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1 Introduction
The split feasibility problem (SFP) in finite dimensional Hilbert spaces was first introduced
by Censor and Elfving [1] for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction. Since then, the split feasibility problem (SFP) has
received much attention due to its applications in signal processing, image reconstruction,
with particular progress in intensity-modulated radiation therapy, approximation theory,
control theory, biomedical engineering, communications, and geophysics. For examples,
one can refer to [1-5] and related literature. Since then, many researchers have studied
(SFP) in finite dimensional or infinite dimensional Hilbert spaces. For example, one can
see [2, 6-19].

A special case of problem (SFP) is the convexly constrained linear inverse problem in

the finite dimensional Hilbert space [20]:

(CLIP) Find ¥ € C such that Ax = b, where b € H,,
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which has extensively been investigated by using the Landweber iterative method [21]
Kus1 =%y + AT (b—Ax,), meN.

In 2002, Byrne [2] first introduced the so-called CQ algorithm which generates a se-
quence {x,} by the following recursive procedure:

Xnil = PC(xn - pnA*(I —PQ)AQC,,,), (1)

where the stepsize p, is chosen in the interval (0,2/[|A||?), and P¢ and P are the metric
projections onto C € R” and Q € R, respectively. Compared with Censor and Elfving’s
algorithm [1] where the matrix inverse A is involved, the CQ algorithm (1) seems more
easily executed since it only deals with metric projections with no need to compute matrix
inverses.

In 2010, Xu [12] modified Byrne’s CQ algorithm and proved the weak convergence the-
orem in infinite Hilbert spaces for their modified algorithm.

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner
product (-, -) and the norm || - ||. A mapping T : C — H is said to be nonexpansive if || Tx —
Ty|| < |lx—y| for all x,y € C; T is said to be a quasi-nonexpansive mapping if Fix(T) # ¢
and || Tx — y|| < ||lx — y|| for all x € C and y € Fix(T), we denote by Fix(T) = {x € C: Tx = x}
the set of fixed points of T. A : C — H is called strongly positive if

(x,Ax) > a|x]|?, VxeC.

Let f be a contraction on H and {«,} be a sequence in [0,1]. In 2004, Xu [22] proved
that under some condition on {«,}, the sequence {x,} generated by

Kpa1 = Ofxy, + (L —a,) Ty,
strongly converges to x* in Fix(T"), which is the unique solution of the variational inequality
((I —f)x*,x—x*) >0

for all x € Fix(T).
Xu [23] also studied the following minimization problem over the set of fixed points of
a nonexpansive operator 7 on a real Hilbert space H:

o1
min —(

Bx,x) — (a,x),
xeFix(T) 2

where a is a given point in H and B is a strongly positive bounded linear operator on H.
In [23], Xu proved that the sequence {x,} defined by the following iterative method

Xpe1 = ([ — a,B)Tx, + a,a

converges strongly to the unique solution of the minimization problem of a quadratic func-
tion. In [24], Marino et al. considered the following iterative method:

Xn+l = an)’fxn + ([ - a,A)Tx,. (2)
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They proved that the sequence generated by (2) converges strongly to the fixed point x*
of T which solves the following:

(A-yfxx—x")=0

for all x € Fix(T). For some more related works, see [25-27] and the references therein.
In this paper, we establish a strong convergence theorem for hierarchical problems, an
equivalent relation between a multiple sets split feasibility problem and a fixed point prob-
lem. As applications of our results, we study the solution of mathematical programming
with fixed point and multiple sets split feasibility constraints, mathematical programming
with fixed point and multiple sets split equilibrium constraints, mathematical program-
ming with fixed point and split feasibility constraints, mathematical programming with
fixed point and split equilibrium constraints, minimum solution of fixed point and mul-
tiple sets split feasibility problems, minimum norm solution of fixed point and multiple
sets split equilibrium problems, quadratic function programming with fixed point and
multiple set split feasibility constraints, mathematical programming with fixed point and
multiple set split feasibility inclusions constraints, mathematical programming with fixed

point and split minimax constraints.

2 Preliminaries

Throughout this paper, let N be the set of positive integers and let R be the set of real num-
bers, H be a (real) Hilbert space with the inner product (-, -) and the norm || - ||, respectively,
and let C be a nonempty closed convex subset of H. We denote the strong convergence
and the weak convergence of {x,} to x € H by x, — x and x, — x, respectively. For each
x,y € H and A € [0,1], we have

2
[ A+ @=2)y|” = Allell? + (@ = 2 ylI? = A0 = W) lx = y]1%.
Hence, we also have
2w =y,u—v) = lle=vI® + lly = ul® - o~ ul® - lly - vI|* 3)

forall x,y,u,ve H.
For & > 0, a mapping A : H — H is called a-inverse-strongly monotone («-ism) if

(x—y,Ax — Ay) > a||Ax — Ay||*>, Vx,yeH.

If 0 <X <2a,A:H — H is an a-inverse-strongly monotone mapping, then / —AA: H —

H is nonexpansive. A mapping 7 : C — H is said to be a firmly nonexpansive mapping if
2
1T = Ty < llx = y11* = U = T)x— I = Ty

for every x,y € C. Let T : C — H be a mapping. Then p € C is called an asymptotic fixed
point of T [28] if there exists {x,}  C such that x,, — p, and lim,_,  ||x, — Tx,|| = 0. We
denote by F (T) the set of asymptotic fixed points of T'. A mapping T : C — H is said to be
demiclosed if it satisfies F(T) = F(T). A nonlinear operator V : H — H is called strongly
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monotone if there exists y > 0 such that (x —y, Vx— V) > 7 |lx—y|? forallx,y € H. Such V
is also called y -strongly monotone. A nonlinear operator V : H — H is called Lipschitzian
continuous if there exists L > 0 such that ||Vx — Vy|| < L||x — y|| for all x,y € H. Such V is
also called L-Lipschitzian continuous.

Let B be a mapping of H into 2. The effective domain of B is denoted by D(B), that is,
D(B) = {x € H : Bx ##}. A multi-valued mapping B is said to be a monotone operator on
H if (x —y,u —v) >0 for all v,y € D(B), u € Bx, and v € By. A monotone operator B on
H is said to be maximal if its graph is not properly contained in the graph of any other
monotone operator on H. For a maximal monotone operator B on H and r > 0, we may
define a single-valued operator J, = (I + ¥rB)™' : H — D(B), which is called the resolvent of
Bforr,andlet B'0 = {x € H:0 € Bx}.

The following lemmas are needed in this paper.

Lemma 2.1 [29] Let H; and H, be two real Hilbert spaces, A : H — Hy be a bounded

linear operator, and A* be the adjoint of A. Let C be a nonempty closed convex subset of Hy,

and let G : Hy — H, be a firmly nonexpansive mapping. Then A*(I — G)A is a —L-ism,

llA]2
that is,
1
e |A*(I - G)Ax - A*(I - G)Ay|* < (x - 3, A*(I - G)Ax — A*(I - G)Ay)
forall x,y € Hy.

Lemma 2.2 [30] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : H — H be a firmly nonexpansive mapping. Suppose that Fix(G) # ). Then (x — Gx, Gx —
w) > 0 for each x € H and each w € Fix(G).

A mapping T : H — H is said to be averaged if T = (1 — )] + aS, where o € (0,1) and S :

H — H is a nonexpansive mapping. In this case, we also say that T is «-averaged. A firmly

nonexpansive mapping is %-averaged.
Lemma 2.3 [31] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let T : C — C be a mapping. Then the following are satisfied:

(i

(ii) IfS is v-ism, then for y >0, ySis v/y-ism.

T is nonexpansive if and only if the complement (I — T) is 1/2-ism.

)
)
(iii) S is averaged if and only if the complement I — S is v-ism for some v > 1/2.
(iv) IfS and T are both averaged, then the product (composite) ST is averaged.
)

(v) If the mappings {T;}!, are averaged and have a common fixed point, then
m?ﬂ FIX(T,) = FlX(Tl s T,,)

Lin and Takahashi [39] gave the following results in a Hilbert spaces.

Lemma 2.4 [32] Let Pc be the metric projection of H onto C, and let V be a y-strongly
monotone and L-Lipschitzian continuous operator with y >0 and L > 0. Let t > 0 satisfy
2y > tL? and 1> 2ty . Then we know that

z=Pc(I-tV)z & (Vz,y-2)>0 <& z=Pc(I-V)z

Such z € C exists always and is unique.
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By Lemma 2.4, we have the following lemma.

Lemma 2.5 Let V : H — H be a y-strongly monotone and L-Lipschitzian continuous op-
erator with ¥ >0 and L > 0. Let 6 € H and V : H — H such that Vix = Vx — 0. Then V is
a y -strongly monotone and L-Lipschitzian continuous mapping. Furthermore, there exists
a unique fixed point zo in C satisfying zo = Pc(zo — Vzo + 0). This point zy € C is also a

unique solution of the hierarchical variational inequality
(Vzo—0,9—-20) >0, VgeC.

Lemma 2.6 [33] Let B be a maximal monotone mapping on H. Let ], be the resolvent of B
defined by J, = (I + rB)™! for each r > 0. Then the following hold:

(i) Foreachr >0, ], is single-valued and firmly nonexpansive;

(ii) Foreachr>0,D(],) = H and Fix(J,) = {x € D(B) : 0 € Bx};

Lemma 2.7 [33] Let B be a maximal monotone mapping on H. Let ], be the resolvent of B
defined by J, = (I + rB)™ for each r > 0. Then the following holds:

s—t 2
— Usx = Jox, Jsx — x) = || Jsx = Jex||

foralls,t >0 andx € H. In particular,

|s -t
Wex = Jexll = —— s -

foralls,t>0andx € H.

Let o, B € R, T be a generalized hybrid mapping [34] if || Tx — Ty||® + (1 - ) | Ty —x||® <
BlITx - y|I> + (1 - B)llx — y||* for all x,y € C.

Lemma 2.8 [35] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — H be a generalized hybrid mapping, then F(T) = E(T).

