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Abstract

Very recently, Haghi et al. (Topol. Appl. 160:450-454, 2013) proved that some fixed
point theorems in partial metric spaces can be obtained from metric spaces. In this
paper, we prove some common fixed point theorems for four mappings f, g, Sand T
satisfying a nonlinear contraction in ordered metric spaces, where the mappings f
and g are dominating and weak annihilators of the mappings T and S, respectively.
We utilize the techniques of Haghi et al. to derive our main result, whichis a
generalization of the result of Shobkolaei et al. (Appl. Math. Comput. 219:443-452,
2012). Also, we introduce an example to support the usability of our results.
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1 Introduction

One of the most important problems in mathematical analysis is to establish existence
and uniqueness theorems for some integral and differential equations. Fixed point theory,
in ordered metric spaces, plays a major role in solving such kind of problems. The first
result in this direction was obtained by Ran and Reurings [1]. This one was extended for
nondecreasing mappings by Nieto and Lopez [2, 3]. Meanwhile, Agarwal et al. [5] and
O’Regan and Petrusel [4] studied some results for generalized contractions in ordered
metric spaces. Then, many authors obtained fixed point results in ordered metric spaces.
For some works in ordered metric spaces, we refer the reader to [6-19].

Berinde [20-24] initiated the concept of almost contraction and studied existence fixed
point results for almost contraction in complete metric spaces. Later, many authors stud-
ied different types of almost contractions and studied fixed point results; for example, see
[25-31].

In 1994 Matthews [32] introduced the concept of partial metric spaces and proved the
Banach contraction principle in these spaces. Then, many authors obtained interesting
results in partial metric spaces [33, 36—38]. Very recently, Haghi et al. [33] proved that
some fixed point theorems in partial metric spaces can be obtained from metric spaces.

The purpose of this paper is to prove some common fixed point theorems for four map-
pings f, g, S and T satisfying a nonlinear contraction in ordered metric spaces, where the
©2013 Shatanawi and Postolache; licensee Springer. This is an Open Access article distributed under the terms of the Creative

Commons Attribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2013/1/271
mailto:mihai@mathem.pub.ro
http://creativecommons.org/licenses/by/2.0

Shatanawi and Postolache Fixed Point Theory and Applications 2013, 2013:271 Page 2 of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/271

mappings f and g are dominating and weak annihilators of the mappings 7 and S, respec-
tively. We utilize the results of Haghi et al. [33] to derive Theorem 2.1.

2 Previous notations and results
In the sequel, we have to recall previous notations and results.

Let f and g be self-mappings of a set X. If w = fx = gx for some x € X, then x is called
a coincidence point of f and g, and w is called a point of coincidence of f and g. Two self-
mappings f and g are said to be weakly compatible if they commute at their coincidence
point, that is, if fx = gx, then fgx = gfx. For details, please see [34].

Now, consider (X, <) to be a partially ordered set. According to [35], a mapping f is
called weak annihilator of g if fgx < x for all x € X and f is called dominating if x < fx for
all x € X.

Recently, Shobkolaei et al. [38] initiated the concept of almost generalized (S, T)-
contractive condition in a partial metric space and studied some common fixed point

results in partial metric spaces.

Definition 2.1 [38] Let f, g, S and T be self-maps on a partial metric space (X, p). Then
f and g are said to satisfy almost generalized (S, T)-contractive condition if there exists
8 €[0,1) such that

p(Sx,gy) + p(fx, Ty) }
2

pifx,gy) <9 maX{p(Sx, ), p(fx, Sx), p(gy, T),

forall x,y € X.

Theorem 2.1 [38] Let (X, p, X) be a complete ordered partial metric space. Let f,g, T,
S : X — X be mappings with fX C TX and gX C SX, and the dominating mappingsf and g
are weak annihilators of T and S, respectively. Suppose that f and g satisfy almost gener-
alized (S, T)-contractive condition (2.1) for any two comparable elements x,y € X. If for a
nondecreasing sequence {x,} with x, <y, for all n but finitely many and y, — u implies
that x,, < u, and furthermore

(1) {f,S} and {g, T} are weakly compatible;

(2) oneof fX, gX, SX and TX is a closed subspace of X,
thenf, g, S and T have a common fixed point.

