i), we get
xn = Pg,x.

Next, we divide the rest of the proof into several steps.

Step 1. Fix(S)N & NVI(C,A) c C,NQ, for all n > 1.

Indeed, take x* € Fix(S) N & N VI(C, A) arbitrarily. Then Sx* = x*, x* = Pc(x* — A,Ax*)
and

&* = Pc[Pc(x* — pnaBox™) — 1BiPe(x* — naBox™)]. (3.2)
Since A : C — H is a-inverse strongly monotone and 0 < ,, < 2w, we have, for all n > 1,

[y =2 |” = || Pl — AuA%,) - Pe(x* - 2,Ax") ||
< || (%, — AAx,) — (x* - )»,,Ax*) ||2

T W

< [0 —x* ||2 — (20 = 1) | Ay, — Ax* ||2

< [ -7 (3.3)
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For simplicity, we write y* = Pc(x* — o Bax™), u,, = Pc(y, — 12B2y,) and
Vu i= Pty — 1 Bitty) = Pc[Pe(yu — naBayn) — t11BiPc(Vn — 142B2yn) |

for all n > 1. Since B; : C — H is B;-inverse strongly monotone and 0 < u; < 28; fori =1, 2,
we know that for all 7 > 1,

v =7
= | Pc[Pc(yn — 2Bayn) — 11B1Pc(yn — i2Bayn)]| — x* ||2
= | Pc[Pc(yn = 142B2yn) — i1 BiPc(yn — t2Bayn) |
— P[P (x* = 112Box*) — i1 BiPe(x* — paBox®) ] |°
< |[[Pcn — m2B2yn) — 11B1Pc(yn — 2Bayn) |
— [Pe(a* = waBox*) — uBiPc (%" - 12Box™) ]|
= | [Pc(n — 2Boyn) = Pc(x* — paBox™)]
— 11[BiPc(yn — paBayn) = BiPc(x* — p1aBox”) ]|
< | Pcn - 12Bayn) = Pe(x* = t2Box®) ||°
— w1281 - 1) | BiPcn - 142B23) = BiPc (x* - aBox”) |
< [0 = m2Bayn) = (x* = m2Box®) |* = i1 (281 - 111) | Butt - Buy*|*
= | Om =) = 2 (Boyn = Bo”) | = a2 = 1) | Buses — Buy* [
< n = |* = 12(2B2 = 12)|| Boys = Box*|* = 1 (21 — 1) | Butt - Buy*|)?
< [t = 5| = An(20 = 1) | Ay — A2 [
— 12(285 — 1) | Bayn = Box”||* = (21 — 1) | Bt — Buy* |

< Joen -], (3.4)
Hence we get
[tn -]
= [l (F () = ) + (1 = ) (P[P (yn — waBayn) = i1BiPc(yn — a2Boy) ] - ) |
< [au[f @) = [ + (1 = @) [ Pc[Pc O = 112B2y) = mBiPc( = 12B2y)] - 2|1

on([f ) ()| + IF () =7 ]) + (=) [ — 2| ]
([l — [+ I () = [} + (0 = ) [ o0n | ]°

<[
<[
[1 (1= pta) [ = "] + (1~ ey
=(

mx*)—x*n]z
1-p

k) _ 4|2
1= (1= p)ay) [ =" | + |[f(x1)_p_x ”

ILf (x*) —x*llz.

1-p (3.5)

< | + e
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Therefore, from (3.5), z, = (1 — py, — V)%, + pty + V,8"t,, and x* = Sx*, we have
Rk
2
= || (1 - MUn— 1)n)xn + Untn + vnSntn -x* ||

= || (7 vy,)(xy, —x*) + un(tn —x*) + vn(S"tV, —x*) ||2

(tn—x") +

My + Vy Mn + Vy

B gy~
Mo + Vn

2
Vn

IA

(- - Vn)Hxn —-x" ”2 + (M + V) (Sntn _x*)

:(l—un—vn)||xn—x*||2+(un+vn){

Vn

b st - -

L + Uy (tn + Vn)?

e L IRt L I

Hn +

" e DI RN ] PEE G R
n n
WnV

sl

IA

(1= = V) 200 = 27| + (e + m{u ) |tn —*|?