Remark 2.1 If T is a generalized hybrid mapping with Fix(T') # #. By the definition of T
and Lemma 2.8, we have that T is a quasi-nonexpansive mapping with F(T) = F (7).

Lemma 2.9 [36] Let {a,} be a sequence of real numbers such that there exists a subse-
quence {n;} of {n} such that a,, < a,.. for all i € N. Then there exists a nondecreasing
sequence {my} S N such that m; — oo and the following properties are satisfied for all
(sufficiently large) numbers k € N:

Ay < A1 ANA - A < Ay 1.
In fact, my = max{j < k:a; < aj,1}.

Lemma 2.10 [37] Let {a,},en be a sequence of nonnegative real numbers, {a,} be a se-
quence of real numbers in [0,1] with Y ., o, = 00, {u,} be a sequence of nonnegative real
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numbers with Y -, u, < 00, {t,} be a sequence of real numbers with limsupt, < 0. Suppose

that a, < (1—ay)ay, + ayt, + u, for each n € N. Then lim,,_, o a,, = 0.

We know that the equilibrium problem is to find z € C such that
(EP) g(z,y) >0 foreachyeC,

where g: C x C — R is a bifunction. This problem includes fixed point problems, opti-
mization problems, variational inequality problems, Nash equilibrium problems, minimax
inequalities, and saddle point problems as special cases. (For examples, one can see [38]
and related literatures.)

The solution set of equilibrium problem (EP) is denoted by EP(g). For solving the equi-
librium problem, let us assume that the bifunction g: C x C — R satisfies the following
conditions:

(A1) g(x,x) =0 foreachx € C;

(A2) gis monotone, i.e., g(x,y) + g(y,x) <0 for any x,y € C;

(A3) foreachx,y,ze€ C, lim; o g(tz + (1 - t)x,y) < g(x,9);

(A4) for each x € C, the scalar function y — g(x, y) is convex and lower semicontinuous.

We have the following result from Blum and Oettli [38].

Theorem 2.1 [38] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
g:C x C — R be a bifunction which satisfies conditions (Al)-(A4). Then, for each r > 0
and each x € H, there exists z € C such that

1
gyt {y-2zz-x)=0
forallyeC.

In 2005, Combettes and Hirstoaga [39] established the following important properties

of a resolvent operator.

Theorem 2.2 [39] Let C be a nonempty closed convex subset of a real Hilbert space H, and
letg : C x C — R beafunction satisfying conditions (A1)-(A4). Forr > 0, define Ts : H — C
by

1
Téx = {zeC:g(z,y)+ —(y—2z,z-x) zO,VyeC}
r

forall x € H. Then the following hold:
(i) T? is single-valued;
(ii) T¢ is firmly nonexpansive, that is, | Tex — Tsy||> < (x —y, Tsx — T%y) for all x,y € H;
(ili) (xeH:Téx=x)={xe C:g(x,y) >0,¥ye C};
(iv) {xe C:g(x,y) > 0,Vy € C} is a closed and convex subset of C.

We call such T7 the resolvent of g for r > 0.
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3 Convergence theorems of hierarchical problems
Let H be a real Hilbert space, and let I be an identity mapping on H, C be a nonempty
closed convex subset of H. For each i = 1,2, let x; > 0 and let B; be a «;-inverse-strongly
monotone mapping of C into H. Let G; be a maximal monotone mapping on H such that
the domain of G; is included in C foreach i=1,2. Let J; = (I + AG;) ' and T, = (I + rGy)™!
foreach A >0 and r > 0. Let {§,,} C H be a sequence. Let V be a y-strongly monotone and
L-Lipschitzian continuous operator with y > 0 and L > 0. Throughout this paper, we use
these notations and assumptions unless specified otherwise.

The following strong convergence theorem for hierarchical problems is one of our main

results of this paper.

Theorem 3.1 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(T) such
that F(T) N (By + G1)™10 N (B, + Go) 710 # . Take uu € R as follows:

Let {x,} C H be defined by

x1 € C chosen arbitrarily,

In :/,\n - )\nBl)Trn (I = ryBy)xy,

$n = Tyn,

Xns1 = Qpn + (1= 0n) (Bubn + (L= B V)sn)

(3.1)

foreach n €N, {iA,} C (0,00), {e,,} C (0,1), {B4} C (0,1), and {r,} C (0,00). Assume that:
(i) 0 <liminfy,_ o 0ty <limsup,_, o, o0, < 1;
(i) lim,— o0 By =0, and Y -, Bu = 00;
(iii) 0<a<i,<b<2ki,and0<a <r, <b<2ky;
(iv) lim,— o060, =0 for some 6 € H.
Then 1im,,_, oo X, = X, Where X = Prix(1)n(8,+Gy)-10n(By+Gy)-10(X — V& + 0). This point X is also
a unique solution of the following hierarchical variational inequality:

(Vi—0,g-%) >0, VYqeFix(T)N (B, + G0N By +Gy) 0.

Proof Take any x € Fix(T) N (B; + G1)'0 N (B, + G,) ™10 and let x be fixed. Then x = J;, (I —
AnBi)x and x = T}, (I — r,By)x. Let u,, = T,, (I — r,By)x,. For each n € N, we have

Nl — XI|>
= | T, (T = ruBo)x — T, (L = 1, By
< || @ = &) = 1Byt — Bo) |
< llotn = %> = 27 (% — X, Baxty — Ba) + r22|| Box — B>
< 1%, — &[> = 272 | Bay — BoI|* + 15| Baxy — Bo|®

<% _9_C||2 — (20 — 1) |1 Baxy, _327_C||2

< Ilx. — %1%, (4)


http://www.fixedpointtheoryandapplications.com/content/2013/1/283

Yu and Lin Fixed Point Theory and Applications 2013, 2013:283
http://www.fixedpointtheoryandapplications.com/content/2013/1/283

and

Iy — %[>
= T = 2Bt = Ji, (I = 2B
< [ Gty = %) = hon(Brttn - BiF)|°
< lttn = %> = 201ty — X, Byt — B1X) + A} || Buty — Bix||
< Nltbw = XII* = 20k | Butgy — Bix||> + AL || By — Bix||?
< Nt = XII* = An(2k1 = A) | Biey — Bi||>
< llun - X

< llon — ZII.
Since T is a quasi-nonexpansive mapping, we obtain that
lsn = %Il = 1 Tyn = %l < 1y — %I < Nty — %I < [l — XI|.
Let z, = 8,0, + (I — B,V)s,, we have that

lzn =%l = || Bubn + (I = B V)sn — %
< BallO = VEI + | (I = BuV) (s, =3

< BullOp = Vil + || (I = BuV)su = I - B V)Z|.
Putt =y — LZT“, we have that

|t = Vs — U - B V)|
= I8 = XII* = 2B (s — X, V3u — V&) + B | Vs, — V|
< lisu = ZlI* = 2B, 7 llsn — %> + B2L? ||, — |
< (1-2B47 + B3L?) lIsn - &I

1-2B,7 = Bu(L? 1 = BuL?))llsn — XI°

1-2B,7 + Bot?) lls, — %I

IA

(
(

IA

< (1= Bu)* s — X1
Since 1 - B,t > 0, we obtain that
1= BuV)su — (I = BaV)E| < (1= BuT) 120 — ZII.
We have from (7) and (8) that

20 = %Il < BullOn = VEI + 1 = BuT) %0 — X]|.

Page 8 of 31

(5)

(6)

7)

(8)

)
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Thus, we obtain from the definition of x,, and (9) that

I 1 — 2| = ”arzxn +(1- an)(ﬂnen +( = Bn V)S”) - 5C||
< by = & + (1= 00n) | (Ba + (I = B V)si) = 5

< gl = &l + (L= ) [Ball6 = VI + (L= Bu7) 60— #1]
6, - V&
< [1 _a- ot,,)ﬁnT]Hxn —x|| + B.(1 —Oty,)‘r”TJ

16, = VI }

< maX{ e, = I,
T

< max{||x, — x|, M},

16 =V
T

where M = max{ ,n € N}. By induction, we deduce

lloc, — %Il < max{|lx; — x|, M}.

This implies that the sequence {x,} is bounded. Furthermore, {,}, {z,}, {y,} and {s,} are
bounded.
By the definition of {x,}, we have that

KXn+l —Xp = OpXy + (1 - an)(,Bnen + (1 - ,Bn V)Sn) —Xn
=(1- an)[(ﬂngn + ([ = By V)Sn) _xn]

= (1_an)[/3n9n _ﬂn‘/sn + Sy _xn]- (10)
By (10), we have that

(xVH-l — Xy Xy _9_6)
= ((1 - an)[ﬁnen - ﬂn‘/sn +Su— xn]:xn _~7_C>

= (1 - 0[,,),3,, <9n:xn _9_C> - (1 - an)ﬂn(‘/sn:xn _9_C> + (1 - an)<5n — X Xn _9_C> (11)
By (3) and (11), we have that

%1 = ZII* = [l = Z[I* = 6001 — %]l
=2(1 = ) Bulbns xn — X) = 2(1 = 0t) B { Vs X1 — X)

+ (L= an)[lsn = %> = 1%, = ZII* = I8 — %all*]. (12)
By (5) and (12), we have that

”xn+1 _~’_C||2 - ”xn _~’_C||2 - ”xn+1 _xn”Z
<2(1- an),Bn (62 — %) —2(1 - an),BrI(Vgnrxn —X)

— (L —ay)lisn _xnllz' (13)

Page 9 of 31
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By (10), we obtain that

2
141 — %

< (L= [Bullbs = Vsull + s — %l ]

= (L= an)?[BAIOn = V5ull® + sy = %all* + 2Bul10s = VSaullllsn — %4ll]- (14)
By (13) and (14), we have that