Moreover, the set of common fixed points of f, g, S and T is well ordered if and only if f,
g, S and T have one and only one common fixed point.

3 Main result
Let W denote all functions v : [0, +00) — [0, +00) such that
(1)  is continuous and nondecreasing;
(2) ¥()=0ifand onlyif£=0.
Also, let ® denote all functions ¢ : [0, +00) x [0, +00) x [0, +00) — [0, +00) such that
(1) ¢ is continuous;
(2) ¢(t,s,u)=0ifandonlyifu=s=¢=0.
If Y € U, then ¢ is called an altering distance function (see [39]).
Now, we introduce our definition.
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Definition 3.1 Let f, g, S and T be self-mappings on a metric space (X,d). Then f and
g are said to satisfy the almost nonlinear (S, T, L, V, ¢)-contractive condition if there exist
Y eV, ¢ e ®andL € [0,+00) such that

Y (dfin ) < v (max{d(Sx, T9),d(f 53, d(ey, ), 3 (d(S%,9) + df T) })

— ¢(d(Sx, Ty), d(Sx, gy), d(fx, Ty))
+L min{d(Sx, Ty), d(Sx, gy), d(fx, Ty)} (3.1)

forall x,y € X.

Now, let (X,d, <) be an ordered metric space. We say that X satisfies the property () if

the following statement holds true.

() If {x,} is a nondecreasing sequence in X and {y,} is a sequence in X such that x, <y,
for all # but finitely many and y, — u, then x,, < u for all # but finitely many.

In the rest of this paper, N stands for the set of nonnegative integer numbers.

Theorem 3.1 Let (X,d, <X) be a complete ordered metric space. Let f,g,T,S : X — X be
four mappings such that f and g satisfy the nonlinear (S, T, L, ¥, ¢)-contractive condition
(3.1) for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the fol-
lowing conditions:

1) XCTX;

(2) gX € SX;

(3) La—-¢(a,a,a) <0 forall a > 0;

(4) f is dominating and weak annihilator of T;

(5) g is dominating and weak annihilator of S;

(6) {f,S} and {g, T} are weakly compatible;

(7) one of fX, gX, SX and TX is a closed subspace of X.
If X has the property (7), then f, g, S and T have a common fixed point.

Proof Let xy € X. Since fX C TX, we choose x; € X such that fx, = Tx;. Also, since
gX C SX, we choose x; € X such that gx; = Sx,. Continuing this process, we can con-
struct a sequence {y,} in X such y, := fxo, = Tx,51 and youe1 1= @82541 = SXoy42. Since f is
dominating and weak annihilator of T and g is dominating and weak annihilator of S,

Xon ffoH = Tx2n+l ffo2n+l < X2u41 fgx2n+1 = Sx2n+2 5gsx2n+2 < X2,42.

Thus, for all # > 0, we have x,, < x,,,1.
Suppose Y2, = Y241 for some n € N. We claim that y5,,41 = y2,,42. Since x4 and x,,,,3 are

comparable, we have

1//‘ (d(y2n+2)y2n+l))
= Y (d(fronszs g¥one1))

<y (max{d(ngmz, Tx241) A(fX 20425 SXour2), A(G%20415 Th2n41)s
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1
2 (d(5x2n+2,gx2n+1) +d(fxons, Tx2n+1)) })

- ¢(d(5x2n+2; Tx2n+1)’ d(sx2n+2:gx2n+l), d(fx2n+21 Tx2n+1))

+ Lmin{d(Sx2us2, Tane1), d(SX212, §%2n:1), Ao, Tonin) }

=y (max { AWon+15Y21)s AW2n12, Yori1)s AWons1, Yon)s

1
5 (d(y2n+1,y2n+1) + d(y2n+27y2n)) }) - ¢(d()12n+17y2n): d(y2n+1¢y2n+1)x d(y2n+21y2n))
+L min{d(y2n+1¢y2n): d(y2n+1’y2n+1)) d(y2n+27y2n)}
1
(max{O, d(y2n+2’y2n+l): 5 (d(y2n+2:y2n+l)) }) - ¢(O; 0, d(y2n+2:y2n+1))

