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1 Introduction
Let C be a nonempty subset of a real Hilbert space H. A mapping T : C — H is called
pseudocontractive if and only if

2

| Tx — Ty||2 < ||x—y||2 + H I-T)x-(I- T)y{ forallx,y € C, (1.1)

and T is called a-strictly pseudocontractive [1] if and only if there exists a € [0,1) such that

I Tx = TylI* < v —yl> + || (U = T)x - (I - T)y\z, for allx,y € C, (1.2)
T is called Lipschitzian if and only if
|Tx - Ty|| < L|x—y|, forallx,yeK. (1.3)

If in (1.3) we have L <1, then T is called nonexpansive. We note that inequalities (1.1) and

(1.2) can be equivalently written as
(x—y,Tx-Ty) < |x—y||>, forallx,yeC (1.4)
and

(x—y, Te—Ty) < lx—yl> = 1| - T)x - (1 - T)y]|",

(1.5)

for some A > 0, respectively.
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We observe from (1.1), (1.2) and (1.3) that every nonexpansive mapping is an «-strictly
pseudocontractive mapping and every «-strictly pseudocontractive mapping is a pseudo-
contractive mapping, and hence a class of pseudocontractive mappings is a more general
class of mappings.

Furthermore, pseudocontractive mappings are related with the important class of non-
linear monotone mappings, where a mapping A with domain D(A) and range R(A) in H is
called monotone if the inequality

(x—y,Ax—A)’> ZO: (1'6)

holds for every x,y € D(A). We note that T is pseudocontractive if and only if A :=1 - T
is monotone, and hence a fixed point of T, F(T) := {x € D(T) : Tx = x}, is a zero of A,
N(A) := {x € D(A) : Ax = 0}. It is now well known (see, e.g, [2]) that if A is monotone,
then the solutions of the equation Ax = 0 correspond to the equilibrium points of some
evolution systems.

Finding a point in the intersection of fixed point sets of a family of nonexpansive map-
pings is a task that occurs frequently in various areas of mathematical sciences and en-
gineering. For example, the well-known convex feasibility problem reduces to finding a
point in the intersection of fixed point sets of a family of nonexpansive mappings; see, e.g.,
[3, 4].

Consequently, considerable research efforts have been devoted to developing iterative
methods for approximating a common fixed point (when it exists) for a family of nonex-
pansive mappings and «-strictly pseudocontractive mappings. Bauschke [5] was the first
to introduce a Halpern-type iterative process (see, e.g., [6]) for approximating a common
fixed point for a finite family of N nonexpansive self-mappings. He proved the following
theorem.

Theorem BSK (Bauschke [5], Theorem 3.1) Let K be a nonempty closed convex sub-
set of a Hilbert space H, and let T\, Ts,...,Tn be a finite family of nonexpansive map-
pings of K into itself with F := ﬂf\ilF(Ti) ZWand F=F(TnTn_1---T1) =F(T1Tn---T>) =
F(Tn1Tn_p -+ T1 TN). Given points u,xq € C, let {x,} be generated by

Kpsl 1= Qpll + (1 - an+l)Tn+1xm n>0, (17)

where T, := Tymoan) and {o,} C (0,1) satisfies an1 |0tysr — | < 00. Then {x,} converges
strongly to Pru, where Pr : H — F is the metric projection.

Various authors have studied iterative schemes similar to that of Theorem BSK in more
general Banach spaces on the one hand, and using various conditions on the sequence {«;,}
on the other hand (see, for example, Colao et al. [7], Yao [8], Takahashi and Takahashi [9],
Plubtieng and Punpaeng [10], Ceng et al. [11] and the references therein). Many authors
have also studied iterative methods for a family of «-strictly pseudocontractive mappings
(see, e.g., [12-15] and the references therein).

Our concern now is the following: Can we construct an iterative sequence for a common

fixed point of a finite family of pseudocontractive mappings?