%1 = ZII = 12, — ZI|?
<2(1- an),Bn (62 — %) —2(1 - an)ﬁn(‘/smxn —X) —(L—ay)llsn _xn”2
+(1- Oln)z[/ﬁ”@n - V5n||2 + [I8n _xn”2 + 284160, — Vsullllsn _xn”]
<2(1- an)ﬂn (62 — %) —2(1 - an),Bn<Vgnrxn - %) — (L= a)a,lls, _xn||2
+(1- Ol,,)z[,BZHQ,,, - Vsn”Z + 284116, — Vsullllsn _xn”]'
Hence, we obtain that
ll%6241 _9_C||2 = llxx _9_C||2 + (1 —ay)alls, _xn”z
<2(1- ) B (O % — X) — 2(1 — aty) B (Vy, 2 — X)
+ (L= @) [BrllOn = Vaull® + 28,1105 = Vsull s — %l ]- (15)
We will divide the proof into two cases as follows.
Case 1: There exists a natural number N such that ||x,,.; — X|| < ||lx, — x| for each n > N.
So, lim,,_, , ||, — %|| exists. Hence, it follows from (15), (i), and (ii) that

lim ||s, — x| = 0. (16)
n— 00

By (14), (16), (i), and (ii), we have that

lim %41 — x4 = 0. 17)
We also have that
1z = sull < H,Bnen + (L= BuV)sn—$u ” < BullOn = Vsull. (18)

By (18), (iv), and (ii), we have that
lim ||z, — s, = 0. (19)
By (16) and (19), we have that

lim ||z, — x| = 0. (20)
n— 00
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By (10) and (6), we have that
l$n = &1 < Nt = %> < 6w — XII* = ra(202 = 70) | Botts — B>,
Therefore,

=12 =12 =12
rn(2K2_rn)||B2un_BZx” f”xn_x” _Hsn_x”

< 1% = sull (180 = &Il + ll6, — %[1).-
Thus, by (16), (21), and (iii), we have that
lim ||Byu,, — Bo¥|| = O.
n—0Q
Since T, is firmly nonexpansive, we have from (3) that

2l|uy — %I
= 2| T;,, (I = r,Bo)xy — T, (I - r,Bo)%|*
< 2wy — &, (I = r,B2)xy — (I - r,By)X)
<2(u, — %, %, — X) — 21, (U, — X, Box, — BoXx)
< oty = ZII* + [0 = 2% = N4, — 21
= 2ry (%, — %, Box,, — Box) — 2r, (4, — %y, Box,, — BoX)
< Nty = ZII* + [l = 2% = N4, — 21

- 2)‘;4’(2 ”Ban - BZJCHZ + 27‘,, (xn - un;Ban - BZ"_C>

=12 ~12 2 P
< et = X7+ 1% = X7 = Nt = %nll” + 270X — 2 [| | Box — Bo||.

By (6) and (23), we have that

) — 12
llsn = x11” < llutn — ||
< loen =27 = ety — 2|7 + 21 [l — 24 || || Baxy, — Box||.
Therefore,

2
”un _xn”

- 2 - 2 —
< 1% = XI17 = llsn — X117 + 27l — ||| Box — BoX||

< 1% = sull (1% = X1 + 185 = 1) + 27416 — 4| [ Bax — Bo]\.
Thus, by (16), (22), and (24), we have that
lim |, —x,| =0.
n—0o0
By (5) and (6), we have that

ll$n = ®II* < llyn = XN < 116 — ZII* = A (261 — A) | Bisty, — Bix 1.
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Therefore,

Mn(261 = M) | Brgy = Bix|1* < |l — 201> = lls, — )1

< loen = sull (50 = ZII + Il — X11).
Thus, by (16), (26), and (iii), we have that
lim ||Biu, —Bix|| = 0.
n—00
Since J,, is firmly nonexpansive, we have from (3) that

2|y, - &
= 2|11 ( = 2Bty = Ji, (L = 1B
< 2yn =% (I = AuBy)uy — (I - 1,B1)%)
<2y — Xy thy — X) — 2n(yn — % Biuty — By)
<1y =X + N[t = ZII* = [l — tull®
= 2hn{thy — X, Bytty — B1X) — 20 (Y — th, Bithy — By %)
< 1yn =X + [l = ZII* = [l — 1iul|®
= 2k | Bitky — BiZI|* + 2h (1t — Yy Byt — BiX)

< yn = %1 + Nttw = X1 = |y — tull® + 20| t6 — Y| [|Brtgy — Br||.
By (6) and (28), we have that

=12 =112
llsn =217 < llyn — %Il
- 2 2 -
< MNtn = 20" = llyn — unll® + 24,14y, — Y ||| Bitty, — Bix||

< Ny = X0 = llyn — wall® + 2A 1|14 — yull | Brthy — BiX|.
Therefore,

2
lyn — wnll
<l =207 = lisw = %117 + 2Aulltty = Yull | Brtty, — Brx|l

< 1% = sull (%60 = X1 + 1180 = X11) + 24|26 = yull 1 Brtg, — BiX||.
Thus, by (16), (27), and (29), we have that

lim ly, —u,l = 0.
n—>00

(26)

(27)

(28)

(29)

(30)

Since Fix(T) N (By + G1)™10 N (By + G3)7!0 is a nonempty closed convex subset of H, by

Lemma 2.5, we can take %o € Fix(T) N (B; + G1)™10 N (B, + G»)~'0 such that

%0 = Prix(1)n(B1+G1)-10n(B+G)-10 (%0 — VX0 + 0).
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This point X, is also a unique solution of the hierarchical variational inequality
(Vg -0, -%) >0, YqeFix(T)N(By+G)0N(By+Gy)0. (31)
We want to show that

limsup(Vxy —6,z, —x) > 0.
n—0o0

Without loss of generality, there exists a subsequence {z,,} of {z,} such that z,, — w for

some w € H and

limsup(V — 0,2, — %) = lim (V&g — 0,2, — Xo). (32)
n—00 k—o00

By (20) and (25), we have that
lim ||z, —z,] =0
n—0oQ

and u,, — w. On the other hand, since 0 < a < A, < b < 2«, there exists a subsequence
{Ank/} of {A,} such that {Ankj} converges to a number A € [a, b]. By (30) and Lemma 2.7,
we have that
“”ﬂk, A )_‘Bl)”"k,- I
= [ty =Ty (0 = g Bty | + [ (7 = RBr)oty =T (I = AB )ty |
+ ”])‘”k/ (I~ )»nk/Bl)Mnkj _A""i (I~ )»Bl)unk]. I
< Nt = g 1+ Doy = 2Bt |

|)"nk/- - X' — —
t—— V21 = ABy)u, — (I = 2By)uay || — 0. (33)

By (33), s, — w, Lemma 2.6 and 2.7, w € Fix(J; (I - AB))) = (B, + G1)~'0. Without loss
of generality and 0 < a <r, < b < 2k, there exists a subsequence {r,,kj} of {r,, } such that

{r,,kj} converges to a number 7 € [a, b]. By (25) and Lemma 2.7, we have that

”xnk, - T - '_'BZ)xnk/ “

= “xnkj - Trnk/_

(I =1y Ba)aiw | + | Do, (4 = 1o By, = T, (1 = TBo)om ”
+ “ Tr”kj (1 - }_"Bz)unkj - Tf(l - ;Bz)unkj H

= 1, g | + V1, = Pl Both |

|7, =71 } .
= ”T;([—rBz)u,,kj—(I—rBz)u,,kj”—>0. (34)

Page 13 of 31


http://www.fixedpointtheoryandapplications.com/content/2013/1/283

Yu and Lin Fixed Point Theory and Applications 2013, 2013:283
http://www.fixedpointtheoryandapplications.com/content/2013/1/283

By (34), X — w, Lemma 2.8, we have that w € Fix(T3(I — 7B,)) = (By + G»)~10. From (16),
(25), and (30), we have that

1Tyn = yull = 18w = Yull < lIsn =%l + 10 — unll + 40 = yull — O.

Since Fix(7) = Fix(7T), we have from I Ty =y Il > O and Img =W that w € F(T). Hence,
w e Fix(T) N (B; + G1)™10 N (B, + G2)710. So, we have from (31) and (32) that

limsup(Vo — 0,2, — %o) = Jim (Vo = 0,2, —X0) = (VEo —0,w—X0) > 0. (35)

n— 00

Let z, = 8,60, + (1 — B,V)s,. Then it follows from (7) that

2, = %ol = || Bubu + (1= BuV)sn — o
= || Bu(6 = VE) + (1 = B, V)(s, — o) |
< [@=BaV)(su—50)||” +2B(6s — Vo, 24 — Xo)

< (U= Bu) Ml = ZolI® + 2 (6 = Vo, 2 = Xo). (36)
Thus, we obtain from the definition of x,, and (36) that

19041 — %o 12
= [otntn + (1 = ) (Bub + (L= BuV)s) = o |*
< @l — Foll® + (1= ) | (Bub + (L= BuV)s4) — o
< ayllxy = ZolI* + (1= a) (1 = BuT)* 1% = oI + 2B, (6, — VEo, 24 — %o))
< [ + (1 = 0) (A0 = Bt)?]l1xn — ZolI* + 2B4(1 = 0,) (0 — VEo, 24 — %o)
< [1- (1= ) (2847 = (BuT)*) ] 1960 = Zoll” + 2B4(1 = ) (B — VKo, 24 — Xo)
< [1-201 = o) But [0 = Xo 1> + (1 = ct) (BuT)* [l — Xo |I>
+ 28,1 — )0, — 0,2z, —x0) +2B,(1 — ) (0 — VXg, 2z, —X0)

But [l — %oll®

< (120 -], -l 20 - e (P

(37)

(9n—9,2n—560) (6_V9_601Zn_9_60>)
+ + .
T T

By (35), (37), assumptions, and Lemma 2.10, we know that lim,,_, »c X, = X9, where
Xo = PFix(T)ﬁ(31+Gl)*100(32+62)*10(9_60 - Vo +6).

Case 2: Suppose that there exists {#;} of {n} such that ||x,, — %| < ||x,,41 —x| forall i € N.