=y
= Y (dyan2:y2ns1)) — (0,0,d(Yani2, Yans1)
< 1p(51(,)/2;f1+2¢y2n+1))-

Therefore, ¢(0,0,d (Y2112, ¥21+1)) = 0 and hence Y212 = y2,41. Similarly, we may show that
Yon+3 = Yansz. Thus {y,} is a constant sequence in X, hence it is a Cauchy sequence in (X, d).

Suppose Y2, # yau41 for all n € N. Given n € N. If n is even, then n = 2¢ for some ¢ € N.
Since x5, and xy;,; are comparable, we have

1/f (d(yn)yn+1))
=y (d()/zz,y2z+1))
= Y (d(fXae, g%2e41))

=< 1// (max { d(Sth) TxZHl)r d(fot) Sth)) d(ngtJrl’ Tx2t+1);

1
3 (d(Sxas, gxa11) + d(fieas, Txor1)) })

- ¢(d(5x2:, Txos41), A(SXot, 8%2141), A(fXos, szm))

+L min{d(ngt, Txo41), A(Sxoz, g%2541), A(fas, szm)}
-y (max{d(ml,m), A1) 5 (A 32) })
- ¢(dWau-1,921), Y211, ¥211), 0)
<y (max{d()’zt—byzt), At Yare1)s % (d()/Zt—l:th) + d(yzt’yzm)) })

= ¢(dar-1,y20), Y211, Y241), 0)
= w(max{d(YZt—l;th),d()’2t¢y2t+1) ) - ¢(d()/2t71,y2t),d()/zpbyzm), 0)
< ¥ (max{d(yae—1,y2), dY2e y2r:1) })-

If

max{d(yae_1,y2:), A2t y2e1) } = AWae yaes1)s
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then

¢ (dyae-1,92), dY21-1,¥241),0) = 0,

and hence d(ya;-1,¥2:) = d(¥2:-1, y2:41) = 0. Thus y9;,1 = y5;, a contradiction.

Thus,
max{d()/Zt—lxth):d(yznyznl)} =d(yae-1,¥20)- (3.2)
Therefore,
I/I(d()/znyzm)) < W(d(yzt—lyyzt)) — @ (dyae-1,y2), d(Yae-1, ¥2041), 0). (3.3)

If n is odd, then n = 2¢ + 1 for some ¢ € N. Since x5;,5 and x,;,1 are comparable, we have

wl(d(ynryn-v-l)
=y (d()/zuzyyzm))
=y (d(fxznz,gxzm))

<y (max{d(Sxmz, Txoe11), A(fXorea, Sxorsa), A(gx2415 Tho241),

1
3 (A(Sx2e42, gX2e01) + (a2, TH2e11)) })

— ¢ (d(Sxr12, Thor01), A(Sk2t12, @%2641) A(f2e42, TH41))

+L min{d(szHz, Tx411), A(SXo42,8%0241), A(fX2142, szm)}
=y (maX{d(yzm,yzt), AYars2 Yars1)s % (d(yaes2:¥22)) })
- ¢(dWars1,20) 0, (Y2142, y21))
<y (max{d()/zm:yy), A(Yars2, Yars1)s % (d(y2t+2:y2t+l) + d(d(Y2t+1»J’2t))) })

= ¢(d(yat+1¥26) 0, d(Y2r42, 22))
=y (max{d(yaes1,¥20), dW212, y2641) }) = (d(B21415 ¥20), 0, d(Yoe42, 22))
< ¥ (max{d(yaei1,y20), dW2rs2, ¥2041) })-