L Vn (K_ In )”tn_snther Vncn}
AN Hon + vy

< === | s v -
Mpu + Vy

<@-pu- Vn)Hxn _x*HZ + (U + Vn){(l + Vn)[”xn _x*”2

”f(x*) _x*||2:| + VnCn }
1-p M + Vy

n

= Hxn_x*”Z+Vn||xn_x*||2+an(1+yn) Cn

IIf (%) —x* 12 .
1-p

2 2 1 n |12
= b P s v (o= 2200 v

< Hx,, —x* ||2 +Cp + (ay + V) Ay (3.6)
for every n =1,2,..., and hence x* € C,. So, Fix(S) N & N VI(C,A) C C, for every n =
1,2,....Now, let us show by mathematical induction that {x,} is well defined and Fix(S) N
ENVI(C,A)c C,NQ, forevery n=1,2,.... For n =1, we have Q; = C. Hence we obtain
Fix(S) N & N VI(C,A) C C; N Q. Suppose that x4 is given and Fix(S) N & N VI(C,A) C
Cr N Qg for some integer k > 1. Since Fix(S) N & N VI(C, A) is nonempty, Cx N Qy is a
nonempty closed convex subset of C. So, there exists a unique element x4,; € Cx N Qx
such that x¢,1 = Pc,nq, . It is also obvious that there holds (xx,1 —2,% —%x.1) > O for every
z € Cr N Q. Since Fix(S) N & N VI(C,A) C Cr N Qx, we have {(xx,.1 — z,x — xx,1) > 0 for
every z € Fix(S) N & N VI(C, A), and hence Fix(S) N & N VI(C,A) C Qg41. Therefore, we
obtain Fix(S) N Z N VI(C,A) C Cri1 N Qps1-
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Step 2. {x,,} is bounded and lim,,_, o, [|%,, — %41 = lim,,— o ||l%,, — 2, ]| = 0.
Indeed, let g = Prix(snznvic,a)®. From x,,,1 = Pc,nq,x and g € Fix(S) N & N VI(C,A) C
C, N Q,, we have

It — )l < llg — x|l (3.7)

foreveryn=1,2,.... Therefore, {x,} is bounded. From (3.3)-(3.6) we also obtain that {x,},
{vi}s {yn}> {24} and {t,,} are bounded. Since x,,,; € C, N Q, C Q, and x,, = P, x, we have

I — x| < s — x|l

for every n =1,2,.... Therefore, there exists lim,_, [l*, — x||. Since ¥, = Pg,x and x,,,; €

Qu, using Proposition 2.1(ii), we have
2 2 2

”xn+l _xn” = ||xn+1 _x” - ”xn _x”
for every n =1,2,.... This implies that

lim ||xn+1 _xn” =0.

n—0oQ
Since x,,1 € C,, we have

_ 2 < _ 2 )

1z = %us1ll” < %0 = Xns1 ™ + Ops
which implies that

1Zy = Xns1ll < l16n — Xngr |l + V O
Hence we get

”xn - Zn” < ||xn _xn+1” + ||xn+1 - zn” =< 2||xn+1 - xn” LRV, 9,,
for everyn =1,2,.... From | x,,1 — %, — 0 and 6,, — 0, we have ||x, — z,,|| — 0.

Step 3. lim,,_,  |[A%,, — Ax*|| = lim,,_, o || Bay, — Bax™|| = lim,_, || Bitty, — B1y*|| = 0.

Indeed, from (3.1), (3.4) and (3.6) it follows that

=]

S Ly R RAI LRSI R iR
Mpu + Vy

< u—un—un)uxn-x*u2+(un+un>{u+y,q)[anw(xn)—x*nz

+ (1= @) | Pc[Pcyn - 1aBayn) — 1uBPc(yy — aBoyn)] - '] + M”’f”v }

< (1= pay =) o0 = + (s + vn){(l + y)[elf () - 27|
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+ |Pc[Pe(yn - 112B2y) — i1 BiPe(yn — 112Bayn)] — &[] + —2t }
Mpn + Vy

IA

(1= - Vn)Hxn —-x* ”2 + (e + Vn){(l + Vn)[an “f(xn) —x ||2

+ ||x,, —x* ||2 — 2,2 = Ay) ||Ax,, - Ax* ||2

= 12(2B2 — i2) | Boyn — Bax* ||2 — (2B — 1) || Bruty — Bry* ||2] § o }
Mpn + Vy

< [oen =% |* + v [n =% |* + € + 0n (1 + ) |[f @) — ¥
— (i + V)1 + 7)) [l = 1) | A — Ax*|)?