By Lemma 2.9, there exists a nondecreasing sequence {#} in N such that #; — oo and

;= %Il < %1 — %I and [l = X[ < [1%m41 — X[ (38)
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Hence, it follows from (15) and (38) that

e T o
S 2(1 - O‘m/)ﬁm/ (em/’xmj - 7_‘:) - 2(1 - amj)ﬂmj <VSm,~;xmj - ‘7_‘:>

+ (1 - am,-)z [/572n] ||9m, - Vsmj ”2 + 2,6m/”9mj - Vsm/” ||Smj - xmj ”] (39)
for each j € N. Hence, it follows from (39), (i), and (ii) that
1im ([, — %, || = O (40)
j—o0
We want to show that

lim sup(VXo — 0,2y, — Xo) > 0.

j— 00

Without loss of generality, there exists a subsequence {Z’"/k} of {zm;} such that Zyy, — W
for some w € H and

limsup(V&o — 6, 2, — o) = lim (V& — 6,2, — Xo). (41)
j—o00 k—o00 Tk

With the similar argument as in the proof of Case 1, we have w € Fix(T) N (B; + G;)~'0 N
(By + G2)710. So, we have from (41) and (32) that

limsup(Vo = 0,2, ~ o) = lim (VEo —0,2,,, — o) = (Vg —0,w =) =0.  (42)
j—>00 —>00

With the similar argument as in the proof of Case 1, we have

”xmiﬂ _9_‘:0”2
< [1 =21 = ) B T J19m; = ZolI* + (1 = ) (B, T m; — Fo ||
- ] U ] ] ] ]

+ 2B (L = g ) (O = 0, 2y = X0) + 2B (1 = g ) (60 = VX0, Zim; — Xo). (43)
From [l — || < [[%;41 — X[, we have that

2(1- Olmi)ﬁmjf ”xml —Xo ”2
= (1 - am/)(,Bm,'f)znxmj — Xo ||2 + 2/3771,'(1 - (XMj)<9n -0, Zm; - Xo)

+ 2By (1 = ) )(0 = VX0, 2 — Xo)- (44)
Since (1 - O‘m,)ﬁm; > 0, we have that
22 1%y = ZolI> < By Ty — Zo | + 2(6 — 0, 2y — Xo) + 2(6 — VZo, 2y — Xo).- (45)
By (42), (45), and assumptions, we know that

Tlim [l — Xo|| = 0.
J—> 00
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By (14), (40), and assumptions, we know that
hm ||xmj+l _xm/' | =0.
j—>o00
Thus, we have that
1im {241 = Xol| = 0. (46)
J—> 00
By (38) and (46), we have that
lim [|lx; — %ol < lim (%41 —Xo|| = 0.
j—00 j—00
Therefore, the proof is completed. O

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and Hj, re-
spectively. Let I denote the identy mapping on H; and on H,. Let G; be a maximal mono-
tone mapping on H; such that the domain of G; is included in C for each i = 1,2. Let
Jo=U+1G)and T, = (I +rG,) ' foreach A >0 and r > 0. Let A; : H; — H, be abounded
linear operator, and let A} be the adjoint of A, for each i = 1, 2. Now, we recall the following
multiple sets split feasibility problem:

(MSFPgr) Find x € H; such that x € Fix(J,,) N Fix(7T},), A1x € Fix(F1), and A»x € Fix(F,)
for each n e N.

In order to study the convergence theorems for the solution set of multiple sets split
feasibility problem (MSFPgg), we must give an essential result in this paper.

Theorem 3.2 Given any x € H.
(i) Ifx is a solution of (MSFPgg), then
i, = puATUI — F1)A)T,, (I — 0,A5(I — Fy)A3)x = % for each n € N.
(ii) Suppose that J,,(I — ppATI — F1)A1) Ty, (I — 0,A5(I — F3)A2)x = X with

m, < m]’or each n € N and the solution set of (MSFPgr) is
nonempty. Then x is a solution of (MSFPgg).

0<p,< 0<oy,

Proof (i) Suppose that x € H; is a solution of (MSFPrg). Then x € Fix(J;,,) NFix(T},), Aix €
Fix(F;), and A,x € Fix(F,) for each n € N. It is easy to see that
Jon(I = pnATU = F)AL) T, (I - 0,A5(I - F))Az)x = X
for each m € N.
(ii) Since the solution set of (MSFPgg) is nonempty, there exists w € H; such that w €
Fix(/;,,) N Fix(T},), Aiw € Fix(F1), and A,w € Fix(F). So,
w € Fix(Jy,,) NFix(I — p, AT (I — F)A1) NFix(T,,) NFix(I - 0,A5(I - F))As) # 0. (47)

By Lemma 2.1, we have that

1
Af(I - F)A, is ——-ism. (48)
! [lA; 12
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For each n € N, by (48), 0 < p, < m, and Lemma 2.3(ii), (iii), we know that
I - p,AJ(I - F)A; is averaged. (49)

By Lemma 2.1 again, we have that

1
AS(I - F)A, is ———-ism. (50)
: 14212
For each n € N, by (50), 0 < 0, < m, and Lemma 2.3(ii), (iii), we know that
I - 0,A5(I - F,)A; is averaged. (51)

On the other hand, for each n € N, since J,,, and T, are firmly nonexpansive mappings,
it is easy to see that

1
J», and T,, are 3 averaged. (52)
Hence, by (49), (51), (52), and Lemma 2.3(v), we have that for each n € N,

x € Fix (], (I - pA{UI - F1)A1) T, (I - 0 A5(I - F2)A,))

=Fix(J,,) NFix(I - pA{(I - F})A1) NFix(T,,) NFix(I — 0 A5(I — F>)A»).
This implies that for each n € N,
x=),(I-pAfI-F)A)x and x=T,, (I -0A5(I - F)A))x.
By Lemma 2.2, foreach n € N,

((a'c - pAT(I - Fl)Ala_c) — XX — w) >0 foreach w e Fix(Jy,),

((x— pAS(I - F)A3x) —%,x—w) >0 for each w € Fix(T},,).
That is, for each n € N,

(AT(I —F)A %% — w) <0 foreach w € Fix(J;,,),

(A;‘([ —F) A%, % — w) <0 foreachw e Fix(T,,). 3
For each n € N, by (53) and the fact that A} is the adjoint of A; for each i=1,2,

(A1x — FLA1x, A1x — Ayw) <0 for each w € Fix(J,,,),

(Agx — FyAxx, Asx — Ayw) <0 for each w € Fix(T,,,). G
On the other hand, by Lemma 2.2 again,

(A1x — FlA1x,v1 — F{AX) <0 for each v; € Fix(Fy), (55)

(Axx — FyAsx, vy — FyAx) <0  for each v, € Fix(F).
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For each n € N, by (54) and (55),

(Alﬁ_C - F1A1.9_C, V1 — F1A1.7_C + A1.7_C —A1W> < 0,

(56)
(A29_C —FAx, vy — F2A29_C + Azﬁ_c - AW) <0
for each w € Fix(J,,) N Fix(T},), v2 € Fix(F,), and v; € Fix(F)).
That is, for each n € N,
[Aix — FiA1%|* < (Aix — A%, Ayw — v1),
(57)

[A2X — FoAok||* < (Ao% — FaArx, Ayw — v,)

for each w € Fix(J,,,) N Fix(T},), vi € Fix(F), and v, € Fix(F,).

Since w is a solution of multiple sets split feasibility problem (MSFPgg), we know that
w € Fix(J,,,) NFix(T,,), Aiw € Fix(F)), and A, w € Fix(F;) for each n € N. So, it follows from
(57) that A;x = Fix(F;) and A,x = Fix(F;). Furthermore, x € Fix(J,,) and x € Fix(T,) for
each n € N. Therefore, X is a solution of (MSFPg). O

Applying Theorem 3.1 and Theorem 3.2, we can find the solution of the following hier-
archical problem.

Theorem 3.3 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(7).
Let C and Q be two nonempty closed convex subsets of real Hilbert spaces H, and H,,
respectively. For each i = 1,2, let F; be a firmly nonexpansive mapping of H, into H,, let
A; : Hi — H; be a bounded linear operator, and let A} be the adjoint of A;. Suppose that
the solution set of (MSFPgg) is Q and Fix(T) N Q # 0. Let {x,} C H be defined by

x1 € C chosen arbitrarily,

Vn = oy = LyATU = F)ADNT,, (I - 1, A5 (I = F2)Ag)xy,
Sn = Tyns

Xni1 = 0k + (1= ) (Bubp + (L= BuV)sp)

(3.3)

foreach n €N, {x,} C (0,00), {a,} C (0,1), {B,} € (0,1), and {r,} C (0,00). Assume that:
(i) 0<liminf,_ o, <limsup,_, o, <1;

(i) limy— o0 By =0, and e, Bu = 00;
(iii) 0<a<i,<bc< m,and0<a§rn§b<

(iv) limy,_, o0 6, =0 for some 6 € H.

2.
IA212+2°

Then lim,,_, o x, = X, where X = Prixrne (X — Vx + 0). This point x is also a unique solution
of the following hierarchical problem: Find x € Fix(T) N Q2 such that

(Vi-0,q-%) >0, ¥qeFix(T)N .