If

maX{d(yzm,yzt), d()’znz,yzm)} = d(yar+2, Yaes1),
then
¢ (dari1,92),0,d Y202, y21)) = 0,
and hence d(yas11,¥2:) = d(¥2r42,¥2:) = 0. Thus y9.41 = ¥24, a contradiction. So,

maX{d(yzm,yzt), d(yzz+2,y2t+1)} =d(Yars1, Y2u)- (3.4)
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Therefore
Y (dWareas yar1)) < ¥ (A1, ¥20)) = D(dYara1 y20)5 0, d(Yora, ¥ar)).- (3.5)
From (3.2) and (3.4), we have
AW Yni1) < A1, Yn)- (3.6)

Therefore {d(y,41,74) : n € N} is a nonincreasing sequence. Thus there exists r > 0 such
that

lim d(y;fnynﬂ) =r.
n—+00
On taking limsup in (3.3) and (3.5), we have
Y(r) <y(r) - ltigjo%f¢(d(y2:—1,y2t),d()/zt_l,yzm), 0)
and
Y(r) <vy(r) - ltiinj;lof¢(d()’2t+1,y2t), 0,d(y2e, y2e42))-
Thus
lim infd(yzr—hth) = liminfd()’zpbyzm) =lim infd(YZt;th+2) =lim infd(y%,yzm) =0.
t—>+00 t—+00 t—>+00 t—>+00
Therefore, r = 0 and hence
lim d(yy,yua) = 0. (3.7)
Now, we show that {y,} is a Cauchy sequence in the metric space (X, d). It is sufficient
to show that {y»,} is a Cauchy sequence in (X, d). Suppose to the contrary; that is, {y,,}

is not a Cauchy sequence in (X, d). Then there exists € > 0 for which we can find two
subsequences {yo(;} and {y2,()} of {y2,,} such that n(i) is the smallest index for which

n(i) >m(i) > i,  dWam@y Yoni)) = € (3.8
and
AYom(iy Yan(iy-2) < €. (3.9)

From (3.8), (3.9) and the triangular inequality, we get that

€ < dWam@y Y2n(s))
< dWom) Yont)-2) + AVon(i)-2: Yon(i)-1) + AWan(i)-1, Yan())

<€+ d(yZn(i)—Zr J’Zn(i)—l) + d(yz;q(i)—l: yZn(i))-

Page 6 of 16
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On letting i — +00 in the above inequalities and using (3.7), we have

im dom@) Yon) = €. (3.10)

i—+00

Again, from (3.8) and the triangular inequality, we get that

€ < dyam) Yan(i)
< dWanti Yan-1) + AW2n()-1, Yam(»)
< dany Yon(h-1) + AW2n)-1 Yam(+1) + AV 2m(iye1s Yam())
< dWan( Yan-1) + AW2ni-1> Y2m(@) + 24V m(iye1s Yam(o)

< 2dYon(i)s Yan(y-1) + AWon(y Yome)) + 28VamGy 11, Yomi))-

Letting i — +00 in the above inequalities and using (3.7) and (3.10), we get that

dim dyomy Yon@) = 1im dYom@y+1s Yan()-1)
i—+00 i—+00

Hm dyam@)+1, Yant))
i—+00

= lim dam@) Yan(i)-1)

i—+00

€.

Since %y,(;) and x,,(;),1 are comparable, we have

1 (d()/Zn(i):yZm(i)+l))
= Y (d(fXan(, §52m(i+1))

<y (max{d(sz,,(;), TX2m()+1) A% SX2n(i) ) A(GX2m() 41 TH2m()+1)s

1
3 (A(S%an(i» @%2m(iy 1) + AfXan(> Th2m(i+1)) })

— @ (d(Sxom(i)s Tx2m(iy+1)> A(Sx2(3) §52m(i)+1)> A 2(i)> TH2m(i)+1))

+ L min{d(Sxan()» Tx2m(iy+1)> A(S%an(iy» §52m(iy11)» Afanyr Th2m(iy1) |
=y (max { AYan(iy-1Y2m(i))» A YonG)» Yont)-1)> AY2m()+ 1, Yom())»

1
5 (d(y2n(i);y2m(i)) + d(y2n(i)—1;y2m(i)+l)) })

= & (dBan(-1> Y2m(®)» A V21> Yom(iy11)> AVan(iyr Yam(y))

+ Lmin{d(yani-1, Y2m(0))» AW2n(iy-12 Y2m(iy+1)> AW2ntiyr Yom) }-

Letting i — +o00 and using the continuity of ¥/, we get that

Y(e) <y(e) — pe, € €) + Le.
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By condition (3), we get ¥ (¢) = 0 and hence € = 0, a contradiction. Thus {y,} is a Cauchy
sequence in (X, d).