], (3.8)

+ 12(2B2 — 12) | Boyn — Box® HZ + n1(2B1 — 1) || Brtn — Bry*|
which hence implies that

(kc +0)(1+ p)[a2a - b) | Ax, - Ax*|?
+ 1222 — 1) | Bayu ~ Box®* | + p1a(2B1 — 1) | Busaw — Bry* |
< (o + )L+ ) [Mn 0t = 2) | Ay — A |
+ 12(2B2 — 142) | Boyu — Box™ H2 + n1(2B1 — 1) || Brtn — Bry* ”2]

| —x*”2 = ||zn —x*||2 + V| % —x"”2 +Cn + (1 + y) | f () —x*||2

IA

< (|t = 2| + 20 = 2| 1960 = 2l + Y[ 20 = 2> + € + @01+ 7 [f ) — %[

Since &, - 0, ¥, = 0, ¢, — 0 and ||x,, — z,,|| = 0, from the boundedness of {x,,} and {z,}

we obtain that
lim |Ax, — Ax*| = lim |Byy, — Box™|| = lim || Biu, — Biy*| = 0. (3.9)
n—00 n—00 n—00

Step 4. lim,,_, o |2, — ¥l = 0.
Indeed, utilizing Proposition 2.1(iii), we deduce from (3.1) that

”y,, —x* H2 = ”Pc(x,, - MAx,) — Pc(x* - A,,Ax*) ”2

< (%0 = 2nAxy) — (5" = 2uAX*), y — &%)

=l 42+
- ” (x” _x*) - )‘n(Axn —Ax*) — (yn _x*) ”2]

IA

1
o Ll = =" = 65 = ) = (A~ 457) ]

1
o L= =" |7 = = 3l + 20 = 3 At — Ax")

i3 Ax, - Ax|]

1
< Sl -2 I+ Jom = 2] * = 120 = 3l + 20012 — 3l | Asx,, = Ax ]
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Thus,

Iy =2 |” < 20 = #|)* = 120 = 3l + 20012 — 3l | Ases — Ax* . (3.10)

Similarly to the above argument, utilizing Proposition 2.1(iii), we conclude from u,

Pc(yn — n2Boy,) that

ot -7
= | Pc(n = naBay) = Pe(x" = paBox”) |
< ((n = 12Bayn) = (x* = 2Box™), uy — 5°)
2l ol ) P+
| = ) = 2 (Boy = Box®) = (un = ) ]

< Sl ="+ ot =" [* = 0 = 02) = o (Bay = Box”) = (" = y") ]

[l =%+ ot = 5* | = 9 = wn = (6" = 57)

NI o) =

2],

+ 20(yn — 1y — (8% = ¥*), Boyn — Box™) — 3| Boyn — Box™|

that is,
it =5 > < [ =2 = | = 0 = (" =57 |
+ 2042 ||y — tn — (6% = y*)|| | Bayn — Bax*|). (3.11)
Substituting (3.10) in (3.11), we have
=5
< [t =" | = Wt = 9ll? + 20— il | A — A"
(3.12)

=t = (" =3+ 20823 = 10 = (" = 3) || | Boya — Borc*||.