Proof Since F; is firmly nonexpansive, it follows from Lemma 2.1 that we have that
Af(I-F)A;:C,— Hy is m—ism for each i =1,2. For each i = 1,2, put B, = A (I - F})A;
in Theorem 3.3. Then algorithm (3.1) in Theorem 3.1 follows immediately from algo-
rithm (3.3) in Theorem 3.3.
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Since the solution set of (MSFPg) is nonempty, by (47), we have for each n € N

w € Fix(J, (I = MATUI - F1)A1))) NFix(T,, (I - r,Ay(I - F2)A,)) # 0. (58)
This implies that for each n € N,

w € Fix(Js,,(I — AxB1)) NFix (T}, (I - r4B2)) # 9. (59)
So,

we B +G)oNB, +Gy)lo#0. (60)
It follows from Theorem 3.1 that lim,,_, o x,, = X, where

% = Prix(1)n(B1+G1)-10n(B+Go) 10 (X — VX + 0).
This point x is also a unique solution of the following hierarchical variational inequality:

(Vi—0,g-%) >0, VYqeFix(T)N (B, + G0N By +Gy)0,
that is, for each n € N,

%=, = 7uB)E = ], (I = MAT(U - F)A1)X (61)
and

x=T,,(I - r,By)x = Ty, (I - r,A5(I — F2)A))x. (62)
This implies that for each n € N,

x =)o, (I = MATI - F)A) Ty, (I - rnA5(I = F)Az)%. (63)

By assumptions, (63), and Theorem 3.2(ii), we know that X is a solution of (MSFPgg). Fur-
thermore, x € Fix(T). Therefore, ¥ € Fix(T) N Q. By the same argument as (61), (62), and

(63), we also have
(Vx-0,q—%)>0, VqeFix(T)NQ.
Therefore, the proof is completed. |

Remark 3.1 In Theorem 3.3, we establish a strong convergence theorem for hierarchical

problem (MSFPgg) without calculating the inverse of the operator we consider.
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4 Applications to mathematical programming with multiple sets split
feasibility constraints

By Theorem 3.3, we obtain mathematical programming with fixed point and multiple sets

split feasibility constraints.

A

Theorem 4.1 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(T). In
Theorem 3.3, let h : C — R be a convex Gdteaux differential function with Gateaux deriva-
tive V. Let

Q = {q € H, : g € Fix(J;,,) N Fix(T},), A1q € Fix(F}),A»q € Fix(F,),n € N}.

Thenlim,_, o %, = X, where x = Prixr)na (X — VX). This point X is also a unique solution of the
mathematical programming with fixed point and multiple sets split feasibility constraints:

mingerix(rng 1(q).

Proof Put 6 =0 in Theorem 3.3. Then, by Theorem 3.3, there exists x € Fix(7) N Q such
that

(Vi,q-% >0, VgeF(T)NS. (64)

Since & : C — R is a convex Gateaux differential function with Gateaux derivative V, we

obtain that
Wiy —3) = lm h(E + 1y —tx)) - h(®)
- iy MU05 )1
< tim (1-Dh®) +tth(y) - h(®)
= h(y) - h(®) (65)

for all y € C. By (64) and (65), it is easy to see that h(x) < h(q) forallg e Fix(T)N Q. O

We can apply Theorem 4.1 to study the mathematical programming of a quadratic func-
tion with fixed point and multiple sets split feasibility constraints.

A

Theorem 4.2 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(T). In
Theorem 3.3, let B: C — C be a strongly positive self-adjoint bounded linear operator and
acH.Let

Q = {q € H, : g € Fix(J;,,) N Fix(T},), A1q € Fix(F}),A»q € Fix(F,),n € N}.
Let {x,} C H be defined by
x1 € C chosen arbitrarily,
Vn =Dy I = MuATT = F)AN T, (I = 1, A5 (I = F2)A3)%p,

(4.2)
Sn=Tyn,

K1 = UKy + (L= 0t)(Buby + (55 — Bn(B(sy) — a)))

foreachneN, {),} C (0,00), {ay,} C(0,1), {B,} C (0,1), and {r,} C (0,00). Assume that:
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(i) 0<liminf,_ o, <limsup,_, . o, < 1;
(i) lim,— o0 By =0, and Yy -, Bu = 00;
(iii) 0<a<i,<b< andO0<a<r,<b<
(iv) lim,— o 6, = 0.
Then lim,,_, oo X, = x. This point x is also a unique solution of the mathematical program-
ming of a quadratic function with fixed point and multiple sets split feasibility constraints:

minquix(T)ﬂQ %(Bq: 4) - (ﬂ, Q>

2 _2_ .
IA41112+2° I42]2+2’

Proof Let h: C — R be defined by

h(x) = %(Bx, x) — {(a,x).

It is easy to see that % is a convex function. Since B is a strongly positive self-adjoint oper-
ator, there exists > 0 such that (Bx,x) > n||x||?. This implies that

(Bx — By,x—y) = (B(x - y),x—y) = nllx - y|*. (66)
Therefore,
(Bx,x) + (By,y) = (Bx,y) + (By, x). (67)

From this we can show that % is a convex function. Indeed, for any x,y € C and any A €
[0,1]. It follows from (67) that

h(Ax + (1 - 1)y)
= %(B(Ax +(1=21)y), Ax + (1= A)y) = (@ Ax + (1= A)y)
= %(ka +(1-A)By,Ax+ (1 - )»)y) - <a, Ax+ (11— k)y)
1

1 1 1
= S (Bx,x) + 22 (1= 2)(Bx,y) + A= 2)(By,x) + S (1= 2)*(By,)

- Ma,x) —(1-2)(a,y)

< %ﬁ(Bx,x) + %Ml - 1)((Bx,x) + (By,y)) + %(1 - 1)*(By,y)
—Ma,x) - (1= 2){a,y)
< MBr) + 2 (1= 2){Byy) ~ Maa) (1~ 2)(a))

< Mh(x) + (1= M)

Let V(x) = B(x) — a for all x € C. It is easy to see that V is the Gateaux derivative of /.
Indeed, for any u € H, x € C and any ¢ € [0,1]. Since B is a self-adjoint bounded linear

operator, we see that for each u € H,

W (%) ()

. h(x + tu) - h(x)
=lim ——=
t—0 t
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= lim
t—0

%(B(x + tu), x + tu) — (a,x + tu) — %(Bx,x) + {a,x)

t

L(tBu + Bx, tu + x) — (a4, tu + x) — 2 (Bx, %) + (a,x)
2 2

= lim

t—0 t

i %[t2 (Bu,u) + t(Bu,x) + t(Bx,u) + (Bx,x)] — t{a,u) — (a,x) — %(Bx, x) + (a,x)
- t1—r>% t
= }Lné %[t(Bu, u) + (Bu,x) + (Bx,u)| — (a,u)

= (Bx,u) — (a,u) = (Bx —a,u) = (Vx, u).

Therefore, V is the Gateaux derivative of /. Since B is a strongly positive bounded linear

operator in H, we have that

Ve = Vyll = |Bx —a— By + a|| = [|Bx - By|| < [|B|[lx - yll.

This implies that V is Lipschitz, and we have that

(Vo= Vy,x—y) = (Bx—a-By+a,x—y) = (Blx—y),x—y) = nlx -yl

This implies that V is strongly monotone. Therefore, Theorem 4.2 follows from Theo-

rem 4.1.

O

Theorem 4.3 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(T).

In Theorem 3.3, let h: C — R be a convex Gdteaux differential function with Gateaux

derivative V. Let ®; be a maximal monotone mapping on Hy such that the domain of ®; is

included in Q for each i = 1,2, where Q is a closed convex subset of H,. Let

Q={geH g€ G'0NG,'0,A41q € ;'0,A>q € ®;'0}.

Then lim, .o x, = x. This point x is also a unique solution of the mathematical

programming with fixed point and multiple sets split feasibility problem constraints:

mingerix(rng 1(q).

Proof Let [, =(I+AG) L, T, = ([ +1Gy) ™, Fi = (I + A®1)7}, and F, = (I + rd,)7! for each
A >0 and r > 0 in Theorem 4.2. Then Fix(J;) = G;*0, Fix(T,) = G50, Fix(F;) = ®;0, and
Fix(F,) = ®,'0. Therefore, Theorem 4.3 follows from Theorem 4.2. O

Takahashi et al. [40] showed the following result.

Lemma 4.1 [40] Let C be a nonempty closed convex subset of a Hilbert space H, and let
g:C x C— R be a bifunction satisfying conditions (Al1)-(A4). Define A, as follows:

{zeH:glx,y) > (y—x,2),Vye C}, VxeC,

(L41) Agx=

2, Va & C.

Then EP(g) = A;O and A, is a maximal monotone operator with the domain of A, C C.

Furthermore, for any x € H and r > 0, the resolvent T¢ of g coincides with the resolvent of

Ag e, Tex =

(I +rAg)'x.
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Now, we consider the following multiple sets split equilibrium problem:

(MSEP) Find x € H; such that x € EP(g1) N EP(g>), A1x € EP(f;) and A,x € EP(f;).

Applying Theorems 2.2 and 4.1, Lemma 4.1, we can find the minimum norm solution
of (MSEP) and mathematical programming with fixed point and multiple sets split equi-

librium constraints.

Theorem 4.4 Let T : C — H be a quasi-nonexpansive mapping with Fix(T) = Fix(7).
Let C and Q be nonempty closed convex subsets of Hilbert spaces Hy and H,, respectively.
Let i :CXxC—> R, 2:CxC—>R, /1:Qx Q— R, and f, : Q x Q— R be bifunctions
satisfying conditions (A1)-(A4), and let Tfi, T2, T{ln, Tffl be the resolvent of g1, @2, fi, fo,
respectively, for A, >0, r, > 0. For i =1,2, let A; : Hy — Hy be a bounded linear operator,
and let A} be the adjoint of A;. Let h : C — R be a convex Gateaux differential function with
Gdteaux derivative V. Suppose that Q2 is the solution set of (MSEP) and Fix(T) N Q # (.
Let {x,} C H be defined by

x1 € C chosen arbitrarily,

wy 17" TS (1= hyAT( = T AN TE (U - 1, A3 - T2) A2,
. Sp = Tyn:

X1 = Uy + (L= ) (Bubn + (L= B, V)sy)

foreachneN, {1,} C (0,00), {a,} C (0,1), {B,} C (0,1), and {r,} C (0, 00). Assume that:
(i) 0<liminfy,_ s oty <limsup,,_, o oty < 1;
(ii) limy—oo By =0, and Y -, Bu = 00;
(iii) O<a<r,<b< and0<a<r,<b

(iv) lim,_ o6, = 0.

2 < 2.
lA1]2+2” 42?2 +2’

Then lim,,_, oo X, = X, where x = Prixcrynq(® — V). This point X is also a unique solution of
the mathematical programming with fixed point and multiple sets split equilibrium con-

straints: mingerixr)na A(q).