Since (X, d) is complete, there is y € X such that y, — y in the metric space (X, d). Thus

lim d(y,,y) =0. (3.11)

n—+00

Now we show that y is the fixed point of g and T'. Assume that 7X is closed, since {y,, =
Txou41} is a sequence in TX converging to y, we have y € TX. So, there exists u € X such
that y = Tu. Therefore,

lim fxy, = lim gxou = lim Ty, = lim Sxpueo =y =Tu.
n—+00 n—+00 n—+00 n—+00

Now, we show that gu = y. Since x,, < fxy, and ¥, = fxp, — ¥, we have x,, < y. Since

the mapping f is dominating and weak annihilator of T', we obtain xy, <y = Tu < fTu < u.
Thus

¥ (d(yan, gu))
= w(d(fomgu))
<y (max{d(sz,,, Tu), d(fxo,, Sx2,), d(gu, Tu), %(d(sz,q,gu) +d(fxo, Tu)) })

- ¢ (d(SxZ}’h TM), d(SxZ}’l;gu)i d(forl: TM))
+L min{d(squ; Tu); d(SxZn,gu), d(fom Tu)}

= w (maX{d(anlyy), d(yanyZ}’l—l)rd(gu)y)x %(d(yZn—ligu) + d(y2n’y)) })
- ¢(dy2n-1,9), Ay2n-1,81), Y2, ¥)) + Lmin{d(y2n-1,9), A(y2n-1,81), (Y20, ) }.

Letting n — +o00 in the above inequalities and using (3.7), we get that

¥ (d(y,gu)) < v (d(gu,y)) - ¢(0,d(y,gu),0).

Therefore ¢(0,d(y,gu),0) = 0 and hence d(gu, y) = 0. Thus gu = y. Since g and T are weakly
compatible and gu = gTu = Tgu = Ty, we have

gy =gTu=Tgu="Ty.
Again, since x5, and y are comparable, we have

¥ (dyam gy))
=y (d(fomgy))

1
<y (max{d(szn, Ty), d(fxou, Sxan), d(gy, Ty), 5 (d(ngy,,gy) + d(fxon, Ty)) })

- ¢(d(Sx2m Ty)’ d(SxZ}'ngy)x d(foVU Ty))
+L min{d (Sxom> Ty), d(Sx2, 2Y), d(fxon, Ty)}

Page 8 of 16
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= w (max{d(ybql’gy)r d(y2n:y2n—1)r d(gy’gy)r %(d()/Zn—l:gy) + d@zmgy)) })

- d)(d(yanlrgy)’ d()’znfl;g)’), d()/Zn)gy)) + min{d(ybfl—l)gy)’ d(yZH—l:gy), d()/ngy) } .

On letting n — +00 in the above inequalities and using (3.7), we have

Using condition (3), we get ¥ (d(y,gy)) = 0. Thus d(y,gy) = 0 and hence gy = y.

Finally, we have to show that y is also a fixed point of f and T'. Since gX C SX, there exists
v € X such that y = gy = Sv. Since the mapping g is dominating and weak annihilator of S,
we have y < gy = Sv < gSv < v. Thus y and v are comparable, and hence

¥ (d(f, 5v))
=y (d(fr.g)
< (max {50, ), 50, ). (51 09+ i ) )
—¢(d(Sv, Ty), d(Sv,gy), d(fv, Ty)) + L min{d(Sv, Ty), d(Sv,gy), d(fv, Ty)}
. (max{d(SV, Sv), d(fv, Sv), d(Sv, Sv), %(d(s‘/, Sv) + d(fv, Sv)) })
— ¢ (d(Sv, Sv), d(Sv, Sv), d(fv, S)) + L min{d(Sv, Sv), d(Sv, Sv), d(fv, Sv)}

=y (d(fv,Sv)) — ¢(0,0,d(fv, Sv)) + Ld(fv, Sv).