Similarly to the above argument, utilizing Proposition 2.1(iii), we conclude from v, =

Pc(u, — u1Bruy,) that
v -
= | Pelitn — tBrn) - Pe(y* - uBwy*) |
< ((n — paByuay) = (y* = 1 Bry*), vy — x¥)
= Sl = 1 (Bus = By |+ [ ="
= [ (4 =5") = 11 (Bustn = Biy*) = (v =5 ]

1
< Sl =517 v =1 = [t =) = g1 (Buawn = Bry') = (" =) ']
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1 * * * *
= Sl =y I+ v =2 = st = v = (" = 27)]

2]’

+ 2401 (uy = vy = (v = &), Bity = Biy*) = 113 | Buw, = Bry*|

that is,
v =217 < Jw = 5* | = 1t = v = " =) |
+ 201 ||u,, -V, - (y* —x*) || ||Blun - By* H (3.13)
Substituting (3.12) in (3.13), we have
v =% |* < oen =% |* = 120 = 91 + 26 — gl | Ay — A
= st = (5" =) | + 2000y = w0 = (6" = *) | | Boyn - Bos*|
Nt = v+ (& =)+ 2000t = v+ (6" = 5) | | Busw - Bry* .
This together with (3.4) and (3.8) implies that
2 - 2|
< (1= o = ) |0 = |* + (e + m{u + ) |f () — ||
+ | Pe[Pen - maBoyn) = uBiPc(yy — 1aBoya)] - x* ] + MU":"V }
< (1= = )| = |* + (e + w){u + )| f(n) — 2|
= P = 120 = 91 + 2 16 = gl Ay — Ax¥|
Ny =t = (" = ") | + 20207 = w0 = (6 = 5*) | | Bayn — Bos*|
Nt = vt (" = )|+ 200 = v+ (" = ) || Buoaw = Buy* || + m}

<l =2 |+ v 2w = 2| + €0 + a0+ 7)) [f ) — 2%
205 g sl A5 sl <) B 5|
+ e = v (& =) [ | Bt = By [ ] = Gt + vi) @+ y) [l = yal”

R | B A s Al 't (314)

So, we have
(e + )+ v 120 =yl + [ = 2t = (&% =) |* + [t = v + (5% =) ]
< (o + )@+ v 120 =yl + = 10 = (" =3 [* # ot = v+ (" =5) ]
< [ = |* = 2 =+ vl = 2 + €+ ctn(L o v) [ o) = 2%
+2(1+ J/n)[)\n”xn = Inll ”Axn — Ax* ” ) ”yn — Uy — (x* —J’*) ” HBZyn — Byx” “

el + (5" =) | Bty By


http://www.fixedpointtheoryandapplications.com/content/2013/1/313

Ceng et al. Fixed Point Theory and Applications 2013, 2013:313
http://www.fixedpointtheoryandapplications.com/content/2013/1/313

= (”xn —x ” + “Zn —-x" ”)”xn = Zull + Vu ”xn —-x* ”2 +Cp + a1+ Vn)”f(xn) —x ”2
+2(1+ Vn)[)\n”xn = Iull ”Axn - Ax* ” + U2 ”yn —Up — (x* _y*) ” HB2yn — Byx™ H

+ s = vt (" =57 [ | Broan = Biy” | ]

Since ay, > 0, ¥, = 0, ¢, = O, |lx, — z,4|| = O, ||Ax,, — Ax*|| = O, ||Byy, — Box™|| — 0 and
|| B2, — B1y*|| — 0, from the boundedness of {x,}, {y,} and {z,} we obtain that

Jim 5 = yall = im [y, =y = (6" = 57) | = lim [y v, + (2" = 57) | =0,

and hence
lim ||y, —v,| = lim [lx, —v,| = 0. (3.15)
n— 00 n—00

Step 5. limy— o0 [|% — L4 || = limy— o0 ||, — Sx, || = 0.
Indeed, it follows from (3.1) that

12— yull < an“f(xn) _yn” + (1= a)llve = yull San”f(xn) _yn” + 1V = yull-

Since @, — 0 and ||v, — y,|| = 0O, from the boundedness of {x,} and {y,} we know that
It = yull = 0 as n — oco. Also, from |lx, — .|| < llx, = Yull + 110 — Lall we also have ||x, —
t,|l = 0.Since z,, = (1 — ty, — V)% + ity + v,8"t,, we have v, (S"t, — £,) = (1 =, — v,) (&, —
%,) + (z, — t,). Then
o ||8"ts = tu| < vuS"tn - tu
< (L= py —v)lltn = x4l + 125 — L4l
< (A= pn = v)lltn —xull + 120 — Xull + %0 — L4l