Proof Define A, as (L4.1). By Lemma 4.1, we know that EP(g) = Ag'10 and A, is a maximal
monotone operator with the domain of A, C C. Furthermore, for any x € H and r > 0, the
resolvent T¢ of g coincides with the resolvent of A, i.e., Téx=([+ rAg)‘lx. By Theorem 2.2,
ijn, T{fl are firmly nonexpansive mappings.

Put G, = Ay, Gy = Ay, Fy = T/ and F, = T/ in Theorem 3.3. Then Jj,.x = (I + 1,4¢ ) =
Tf:’x, T,x = (I + r,Ag) "% = Tr-x. By Theorem 2.2, we have that Fix(J;,) = Fix(TfL) =
EP(g:), Fix(T;,) = Fix(T%) = EP(gy), Fix(F;) = Fix(T} ) = EP(f}) and Fix(F;) = Fix(T%?) =
EP(f,). Therefore, the solution set of (MSEP) coincides with the solution set of (MSFPg).
Therefore, by Theorem 4.1, we get the result. O

The following unique minimum norm common solution of a fixed point problem and

multiple sets split equilibrium problem is a special case of Theorem 4.4.

Corollary 4.1 Let C and Q be nonempty closed convex subsets of Hilbert spaces H, and
Hy, respectively. Let g :Cx C >R, g : CxC—-> R, fi:Qx Q—>R,andf, :Qx Q—R
be bifunctions satisfying conditions (Al)-(A4), and let Tﬁ , TS, Tfn, Tj:i be the resolvent of
a1, &, fi, fo, respectively, for ., >0, r, > 0. Fori=1,2,let A; : H — Hy be a bounded linear
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operator, and let A} be the adjoint of A;. Suppose that 2 is the solution set of (MSEP) and
Fix(T) N Q # 0. Let {x,} C H be defined by

x1 € C chosen arbitrarily,

w) = T8 (1= 2 AT - TA) TR - 1, A5 - T A,
‘ Sy = Tyn:

Xn+l = OpXy + (1 - an)(/snen + (1 - ,Bn)sn)

foreach neN, {x,} C (0,00), {&,} C (0,1), {84} C (0,1), and {r,} C (0,00). Assume that:
(i) 0<liminfy,_ o oty <limsup,_, o o0, < 1;
(ii) lim,_o By =0, and Zzol Bn = 00;
(iii) 0<a<i,<bc< +2,and0<a<rn_b<

(iv) lim,— o0 6, = 0.

2.
4112 IA2112+2°

Then lim,_, oo X, = X, Where X = Prix(r)n0. This point X is also a unique minimum norm

solution of the fixed point and multiple sets split equilibrium constraints: mingerixrne 9|

Proof Let h(x) = % lx]|?, and let V be the Gateaux derivative of k. It is easy to see V(x) = x
for each x € H. Then Corollary 4.1 follows immediately from Theorem 4.4. O

Now, we consider the following split equilibrium problem:

(SEP) Find x € C such that x € EP(g;) and A1x € EP(f}).

Applying Theorems 2.2 and 4.1, Lemma 4.1, we can find the unique minimum norm
common solution of fixed point and split equilibrium constraints and the solution of math-

ematical programming with fixed point and split equilibrium constraints.

Theorem 4.5 Let C and Q be nonempty closed convex subsets of Hilbert spaces Hy and Hy,
respectively. Let g1 : C x C — R and fi : Q x Q — R be bifunctions satisfying conditions
(A1)-(A4), and let Tfi , T{ln be the resolvent of ¢, fi, respectively, for A, > 0, r, > 0. Let
Ay : Hy — H, be a bounded linear operator, and let AT be the adjoint of A,. Let T : C — C be
a quasi-nonexpansive mapping with F(T) = F (T).Let V:C — Chea y -strongly monotone
and L-Lipschitzian continuous operator with y >0 and L >0 and {6,} CC.Leth:C — R
be a convex Gdteaux differential function with Gdateaux derivative V. Suppose that Q is
the solution set of (SEP) and Fix(T) N Q # (. Let {x,,} C H be defined by

x1 € C chosen arbitrarily,

wz 17 T8 (I - 3y AT (I = TS ) A,
Sp = Tynr

Xnsl = Wy + (L= ) (Bubn + (1 = BuV)sy)

foreachneN, {x,} C (0,00), {&,} C (0,1), {B,} C(0,1), and {r,} C (0,00). Assume that:
(i) 0 <liminfy,_ o oty <limsup,_, o, o, < 1;
(ii) lim,_ o By =0, and Zy[ 1 Bn =005
(iii) 0O<a<Mr,<b< \|A1||2+2’
(IV) hmn%oo = 0.
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Then lim,_. o x, = X, where X = Prixrne* — VX). This point X is also a unique solu-
tion of the mathematical programming with fixed point and split equilibrium constraints:

mingegix(r)ne 1(q)-

Proof Define A, as (L4.1). By Lemma 4.1, we know that EP(g) = A;O and A, is a maximal
monotone operator with the domain of A, included in C. Furthermore, for any x € H
and r > 0, the resolvent T¥ of g coincides with the resolvent of Ag, ie., Téx=(+ rAg)‘lx.
By Theorem 2.2, T{ln is a firmly nonexpansive mapping; we also know that the identity
mapping [ is a firmly nonexpansive mapping.

Put Gy = Ay, Go = Ag, F1 = T{In, and F; = in Theorem 3.3. Then J; ,x = (I + AnAgl)‘lx =
Tfix, T,x = (I +r,Ag) ' = T2x. Let g5(x,y) = 0, Vx,y € C. Then T,,x = (I + r,Ag) 'x =
T% x = Pcx. By Theorem 2.2, we have that Fix(J,,) = Fix(Tfi) = EP(g1), Fix(T,,) = Fix(P¢) =
C, Fix(F)) = Fix(Tan) = EP(f1), and Fix(F;) = Fix(I) = H,. So, we have that the solution set
of (SEP) coincides with the solution set of (MSFPgg). On the other hand, we have that
T (I - r,A%(I - F2)Ay)x, = Pcx, = x,,. Then algorithm (3.3) in Theorem 3.3 follows imme-
diately from algorithm (4.3) in Theorem 4.5. Therefore, by Theorems 3.3 and 4.1, we get
the result. a

Put A(x) = %lell2 for each x € H in Theorem 4.5, we obtain a unique minimum norm
common solution of a fixed point problem and a split equilibrium constraints.

Corollary 4.2 Let C and Q be nonempty closed convex subsets of Hilbert spaces H, and
H,, respectively. Let g1 : C x C — Rand f; : Q x Q — R be bifunctions satisfying conditions
(A1)-(A4), and let Ti, T{ln be the resolvent of ¢, fi, respectively, for A, >0, r, > 0. Let
Ay : Hy — H, be a bounded linear operator, and let AY be the adjoint of A,. Let T : C — C be
a quasi-nonexpansive mapping with F(T) = F (T).Let V:C— Cbhea y -strongly monotone
and L-Lipschitzian continuous operator with y >0 and L > 0 and {6,} < C. Suppose that
the solution set of (SEP) is Q and Fix(T) N Q # (. Let {x,} C H be defined by

x1 € C chosen arbitrarily,

ws 17 T8 (= dnAT( = T ) A,
Sy = Typ,

Xl = Wy + (L= ) (Bubn + (L= BuV)sy)

foreachneN, {x,} C (0,00), {&,,} C (0,1), {B,} C (0,1), and {r,} C (0,00). Assume that:
(i) 0<liminf,_ o, <limsup,_, o, <1;
(i) lim,— o0 By =0,and Yy 2, Bu = 00;
(iil) O<a<ir,<b< m;
(iv) lim, .6, = 0.
Then lim,,_, oc X, = X, where X = Prixr)na(0). This point x is also a unique minimum norm

common solution of fixed point and split equilibrium constraints: Find mingerixyrng llqll.

Now, we recall the following split feasibility problem:

(SFP) Find k € H; such that ¥ € C and Ax € Q.

Applying Theorem 4.5, we can find a unique minimum norm common solution with
fixed point and split feasibility constraints, and the solution of mathematical programming
with fixed point and split feasibility constraints.
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Theorem 4.6 Let C and Q be nonempty closed convex subsets of Hilbert spaces H; and
H,, respectively. Let A, : H — H, be a bounded linear operator, and let A be the adjoint
of Ai. Let T : C — C be a quasi-nonexpansive mapping with F(T) = F(T). Let V:C —
C be a y-strongly monotone and L-Lipschitzian continuous operator with y >0 and L >
0 and {6,} € C. Let h: C — R be a convex Gdteaux differential function with Gdteaux
derivative V. Suppose that the solution set of (SFP) is Q2 and Fix(T) N Q # Q. Let {x,} C H
be defined by

x1 € C chosen arbitrarily,

= Po(l = 3, A*(I = Po)Ay )%,
(4.4) ¥ c( T = Pg)Ar)
Su = Typ,

X1 = Uy + (L= ) (Bu0n + (1= B, V)sy)

foreachneN, {x,} C (0,00), {&,,} C (0,1), {B,} C (0,1), and {r,} C (0,00). Assume that:
(i) 0 <liminfy,_ o oty <limsup,,_, o, oty < 1;
(i) lim,— o0 By =0, and > oo, By = 00;
(iii) 0O<a<r,<b<

(iv) 1My o0 6, = 0.

2.
IA41112+2°

Then lim,,_, %, = X, where X = Prixiryne(® — V&). This point X is also a unique solu-
tion of the mathematical programming with fixed point and split feasibility constraints:

mingerix(rng 1(q).

Proof Put g1(x,y) =0, Vx,y € C and fi(x,y) = 0, Vx,y € Q in Theorem 4.5. Then Tfi = Pc,
T},i = Pg. Therefore, algorithm (4.3) in Theorem 4.5 follows immediately from algo-
rithm (4.4) in Theorem 4.6.