In 2008, Zhou [16] studied weak convergence of an implicit scheme to a common fixed
point of a finite family of pseudocontractive mappings in Banach spaces more general than
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Hilbert spaces. Let C be a closed convex subset of E, and let {T;}¥, be a finite family of
Lipschitzian pseudocontractive self-mappings of C subset of E which is a real uniformly
convex Banach space with a Fréchet differentiable norm and F := ﬂﬁl F(T;) #0. Let {x,}
be defined by

Xp = QpXp-1 + (1 - an)Tnxnr n>1, (18)

where T, = Tymodn). He proved that {x,} converges weakly to a common fixed point of
the family {Ti}fi 1 under certain conditions on the parameter {«,}.

We remark that the scheme in the theorem of Zhou [16] is implicit and the convergence
is weak convergence.

Recently, Zegeye et al. [17] proved the following strong convergence of Ishikawa iterative
process [18] for a common fixed point of a finite family of Lipschitz pseudocontractive
mappings.

Theorem ZSA [17] Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let T;: C — C, i =1,2,...,N, be a finite family of Lipschitz pseudocontractive
mappings with Lipschitzian constants L;, for i = 1,2,...,N, respectively. Assume that the
interior of F := ﬂf\il F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary
xo € E by

Yn = 1- ,Bn)xn + BuTukn,

Xntl = (1 - an)xn + 0y Tnynx n= 1,

(1.9)

where T, := Tymoan) and {a,},{Bn} C (0,1) satisfy certain appropriate conditions. Then
{x,,} converges strongly to a common fixed point of {T1, Ts,..., Tn}.

It is worth to mention that the assumption ‘interior of F(T) is nonempty in Theo-
rem ZSA is severe restriction.

More recently, Daman and Zegeye [19] proved the following strong convergence of a
Halpern-type [6] iterative process for a common fixed point of a finite family of Lipschitz
pseudocontractive mappings under the assumption that the family satisfies condition (H),
that is, the family {T;:i=1,2,..., N} of pseudocontractive mappings is said to satisfy con-
dition (H) if and only if (T;x — x, Tjx — x) > 0 for i,j € {1,2,...,N}. We can also see that
condition (H) is again severe restriction.

It is our purpose in this paper to introduce an iterative scheme which converges strongly
to a common fixed point of a family of Lipschitz pseudocontractive mappings. The as-
sumption that interior of F(T) is nonempty or condition (H) is dispensed with. The results
obtained in this paper improve and extend the results of Zhou [20], Theorem ZSA, Daman
and Zegeye [19] and some other results in this direction.

2 Preliminaries
In what follows we shall make use of the following lemmas.

Lemma 2.1 Let H be a real Hilbert space. Then, for any given x,y € E, the following in-
equality holds:

ll + yII* < ll%ll* + 2(y,x + y).
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Lemma 2.2 [21] Let C be a convex subset of a real Hilbert space H. Let x € H. Then xy =
Pcx if and only if

(z—x0,x—x9) <0, VzeC.

Lemma 2.3 [22] Let{a,} be a sequence of nonnegative real numbers satisfying the following
relation:

Apsl = (1 - Oln)d,,, + an8n7 n = no,

where {a,,} C (0,1) and {8,} C R satisfy the following conditions: lim,_,oc 0t, = 0, > re) 0ty =
00, and limsup,,_, ., 8, < 0. Then lim,_, o a, = 0.

Lemma 2.4 [23] Let H be a real Hilbert space, C be a closed convex subset of H and T :
C — C be a continuous pseudocontractive mapping. Then
(i) F(T) is a closed convex subset of C;
(i) (I —T) is demiclosed at zero, i.e., if {x,} is a sequence in C such that x, — x and
Tx, —x, — 0,as n — oo, then x = T (x).

Lemma 2.5 [24] Let {a,} be sequences of real numbers such that there exists a subsequence
{n;} of {n} such that a,, < a,.. for all i € N. Then there exists a nondecreasing sequence
{myi} C N such that my — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N:

Ay < A1 and  ag < a1

In fact, my is the largest number n in the set {1,2,...,k} such that the condition a, < a,.1
holds.