=< 2||tn _xn” + ”Zn _xn”’
and hence ||, — 8"¢,|| — 0. Furthermore, observe that
%6 = 8% || < lotn = tull + Nt = S"tull + || S™tn — S (3.16)

Utilizing Lemma 2.6, we have

1
”Sntn _Snxn” = (K”tn =%l +\/(1+ (I_K)yn)”tn — x|l + (I_K)Cn)

T 1-k«
for every n =1,2,.... Hence it follows from |x, —t,|| — O that ||S"¢, — S"x,|| — 0. Thus
from (3.16) and ||¢, — S"¢,|| — O we get |lx, — S"x,|| — 0. Since |[x,,1 — x4]| = O, ||x, —
S§"%4|| = 0 as m — oo and § is uniformly continuous, we obtain from Lemma 2.7 that
[, — Sx,. || = 0 as n — o0.

Step 6. w,({x,}) C Fix(S) N & N VI(C, A).

Indeed, by the boundedness of {x,}, we know that w, ({x,}) # @. Take x € w,,({x,}) arbi-
trarily. Then there exists a subsequence {x,,} of {x,} such that {x,,} converges weakly to X.
We can assert that x € Fix(S)N & NVI(C, A). First, note that S is uniformly continuous and
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I, — Sx, || — 0. Hence it is easy to see that ||x,, — S”x,|| — 0 for all m > 1. By Lemma 2.8,
we obtain x € Fix(S). Now let us show that x € =Z. We note that

| - G|
< a,|f(xa) - G(t) |
+ (1= )| Pc[Pc(yn — 112B2yn) = 11 BIPc(yn — aBayn)] — G|
= oty |[f () = Gt | + (1 - )| GOr) — G (&) |
< o |[f (%) = Gtn) | + (1 = ) llyn = £l — 0. (317)

Since x,,, — % and ||x, — t,,|| — 0, it follows that ¢,, — X. Thus, according to Lemma 2.1 we
getx € &. Furthermore, we show x € VI(C, A). Since x,, -y, — 0 and x,, — t, — 0, we have

Yn; — X and t,, — . Let

Av+Ncv ifveC,
Y ifve C,

V=

where Ncv is the normal cone to C at v € C. We have already mentioned that in this case
the mapping T is maximal monotone, and 0 € 7v if and only if v € VI(C, A); see [36] for
more details. Let Gph(T) be the graph of T, and let (v, w) € Gph(T). Then we have w €
Tv = Av + N¢v, and hence w — Av € N¢v. So, we have (v —t,w — Av) > 0 for all £ € C. On
the other hand, from y, = Pc(x, — A,Ax,) and v € C we have

(xn - )\nAxn _yn:yn - V) Z O;
and hence

-x
<v—yn,)% +Ax,,>z 0.
n

Therefore, from (v —t,w—Av) > 0 for all £ € C and y,, € C, we have

(V= W) = (V= yp;, Av)

Yng = %n;
on

i

> (V= Yu,, Av) —<V—yni, +Axni>

Yni —Xn;
[

i

= (V=Y AV = Ayy;) + (V= Yujp AV, — Ax;) — <V_9’m’
Yng = %Xn;
> V= Yupp AV =A%) =V = Yny» .
Yo

Thus, we obtain (v — X,w) > 0 as i — o0. Since T is maximal monotone, we have x €
T710 and hence % € VI(C, A). Consequently, & € Fix(S) N & N VI(C, A). This implies that
wy({x,}) C Fix(S) N & N VI(C, A).

Step 7. x, = g = Prix(s)nznvi(C,a)X-
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Indeed, from q = Prix(s)nznvic.a)X, £ € Fix(S) N & N VI(C,A) and (3.7), we have

llg ==l < lI% - x|l <liminf [lx,, — x| <limsup [lx,, - x| < llg - x|
i—00 i—00

So, we obtain
lim [, — x| = I — x|
1—> 00

Fromx,, —x — ¥—x we have x,, —-x — X—x due to the Kadec-Klee property of a real Hilbert
space [29]. So, it is clear that x,, — &. Since x, = Pg,x and g € Fix(S) N & N VI(C,A) C
C,NQ, C Q,, we have

~11q = %, II* = (G = Xyp X, — %) + (G — Xy X — @) > (@ = Xy X — ).