By Theorem 2.2, we have that EP(g;) = Fix(Tf;) = Fix(P¢) = C and EP(f}) = Fix(T{L) =
Fix(Pg) = Q. So, the solution set of (SEP) coincides with the solution set of (SFP). There-
fore, by Theorem 4.5, we get the result. O

For each i = 1,2, let X;, Y; be two Hilbert spaces, a function F : X; x ¥; > R U {—o00, 00}
is said to be convex-concave iff it is convex in the variable x and concave in the variable y.
To such a function, Rockafellar associated the operator Tr, defined by Tr = 1 F X 9(—F),
where 9; (resp. d2) stands for the subdifferential of F with respect to the first (resp. the
second) variable. Tr is a maximal monotone operator if and only if F is closed and proper
in the Rockafellar sense (see [41]). Moreover, it is well known that (x1,%1) € H; =X X Y1
is a saddlepoint of F, namely

F(’_Cl;y) SF(‘;CI)_&I) SF(?C,J_/l) for all x EXiry € Yviy

if and only if the following monotone variational inclusion holds true, that is, (0,0)
Tr(x1,51). If (%1,)1) € H1 = X3 x Y1 is a saddlepoint of F, then

inf sup F(x,y) = F(%1,%1) = sup inf F(x,y).
xeXy yev] yen; xeXy
Foreachi=1,2, let ¢; : X; X Y1 > R U {~00,00} and ¢; : Xo x Y, — R U {—00, 00} be
convex-concave functions. Now, we consider the following multiple sets split minimax
problem:
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(MSMMP) Find (x1,%1) € H; = X; x Y7 such that for each i =1,2,

inf sup @;(x,y) = ¢;(%1,91) = sup inf ¢;(x,y) and

xeXy yey; yey; xeXy
inf sup ¥;(u,v) = ¥;(Ai(%1, 1)) = sup inf ¥;(u,v).
ueXy ye Yy veYr ueX

By Theorem 3.3, we can find the unique minimum norm common solution of fixed point
and multiple sets split minimax problems (MSMMP) and the solution of mathematical

programming with fixed point and multiple sets split minimax (MSMMP) constraints.

Theorem 4.7 Let T : C; x C; — X X X, be a quasi-nonexpansive mapping with Fix(T) =
Fix(f*). Foreachi=1,2,letA;: X1 x Y] — Xo x Y5, Ay : X; X Y] — Xy X Yy be a bounded
linear operator, A} be the adjoint of A;. Foreach i = 1,2, let ; : X; x Y1 — RU{-00, 00} and
Yt Xp X Yy — R U {—00, 00} be convex-concave functions which are proper and closed in
the Rockafellar sense. Let Cy, C, be closed convex subsets of Hilbert spaces X1, Y1, and let C =
Cy x Cy be a closed convex subset of Hy = X1 x Yy. Let ], = (I + 7, Tp)) ™", Ty = U+ 1, Tyy) 7
F=U+X, Tl/,l)‘l, F,=U+ )L,,T‘,,Z)‘l. Let h: C; x Cy — R be a convex Gdteaux differential
function with Gdteaux derivative V. Let V be a y-strongly monotone and L-Lipschitzian
continuous operator with y > 0 and L > 0 and suppose that the solution of multiple sets
split minimax problem (MSMMP) is Q and Fix(T) N Q # 0. Let {x,} be defined by

x1 € C chosen arbitrarily,

(4 7) Yn :]Ay, (1 - )WAT(I - FI)AI)Trn (1 - rnA§(1 _FZ)AZ)xm
Sn = Tynr

KXn+l = OpXy + (1 - an)(,Bnen + (1 - ﬂn V)Sn)

foreach neN, {r,} C (0,00), {&,} € (0,1), {B,} C (0,1), and {r,} C (0,00). Assume that:
(i) 0<liminf,_ o o, <limsup,_, . o0, < 1;
(i) lim,— 00 By =0,and e, By =00
(iii) 0<a<i,<b< ,andO0<a<r,<b<

(iv) limy_ o0 6, = 0.

2 _2_ .
IA41112+2 I42]%+2”

Then lim,,_, oo Xy, = X, where x = Prixrynq(* — V). This point X is also a unique solution of
the mathematical programming with fixed point and multiple split minimax constraints:

ming, g.)erix(rne (g1, 42)-

Proof Since Fix(T) N Q2 # (. There exists (a3, b)) € Hy = X, x Y; such that for each i =1,2,

inf sup ¢;(x,y) = (pl(al,bl) = sup inf ¢;(x,y) and

xeXy yeY yeY] xeXy
(68)
inf sup ¥;(u,v) = ¥i(Ai(@1, br) = sup lnf Yi(u, v).
ueXs ye Yy veYy 4
That is,

(0,0) € Ty, (@1, b1) N Ty, (@1, by), (0,0) € Ty, (1,v1) and (0,0) € Ty, (42, 12),

where (i1, 71) = A1(@y, by) and (ity, o) = Az (a1, by). (69)


http://www.fixedpointtheoryandapplications.com/content/2013/1/283

Yu and Lin Fixed Point Theory and Applications 2013, 2013:283 Page 28 of 31
http://www.fixedpointtheoryandapplications.com/content/2013/1/283

That is,

(@, br) € T, (0,0)N T,}(0,0), (1, %) € T;1(0,0), and (iz, %) € T;;2(0,0),

where (i1, v1) = Al(élrél) and (i, V) = A2(6_l1,51)' (70)
That is,

(@1, b1) € Fix(Jy,) NFix(T,,), (11, v1) € Fix(Fy), and (i, V2) € Fix(F),

where (241, v1) = Al(é_lbih) and (i, V) = A2(é1:51)' (71)
That is,

(@, by) € Fix(,,,) NFix(T,,),  Ai(@,br) € Fix(Fy), and Ay(a,by) € Fix(F),

where (11, V1) :Al(ﬂ_ﬁ;l—?l) and (i, V) :Az(ébiﬂ)- (72)

This implies that Fix(T) N ©; # @, where €; is the solution set of (MSFPgg).
By Theorem 3.3, we have that lim,,_, », %, = X, where X = Prix(1)ng, (* — V). This point x
is also a unique solution of the following hierarchical variational inequality:
(Vx,q—x) >0, VqeFix(T)N Q.

By (68), (69), (70), (71), and (72), and Theorem 4.1, we get the result. O

Now, we recall the following split minimax problem:
(SMMP) Find (x,%) € H; = X; x Y7 such that

inf sup ¢1(x,y) = ¢1(%,¥) = sup inf ¢;(x,y) and

xe 1yeyl J’€Y1 xeX)
inf sup ¥ (u,v) = yn (Al(a'c,jl)) = sup inf ¥(u,v).
ueXy e Yy veYs ueXy

By Theorem 3.3, we can find the solution of split minimax problem (SMMP) and math-

ematical programming with fixed point and split minimax problem (SMMP) constraints.

Theorem 4.8 Let T : Cy x C; — Xj X X, be a quasi-nonexpansive mapping with Fix(T) =
Fix(%). Let Ay : Xi x Y1 — Xy x Y3 be a bounded linear operator. Let A} be the adjoint
of A1. Let Ay, AY, T, V be defined as in Theorem 4.7. Let ¢\, Y1 be defined as in Theo-
rem 4.7. Let Cy, Cy closed convex subsets of Hilbert spaces Xi, X,, let C = C) x C, be a
closed convex subset of Hy = X1 x Y1, and let J;, = (I + %, Ty,)7Y, Fi = (I + A, Ty,)7". Let
V. C — C be a y-strongly monotone and L-Lipschitzian continuous operator with y > 0
and L >0 and {0,} S C. Let h: C — R be a convex Gdteaux differential function with
Gdteaux derivative V. Suppose that the solution of split minimax problem (SMMP) is Q
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and Fix(T) N Q # (. Let {x,,} be defined by

x1 € C chosen arbitrarily,

n = I - 1A = F)AD)x,
48) Vi =D 1 - F)Ap)
Sp = Tynr

X1 = Wy + (L= ) (Bubn + (L= By V)sy)

foreach neN, {r,} C (0,00), {&,} C (0,1), and {B,} C (0,1). Assume that:
(i) 0<liminf,_, ~ o, <limsup,_ . o, <1;
(i) lim,— o0 By =0, and e, Bu = 00;
(iii) 0<a<i,<bc< m;
(iv) limy_ o0 6, = 0.
Then lim,,_, oo X, = X, where x = Prixrynq (X — V). This point X is also a unique solution of
the mathematical programming with fixed point and split minimax problem constraints:

mingg, g.)erix(rne (g1, 42)-

Proof Define A, as (L4.1). By Lemma 4.1, we know that EP(g) = A;O and A, is a maximal
monotone operator with the domain of A, C C. Furthermore, for any x € H and r > 0, the
resolvent T¢ of g coincides with the resolvent of A, i.e., Téx=(+ rAg)’lx. By Theorem 2.2,
T{ln is a firmly nonexpansive mapping, we also know that the identity mapping I is a firmly
nonexpansive mapping.

Put Gy = Ag, and F, = I in Theorem 3.3. Then T, x = (I + r,,Agz)’lx = Tfnzx. Let
2(%,9) =0,Vx,y € C. Then T, x = (I + r,Ag, ) x = Tr.x = Pcx. So, we have that Fix(T},) =
Fix(P¢c) = C and Fix(F,) = Fix(I) = H,. So, we have that T3> (I — rAf — F2)A)x, =
Pcxy, = x,. Then algorithm (3.3) in Theorem 3.3 follows immediately from algorithm (4.8)
in Theorem 4.8.