Using condition (3), we get ¥ (d(fv, Sv)) = 0. Thus d(fv, Sv) = 0 and hence fv = Sv = gy = y.

Since f and S are weakly compatible, we have fy = fSv = S§fv = Sy. Since y and y are compa-
rable, we have

¥ (d(fy,))
= (d(fy,2)

< (max sy 1), 59, T (@65, + i ) |

- ¢(d(Sy, Ty), d(Sy,g9), d(fy, Ty)) + L min{d(Sy, Ty), d(Sy,gy), d(fy, Ty) }
o (a0 50 ) () + i) |

- ¢(d(fy, ), d(fy, ), d(fy,y)) + Lmin{d(fy, y),d(fy,y),d(fy,y)}

=y (d.y) - o(d.),d(f.),d(f.9)) + Ld(fy,y).

Using condition (3), we get ¥ (d(fy,y)) = 0. Thus d(fy,y) = 0 and hence fy = y. So, y is
a common fixed point of f, g, T and S. In case SX, fX or gX is closed, the proof of the
existence of a common fixed point is similar to the arguments above. O
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Corollary 3.1 Let (X,d, X) be a complete ordered metric space, and let f,g,T,S: X - X
be four mappings. Assume that there exist € V and ¢ € ® such that

Y (difog) < ¥ (mx{d(Sx, Ty, d(f 539, (ey, ),  (d(5%,) + dlfi T) })

- (max { d(Sx, Ty), d(Sx, gy), d(fx, Ty) } )

holds for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the
following conditions:

(1) XCTX;

(2) gX € 8X;

(3) f is dominating and weak annihilator of T

(4) g is dominating and weak annihilator of S;

(5) {f,S} and {g, T} are weakly compatible;

(6) oneof X, gX, SX and TX is a closed subspace of X.
If X satisfies the property (i), then f, g, S and T have a common fixed point.

Corollary 3.2 Let (X,d, <) be a complete ordered metric space, and let f,g,T,S: X - X
be four mappings. Assume that there exist ¢1,y € V such that

v (d(fx,gy) < ¥ (max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), %(d(Sx,gy) +d(fx, Ty)) })

- (max{d(Sx, Ty), d(Sx, gy), d(fx, Ty) })

holds for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the
following conditions:

1) XCTX;

(2) gX € SX;

(3) f is dominating and weak annihilator of T

(4) g is dominating and weak annihilator of S;

(5) {f,S} and {g, T} are weakly compatible;

(6) one of X, gX, SX and TX is a closed subspace of X.
If X satisfies the property (7)), then f, g, S and T have a common fixed point.

Proof Follows from Corollary 3.1 by defining ¢ : [0, +00) x [0, +00) X [0, +00) — [0, +00)
via ¢(s, £, u) = ¢1(max{s, t, u}) and noting that ¢ € ®. O

Corollary 3.3 Let (X,d, <) be a complete ordered metric space, and let f,g,T,S: X - X
be four mappings. Assume that there exist ¢1, ¥ € V such that

0 09) = v (max{ (s T, d(f 59, dlen T, (w00 + i )} )
- <max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), %(d(Sx, o) +d(fx, Ty)) })

holds for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the

following conditions:
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1) XS TX
(2) gX C 8X;
(3) f is dominating and weak annihilator of T
(4) g is dominating and weak annihilator of S;
(5) {f,S} and {g, T} are weakly compatible;
(6) oneof X, gX, SX and TX is a closed subspace of X.
If X satisfies the property (r), then f, g, S and T have a common fixed point.

Proof By noting that
1 (max{d (Sx, Ty), d(Sx, gy), d(fx, Ty) })
1
< ¢ (max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), 5 (d(Sx,gy) +d(fx, Ty)) }),
the proof follows from Corollary 3.2. O

Jachymski [40] proved that some conditions for generalized contractions in (ordered)

metric spaces are equivalent. By the aid of Lemma 1 [40], we have the following result.