Asi— 00, we obtain —||g—%||* > (g —&,x—q) > 0 by g = Prixsnznvi(c.4)¥ and & € Fix(S) N
E NVI(C,A). Hence we have X = . This implies that x,, — g. It is easy to see thaty, — ¢
and z, — ¢. This completes the proof. O

4 Weak convergence theorem

In this section, we prove a new weak convergence theorem by the hybrid extragradient-
like method for finding a common element of the solution set of VIP (1.1), the solution set
of GSVI (1.8) and the fixed point set of a uniformly continuous asymptotically « -strictly

pseudocontractive mapping S: C — C in the intermediate sense.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A : C — H be a-inverse strongly monotone, let B; : C — H be B;-inverse strongly monotone
fori=1,2,letf : C — Cbea p-contraction with p € [0,1),andlet S : C — C be a uniformly
continuous asymptotically « -strictly pseudocontractive mapping in the intermediate sense
with sequence {y,} such that Fix(S) N & N VI(C, A) is nonempty and bounded. Let {y,} and
{cu} be defined as in (1.6). Let {x,} and {y,} be the sequences generated by

x1=x€ C chosen arbitrarily,
Vn = Pc(xy — LuAxy),
tw = apf (%) + (1 = a)Pc[Pc(yn — 2Bayn) — p1BiPc(yn — 2Bayn),

Xp+l = (]- - MUn — vn)xn + Unly + vnSntm

(4.1)

where ; € (0,28;) for i =1,2, {1} is a sequence in (0,2a) and {a,}, {i,}, {v,} are three
sequences in [0,1] such that u, + v, <1 for all n > 1. Assume that the following conditions
hold:
(i) Y02y <005

(ii) {ru} C la,b] for some a,b € (0,2w);

(il) Y0 cp<00and y ooy yu < 00;

(iv) and foralln>1,« < u,, 0 <v, and p, + v, < c for some c,o € (0,1).
Then the sequences {x,} and {y,} converge weakly to an element of Fix(S) N & N VI(C,A).
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Proof First of all, take x* € Fix(S) N & N VI(C,A) arbitrarily. Then, repeating the same
arguments as in (3.3) and (3.5), we deduce from (4.1) that

[ = < flen =] (42)

and

) _ 4k ]12
e e R e @3)

Repeating the same arguments as in (3.6), we can obtain that

k) _ 4|2
[otnst =2 < ot =5 + v 00 — | + Lt ) L =E
1-p
2
= 1+ ) %, - &* 2+an(1+yn)w rey (4.4)
oo ] -

Since Y 2, a, <00, Y o ¢y <ooand Yoo ¥y < 00 it follows that

Z{an(l + Vn)w +Cn} < OQ.

n=1

So, by Lemma 2.10 we know that
lim ”x,, —x* H exists for all x* € Fix(S) N & N VI(C,A).
n— 00

This implies that {x,} is bounded and hence {¢,}, {y,} are bounded due to (4.2) and (4.3).
Repeating the same arguments as in (3.8), we can conclude that

|1 =% % < [0 =2 + 7w =% + €+ a0+ v) [f @) =27
— (ttn + V)L + Y) [ Qex = ) || Ay — Ax*|)?

+ 12 (2Bs = 112) [ Bay = Box® |+ 112y — o) | Buy - By [*], - (45)
which hence implies that

(kc + )1+ p)[a2a - b) | Ax, - Ax*|?
+ 12282 — 1) Boy — Box*|* + 11 (21 — 1) | Bt - Biy*|*]
< (o + )L+ 1) [Mn 0t = ) | Ak — A |
+ 12(2B — 142) | Boyu — Box™ H2 + (281 — 1) || Brtn — Bry* ”2]

< [t =2 * = [mar = 2| + 2w =% + o+ a0+ y) [ ) — 2|

Since o, — 0, ¥, — 0, ¢, — 0 and lim,,_, o, ||x, — x™|| exists, from the boundedness of {x,}
we conclude that

lim |Ax, — Ax*| = lim | Byy, — Box*|| = lim || Biu, — Biy*|| = 0. (4.6)

n—00
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Repeating the same arguments as in (3.14), we can conclude that