Since Fix(T) N Q # @, there exists (ay, l_al) € H, = Xj x Y7 such that

inf sup ¢;(x,y) = ¢1(an, by) = sup inf ¢1(x,y) and

XE. lyen; yen xeXq
B (73)
inf sup ¥ (u,v) =¥ (Al(&l,bl)) = sup inf ¥y (u,v).

ueX veYr veYr ueXy
That is,

(0’ O) € T(pl(&lr Z]l) and (0’ O) € Tllfl(lzl’ 1_/1)! where (I:tll ‘71) :Al(&ly ZJI) (74)
That is,

(ﬁl, Z)l) € qull(O, 0) and (ljll, 1_/1) € T]/ji(O, O), where (l:ll, 1_/1) = Al(Ezl, 51) (75)
That is,

(6_11, El) S FiX(])Ln) and (L_tl, 1_/1) S FiX(F]), where (b_tl, 1_/1) = A1(6_l1, 51) (76)
That is,

(@1, b)) € Fix(J,,) and Ai(a,b,) € Fix(F,). (77)
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This implies that Fix(7T) N ; # @, where Q; is the solution set of (SFPg).

is

By Theorem 3.3, we have that lim,_. %, = X, where X = Prix(r)na (¥ — V%). This point x

also a unique solution of the following hierarchical variational inequality:

(Vx,q—-x) >0, VqeFix(T)NQ.

By (73), (74), (75), (76), and (77), and Theorem 4.1, we get the result. |

Now, we recall the following multiple split minimax-equilibrium problem:
(MSMMP) Find (%1,%) € H; = X; x Y such that for each i = 1,2, (@, b)) € H = X1 x ¥}
such that

inf sup ¢;(x,y) = :i(%1,%1) = sup inf @;(x,y) and

x€X1 yey; yeyy xeXy
(1, v1) = A1(%1, 1) € EP(fi)) and

(12, V) = Ax(%1,51) € EP(f2).

By the same argument as in Theorems 4.4 and 4.7, we can find the solution of multiple

split minimax problem (MSMMEP) and mathematical programming with fixed point and

multiple split minimax problem (MSMMEP) constraints.

By the same argument as in Theorems 4.5 and 4.8, we can find the solution of the

split minimax-equilibrium problem (SMMEP) and mathematical programming with fixed

point and multiple split minimax-equilibrium problem (SMMEP) constraints.

5

Concluding remark

Applying Theorems 4.3-4.8 and following the same arguments as in Theorem 4.2, we can

study the mathematical programming of a quadratic function with various types of fixed

point and multiple split feasibility constraints.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Each of the authors discussed the problem, carried out and checked the results, read and approved the manuscript.

Author details
'Department of Electronic Engineering, Nan Kai University of Technology, Nantou, 542, Taiwan. 2Department of
Mathematics, National Changhua University of Education, Changhua, 50058, Taiwan.

Received: 5 July 2013 Accepted: 18 September 2013 Published: 08 Nov 2013

References

1.

2.

3.

Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projection in a product space. Numer. Algorithms 8,
221-239(1994)

Byrne, C: Iterative oblique projection onto convex sets and the split feasibility problem. Inverse Probl. 18, 441-453
(2002)

Censor, Y, Bortfeld, T, Martin, B, Trofimov, A: A unified approach for inversion problems in intensity modulated
radiation therapy. Phys. Med. Biol. 51, 2353-2365 (2003)

Lopez, G, Martin-Marquez, V, Xu, HK: Iterative algorithms for the multiple-sets split feasibility problem. In: Censor, Y,
Jiang, M, Wang, G (eds.) Biomedical Mathematics: Promising Directions in Imaging, Therapy Planning and Inverse
Problems, pp. 243-279. Medical Physics Publishing, Madison (2010)

. Stark, H: Image Recovery: Theory and Applications. Academic Press, Orlando (1987)
. Byrne, C: A unified treatment of some iterative algorithms in signal processing and image reconstruction. Inverse

Probl. 20, 103-120 (2004)


http://www.fixedpointtheoryandapplications.com/content/2013/1/283

Yu and Lin Fixed Point Theory and Applications 2013, 2013:283
http://www.fixedpointtheoryandapplications.com/content/2013/1/283

20.
21
22.
23.
24.
25.
26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

. Dang, Y, Gao, Y: The strong convergence of a KM-CQ-like algorithm for a split feasibility problem. Inverse Probl. 27,

015007 (2011)

. Masad, E, Reich, S: A note on the multiple-set split convex feasibility problem in Hilbert space. J. Nonlinear Convex

Anal. 8,367-371 (2008)

. Qu, B, Xiu, N: A note on the CQ algorithm for the split feasibility problem. Inverse Probl. 21, 1655-1665 (2005)
. Wang, F, Xu, HK: Approximating curve and strong convergence of the CQ algorithm for the split feasibility problem.

J.Inequal. Appl. 2010, 102085 (2010)

. Xu, HK: A variable Krasnosel'skii-Mann algorithm and the multiple-set split feasibility problem. Inverse Probl. 22,

2021-2034 (2006)

. Xu, HK: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces. Inverse Probl. 26,

105018 (2010)

. Yang, Q: The relaxed CQ algorithm for solving the split feasibility problem. Inverse Probl. 20, 1261-1266 (2004)
. Yang, Q: On variable-step relaxed projection algorithm for variational inequalities. J. Math. Anal. Appl. 302, 166-179

(2005)

. Zhao, J, Yang, Q: Self-adaptive projection methods for the multiple-sets split feasibility problem. Inverse Probl. 27,

035009 (2011)

. Ceng, LC, Ansari, QH, Yao, JC: An extragradient method for split feasibility and fixed point problems. Comput. Math.

Appl. 64, 633-642 (2012)

. Ceng, LC, Ansari, QH, Yao, JC: Mann type iterative methods for finding a common solution of split feasibility and fixed

point problems. Positivity 16(3), 471-495 (2012)

. Ceng, LC, Ansari, QH, Yao, JC: Relaxed extragradient methods for finding minimum-norm solutions of the split

feasibility problem. Nonlinear Anal. 75(4), 2116-2125 (2012)

. Chang, SS, Joseph Lee, HW, Chan, CK, Wang, L, Qin, LJ: Split feasibility problem for quasi-nonexpansive multi-valued

mappings and total asymptotically strict pseudo-contractive mapping. Appl. Math. Comput. 219, 10416-10424
(2013)

Eicke, B: Iteration methods for convexly constrained ill-posed problems in Hilbert space. Numer. Funct. Anal. Optim.
13,413-429 (1992)

Landweber, L: An iteration formula for Fredholm integral equations of the first kind. Am. J. Math. 73, 615-624 (1951)
Xu, HK: Viscosity approximation methods for nonexpansive mappings. J. Math. Anal. Appl. 298, 279-291 (2004)

Xu, HK: An iterative approach to quadratic optimization. J. Optim. Theory Appl. 116, 659-678 (2003)

Marino, G, Xu, HK: A general iterative method for nonexpansive mappings in Hilbert spaces. J. Math. Anal. Appl. 318,
43-52 (2006)

Zegeye, H, Shazad, N: Strong convergence theorem for a common point of solution of variational inequality and
fixed point problem. Adv. Fixed Point Theory 2, 374-397 (2012)

Wang, Y, Xu, W: Strong convergence of a modified iterative algorithm for hierarchical fixed point problems and
variational inequalities. Adv. Fixed Point Theory Appl. 2013, 121 (2013)

Wang, ZM, Lou, W: A new iterative algorithm of common solutions to quasi-variational inclusion and fixed point
problems. J. Math. Comput. Sci. 3, 57-72 (2013)

Reich, S: A weak convergence theorem for the alternative method with Bregman distance. In: Kartsatos, AG (ed.)
Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, pp. 313-318. Marcel Dekker, New
York (1996)

Yu, ZT, Lin, LJ, Chuang, CS: A unified study of the split feasible problems with applications. J. Nonlinear Convex Anal.
15 (2014)

Bauschke, HH, Combettes, PL: A weak-to-strong convergence principle for Fejermonotone methods in Hilbert
spaces. Math. Oper. Res. 26, 248-264 (2001)

Combettes, PL: Solving monotone inclusions via compositions of nonexpansive averaged operators. Optimization
53(5-6), 475-504 (2004)

Lin, LJ, Takahashi, W: A general iterative method for hierarchical variational inequality problems in Hilbert spaces and
applications. Positivity 16, 429-453 (2012)

Takahashi, W: Nonlinear Functional Analysis-Fixed Point Theory and Its Applications. Yokohama Publishers, Yokohama
(2000)

Kocourek, P, Takahashi, W, Yao, JC: Fixed point theorems and weak convergence theorems for generalized hybrid
mappings in Hilbert spaces. Taiwan. J. Math. 14, 2497-2511 (2010)

Takahashi, W, Yao, JC, Kocourek, P: Weak and strong convergence theorems for generalized hybrid nonself-mappings
in Hilbert spaces. J. Nonlinear Convex Anal. 11, 567-586 (2010)

Maingé, PE: Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex
minimization. Set-Valued Anal. 16, 899-912 (2008)

Aoyama, K, Kimura, Y, Takahashi, W, Toyoda, M: Approximation of common fixed points of a countable family of
nonexpansive mappings in a Banach space. Nonlinear Anal. 67, 2350-2360 (2007)

Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63, 123-146
(1994)

Combettes, PL, Hirstoaga, SA: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal. 6, 117-136 (2005)
Takahashi, S, Takahashi, W, Toyoda, M: Strong convergence theorems for maximal monotone operators with
nonlinear mappings in Hilbert spaces. J. Optim. Theory Appl. 147, 27-41 (2010)

Rockafellar, RT: Monotone operators associated with saddle functions and minimax problems. In: Browder, FE (ed.)
Nonlinear Analysis, Part |. Symposia in Pure Mathematics, vol. 18, pp. 397-407. Am. Math. Soc,, Providence (1970)

10.1186/1687-1812-2013-283
Cite this article as: Yu and Lin: Hierarchical problems with applications to mathematical programming with multiple
sets split feasibility constraints. Fixed Point Theory and Applications 2013, 2013:283

Page 31 of 31


http://www.fixedpointtheoryandapplications.com/content/2013/1/283

	Hierarchical problems with applications to mathematical programming with multiple sets split feasibility constraints
	Abstract
	Keywords

	Introduction
	Preliminaries
	Convergence theorems of hierarchical problems
	Applications to mathematical programming with multiple sets split feasibility constraints
	Concluding remark
	Competing interests
	Authors' contributions
	Author details
	References