Theorem 3.2 Let f, g, S and T be self-mappings on a partial ordered metric space (X, d),
and set

M(x,y) = max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), %(d(Sx,gy) +d(fx, Ty)) }

Then the following are equivalent:
(i) There exist a € [0,1) and € V such that

v (d(fr,gy) < ayr (M(x,))

for all comparable elements x,y € X.
(ii) There exist ¥,¢ € V such that

v (d(fr,gy) < v (M(x,9)) - ¢(M(x,9))
for all comparable elements x,y € X.

(ili) There exists a continuous nondecreasing function ¢ : [0, +00) — [0, +00) such that
¢(t) <t forallt >0 and for any x,y € X,

d(fx,gy) < ¢ (M(x,y)).

Proof Set D = {(M(x,y),d(fx,gy)) : x,y are two comparable elements in X}. Then the proof
follows from Lemma 1 of [40]. O

By the aid of Theorem 3.2 and Corollary 3.3, we have the following results.

Page 11 of 16
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Theorem 3.3 Let (X, d, X) be a complete ordered metric space, and let f,g, T,S: X - X
be four mappings. Assume that there exist W € V and k € [0,1) such that

¥ (d(fogy) < ky (max{d(Sx, T9) i, 59, i, T), 3 (d(5%.29) + difs T) })

holds, for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the
following conditions:

1) X CTX;

(2) gX € SX;

(3) f is dominating and weak annihilator of T

(4) g is dominating and weak annihilator of S;

(5) {f,S} and {g, T} are weakly compatible;

(6) one of fX, gX, SX and TX is a closed subspace of X.
If X satisfies the property (w), then f, g, S and T have a common fixed point.

Theorem 3.4 Let (X,d, <X) be a complete ordered metric space, and let f,g,T,S: X —
X be four mappings. Assume that there exists a continuous and nondecreasing function
¢ : [0,+00) — [0, +00) with ¢(t) < t for all t > O such that

d(fx,gy) < ¢ (max{d(Sx, Ty), d(fx, Sx), d(gy, Ty), % (d(Sx,gy) +d(fx, Ty)) })

holds for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the
following conditions:

1) X< TX;

(2) gX C 8X;

(3) f is dominating and weak annihilator of T

(4) g is dominating and weak annihilator of S;

(5) {f,S} and {g, T} are weakly compatible;

(6) one of fX, gX, SX and TX is a closed subspace of X.
If X satisfies the property (1), then f, g, S and T have a common fixed point.

As a direct result of our theorems, we have the following result.

Corollary 3.4 Let (X,d, <) be a complete ordered metric space, and let f,g,T,S: X > X
be four mappings. Assume that there exists k € [0,1) such that

d(fx,gy) < kmax{d(Sx, Ty), d(fx, Sx), d(gy, Ty), % (d(Sx,gy) +d(fx, Ty)) }

holds for any two comparable elements x,y € X. Suppose that f, g, S and T satisfy the
following conditions:

(1) X CTX;

(2) gX C SX;

(3) f is dominating and weak annihilator of T’

(4) g is dominating and weak annihilator of S;

(5) {f,S} and {g, T} are weakly compatible;
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(6) oneof X, gX, SX and TX is a closed subspace of X.
If X satisfies the property (r), then f, g, S and T have a common fixed point.

Remark 3.1 By using the method of Haghi et al. [33], its an easy matter to show that
Theorem 2.1 is a consequence result of Corollary 3.4.

To support our results, we introduce the following example.

Example 3.1 On X ={0,1,2,3,...}, define

0 ifx=y;
d: X xX— X, d(x,y) =

max{x,y} ifx#y.

We introduce a relation on X by x < y if and only if y < x. Also, define f,g,S,T: X — X
by the formulas

0 ifx €{0,1,2);
fr=gx=13 ifx € {3,4};

x—2 ifx>5
and

0 ifx=0;
Tx=8x=
x+2 ifx>1.