[ - 2**
< Jan =2 + yio0n = | + o+ L+ y) [ ) — 2|
201+ ¥) (Aol = il [ A — A + g1 [y — 10 — (& = 57) | | Bays — Box*|
101t = v+ (6 = ) | | Brstn = Biy*|| ] = G + 0n) @+ ¥) [0 = 3l

R G | DA A e ol
which hence implies that

(i + )1+ 7)1 = 9l + [0 = 00 = (" = 3*) |2+ [0 = v + (&* = 5°) "]
<t + V)4 7)1 = 9l + [ = = (& =97 [+ ot = v + (5 =) ]
< ot =2 [” = Jotw =" vl =2+ 0+ ctnL v [ ) =7
201+ ¥) Aol = 9l [ A — A + g [y — 10 — (2 = ) | | Bays — Box*|
1 [sn = v+ (6" =) [ [ Braew — Bry*|]-

Since oy —> Or Yn —> 0! Cp —> O» ”Axn _Ax*” — 01 ”BZyn _BZx*” - 01 ”Blun _Bly*” —-0

and lim,,_, ||, — x*| exists, from the boundedness of {x,} and {y,} we obtain that

Jim =yl = lim [y =0 = (5" =57) | = lim [, = v+ (" =y7) [ =0,

and hence
lim ||y, —v,| = lim [lx, —v,[ = 0. (4.7)
n— 00 n—00

On the other hand, it follows from (4.1) that

12 = yull < an”f(xn) —yn” + (L= )V = yull San“f(xn) _yn“ + Vi = Yl

Since a, — 0 and ||v, — y4|| = 0, from the boundedness of {x,} and {y,} we know that
Ity = yull = 0 as n — oo. Also, from ||x, — £,|| < 1% — Yull + |¥n — tull we also have ||x, —
tq|| — 0. Repeating the same arguments as in (3.6), we have

s =
= || Q- - v,,)(x,, —x*) + uy,(t,, —x*) + v,,(S”t,, —x*) ||2
2
=1 -y —vy) ||x,, —x* ||2 + (o +vy) Hon (t,, —x*) + D (S”t,, —x*)
Wy + Vy Mn + Vy
% v 2
= (1= =) (o + Vi) —n(tn —Xn) + - (Sntn _xn)
n n /’l’n + v}’l
; 2
= (1= = vp) |00 —x* ||2 + (L + V) Ho (tn —x*) + —— (8"t — x%)
Mn + Vy MU+ Vy
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2

- (1 - Mn— Vn)(/J«n + Vn) (xn+1 _xn)

n n

)Ilf(x*) - x|

5Hx,,—x*”2+y,,||xn—x*H2+an(l+y -

(L= py —vy) 2
+Cy— ||xn+1 _xn” )
Mo + Vy

which hence implies that

(1-¢)
— [I%ns1 —xnllz

(1= —vu)
< " i1 —
Un + Vy

)Ilf(x*) -t s
1-

< Jon = I = =27+ vl =2 [ 4 e+ 3

Since lim,,, o ||, —x*|| exists, &, — 0, ¥, = 0, ¢, — 0 and the sequence {x,} is bounded,

we obtain that
lim %41 — x4 = 0.
n—0o0

Also, since x,,,1 = (1 = 4y, — V)X, + ity + v,8"t,, we have v, (S"t, — £,) = (1 = 0y, — V) (&, —
%) + (X401 — t,). Then

o ||S"tn — tu

IA

575

IA

(L= pn = v)lltn = Zull + %041 — L0l
< A= pn = v)lltn = %ull + 1% — 2l + oy — L4l

<201ty = xull + %ns1 = %nll,
and hence ||t, — S"t,|| — 0. Furthermore, observe that
%6 = 8" || < otn = tull + ||t = S™t || + || S"8s — "% . (4.8)

Utilizing Lemma 2.6, we have

1
”Sntn - 8"y H = (K”tn — %l + \/(1 +(1 _K)yn)”tn — x|+ (1 _K)Cn)

T 1-«
for every n =1,2,.... Hence it follows from |x, —t,|| — O that ||S"¢, — S"x,|| — 0. Thus
from (4.8) and ||t, — S"t,|| — O we get ||x, — S"x,|| — 0. Since ||x,41 — x| = 0, |lx, —
S§"x4|| = 0 as m — oo and § is uniformly continuous, we obtain from Lemma 2.7 that
[, — Sx,. || = 0 as n — o0.

Further, repeating the same arguments as in the proof of Theorem 3.1, we can derive that
ww({x,}) C Fix(S)NENVI(C,A). Utilizing Lemma 2.11, from the existence of lim,,_, o ||, —
x*|| for each x* € Fix(S) N & N VI(C, A), we infer that {x,} converges weakly to an element
x € Fix(S) N & N VI(C, A). Since |x, — y,|| = 0 as n — 00, it is clear that {y,} converges
weakly to & € Fix(S) N & N VI(C, A). O
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In the following, we present a numerical example to illustrate how Theorem 4.1 works.

Example 4.1 Let H = R? with the inner product (-, -) and the norm || - || which are defined
by

(0y)=ac+bd and x| = Va2 +b?

forallx,y € R withx = (a,b) and y = (c,d). Let C = {(a, a) : a € R}. Clearly, C is a nonempty
closed convex subset of a real Hilbert space H = R?. Let A : C — H be a-inverse strongly
monotone, let B; : C — H be f;-inverse strongly monotone fori =1,2,letf : C — Cbea p-
contraction with p € [0,1), and let S: C — C be a uniformly continuous asymptotically « -
strictly pseudocontractive mapping in the intermediate sense with sequence {y, } such that

i

Fix(S) N & N VI(C, A) is nonempty bounded; for instance, putting A = |:
1 21
3:| andf=:S= |:i g].ltiseasyto see that ||A| =

]32_15[
3 66

ISI=11fll =3 ||S|| 2, and that A is a-inverse strongly monotone witho = 3, L that B; and

[STCRSY[CH]
GIw o
[ETSESIN)

B =1-A= |:

= i I
e

B, are %—inverse strongly monotone, f is a %—contractlon, S is a nonexpansive mapping,

i.e., a uniformly continuous asymptotically O-strictly pseudocontractive mapping in the
intermediate sense with sequences {y,} (y, = 0) and {c,} (¢, = 0). Moreover, it is clear
that Fix(S) = C, VI(C,A) = {0} and Z = C. Hence, Fix(S)N & N VI(C,A) = {0}. In this case,
from iterative scheme (4.1) in Theorem 4.1, we obtain that for any given x; € C,

In = Pc(xn — AnAxy) = (L= Xy)Xp,
=a,f (%) + (1 - ay)Pc — 1 B)Pc( — haB2)yu
= 50,5%, + (1 — )Pl = paB1)Pc(I = 12 Bo) (1 = M)y
= Sy + (1= ) Pel = 11 B)(1 = Ay
= Loy, + (1= o)1 - 1),
=[S+ (1= )1 = A)]%,
Knil = (L= oy = V)% + by + 0, 58"t
= (1= ftn — vu)%n + in[3on + (1= )1 = 1)),
+ vnS"[ oy + (L= a,)(1 = Ay)lxn
= {(L = ptn = ) + (i + V) [Fetn + (1= o)1 = 1)}
= [1= (i + ) (G + An(1 = @))%

Whenever Y 7, &, < 00, {A,} C [a,b] C (0,1), and {u,, + v} C [0,¢] C (0,1), we have

(e 1—(n + vi)

L an))]nxnn

(
(1

< | 1= (pn +vy) 5 w0y + Ay(1 _an))] B
1
= |1- (Mn + Vn))‘n 1- Ean B
i 1
= 1_04(1— Ean>i|”xn”

Page 23 of 25
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1
=< llxall eXP{—Ga<1 - Ean) }

n

< |lx,|l expy —noa + EcmZai
i=1

— 0 asun— oo.

This shows that {x,} converges to the unique element 0 of Fix(S) N & N VI(C, A). Note that
as 1 — 00,

%0 = yull = Anll%nll < [l ]l — O.

Hence, {y,} also converges to the unique element 0 of Fix(S) N & N VI(C, A).
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