Consider ¥ : [0,+00) — [0,+00), ¥ (f) = > and ¢ : [0,+00) x [0,+00) X [0,+00) —
[0, +00), (2,5, u) = max{t,s, u}. Then, for every two comparable elements x,y € X, we have

0 e 9) = 0 (max{ a( T, Ty s, 31, ), (AT )+ s ) | )
- ¢(d(Tx, Ty), d(Tx, fy), d(fx, Ty)). (3.12)

Proof Let

M(x,y) = max{d(Tx, Ty), d(fx, Tx), d(fy, Ty), % (d(Tx, fy) + d(fx, Ty))}
and

N(x,y) = ¢(d(Tx, Ty), d(Tx, fy), d(fx, Ty)) = max{d(Tx, Ty), d(Tx,fy), d(fx, Ty) }.

Given x,y € X, without loss of generality, we assume that x < y.
Now, we divide the proof into the following cases:
« CASEI: x = y. Here, we have ¥ (d(fx,fy)) = 0 and get (3.12).
o CaseIl x<yandx,y € {0,1,2}. Here, ¥ (d(fx,fy)) = 0, hence (3.12) holds.
o Casenr:x €{0,1,2} and y = 3. Here, fx = 0, fy = 3, Tx € {0, 3,4} and Ty = 5. Thus,
d(fx,fy) =3, M(x,y) =5 and N(x,y) = 5. Since 9 < 25 - 5, we obtain (3.12).
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o Case1v:x€{0,1,2} and y = 4. Here, fx = 0, fy = 3, Tx € {0,3,4} and Ty = 6. Thus,
d(fx,fy) = 3, M(x,y) = 6 and N(x,y) = 6. Since 9 < 36 — 6, we deduce (3.12).

+ Casev:xe€{0,1,2}andy > 5. Here, fx=0, fy=y—-2, Tx € {0,3,4} and Ty =y + 2.
Thus, d(fx,fy) =y -2, M(x,y) =y + 2 and N(x,y) = y + 2. Since
(y=2)? < (y+2)% - (y+2), we have (3.12).

o Casevix=3andy=4.Here, fx=0,fy=3, Tx =5and Ty = 6. Thus, d(fx,fy) = 3,
M(x,y) =6 and N(x,) = 6. Since 9 < 36 — 6, we get (3.12).

+ Casevix=3andy>5. Here, fx=3,fy=y-2, Tx =5 and Ty = y + 2. Thus,
d(fx,fy) =y -2, M(x,y) =y + 2 and N(x,y) = y + 2. Since (y —2)? < (y + 2)2 = (y + 2), we
have (3.12) and

v (p(fx, gy))

<ely (maX{p(Sx, y), p(fx, Sx), p(gy, Ty), % (p(Sx,g9) + p(fx, Ty)) }) (3.13)

+ Caseviurx=4andy>5.Here, fx=3,fy=y—-2, Tx=6 and Ty = y + 2. Thus,
d(fx,fy) =y -2, M(x,y) =y + 2 and N(x,y) = y + 2. Since (y = 2)? < (y + 2)2 = (y + 2), we
have (3.12) and (3.13).

o« Caseixiy>x>5.Here, fx=x-2,fy=y—-2, Tx =x+2and Ty =y + 2. Thus,
d(fx,fy) =y —2, M(x,y) =y + 2 and N(x,y) = y + 2. Since (y = 2)?> < (y + 2)> = (y + 2), we
have (3.12) and (3.13). O

Remark 3.2 Note that Example 3.1 satisfies all the hypotheses of Corollary 3.1. But Ex-
ample 3.1 does not satisfy the hypotheses of Theorem 2.1.

4 Conclusions

In this paper, we proved some common fixed point theorems for four mappings f, g, S and
T satisfying a nonlinear contraction in ordered metric spaces, where the mappings f and
g are dominating and weak annihilators of the mappings T" and S, respectively. We utilized
the techniques of Haghi et al. [33] to derive our main result, which is a generalization of
the result of Shobkolaei et al. [38]. Also, we introduced an example to support the usability

of our results.
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