Lemma 2.6 [25] Let H be a real Hilbert space. Then, for all x; € H and «; € [0,1] for
i=1,2,...,nsuch that oy + ay + - - - + a,, = 1, the following equality holds:

n

2 2 2

lloroxo + oty + -+ + ctnl® = D etillsill* = D ooyl — 1%
i=0

0<ij<n

3 Main result

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let T1, T : C — C be Lipschitz pseudocontractive mappings with Lipschitz constants L,

and L, respectively. Assume that F = F(T1) N F(T5) is nonempty. Let a sequence {x,} be
generated from an arbitrary xo,u € C by

Zn = (1 - Cn)xn + ¢y Toxy;
IYn = (1 - ,Bn)xn + BnT1%n; (31)

Xp+l = Oyl + (1 - an)(enxn + 8;1 len + Vn TZZn)r n= 0)

where {8,},{0,},{vu} C (a,b) C (0,1), {or,} C (0,¢) C (0,1) satisfy the following conditions:
(1) O +8n +Vn= 1 (11) limn%ooan =0, Zan = 005 (111) (Sn +Vn = Cn» IBn = IB < ﬁ¢ Vn=>1,
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for L := max{Ly,L,}. Then {x,} converges strongly to a common fixed point of T\ and T,
nearest to u.

Proof We make use of some ideas of the paper [19]. Let p € F. Then, from (3.1), (1.1) and
Lemma 2.6, we have that
%01 =PI = [@ute + (1= ) Outn + 85 Tayw + v Toz) = p||
< allu=pI + (1= @) [8,(T13 = P) + 6,50 = p) + 7Tz, - P
< aullu—pl* + (1= a)[8,ll Ty — plI* + 6allx, - pII?
+ ¥Vl Tozw = pII*] = (1 = )840l Ty — xull®

-(1- an)enyn” Tyz, — %y ||2r

and hence

061 =PI < @ulle = plI* + A= )8 [1yn = PI* + 170 = Tiyull®]
+ (1= an)Onllxn — plI*> + A = ) vu[llzn — I + 120 — Tazall*]
— (1= )80l T3 = %1 = (1= )0, vl Toz — %I
<anllu—pl*+ 1@ =an)8ulyn — pI* + 1= a)8ullyn — Tiyull?
+ (1= an)0ullxn — pII* + (1= &) Vullzn — pII>
+ (1= ) Vullzn = Tazull® = (1 = )80l Ty — 2,1

— (1= an)0nyull Tozn — %u ”2 (3.2)
In addition, from (3.1), Lemma 2.6 and (1.1), we get that

lyn = pI? = | (L= B G6n — ) + Bu( Tax — )|
= (L= B)lln =PI + Bull Tt — pII?
= Bu(1 = B)llxn — Toa?
< (1= B = pI? + Bu[lln =PI + 160 — o]
— Bl = B) 1w — Tiu

= Il = pI* + Bylln = T, (3.3)
Similarly, we have that
122 = pII> = 1%, = pII* + ¢ [l = Toxull”. (3.4)
Furthermore, from (3.1) and Lemma 2.6, we have that

1y = Toyull® = || (1= B) 6w = Tign) + Bu(Tazn — Tiy) ||

= (1= BIl%n = Tiyull* + Bul Trxen — Tryull?

Page 5 of 14
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= Bu(1 = Bl — Tra1?
< (1= Bl = Toyull® + BuL* 196 — yul®
= Bu(1 = Bl — Tra?
= (1= Bl = Toyull® + BoL?llxn — Tra®
= Bl = Bu)llxn — Trxull?
= (1= B)llxn = Tiyull* = Bu(1= LB} = Bu) %0 — Taaxa*. (35)

Similarly, we obtain that
Iz — T2zn||2 =1 - cp)llon — T2zn||2 —Cn (1 _chi - Cn) ll, — T2xn”2~ (3.6)
Substituting (3.3), (3.4), (3.5) and (3.6) into (3.2), we obtain that

%01 =PI < atullte = plI* + (1= n)8u[ll2n — pII* + Bollxn — Tatn?]
+ (1= an)8a[ (1= B)l%n = Toyull® = Bu(1 = L* B} = Bu)
X %0 = Taxull*] + (1= )00l — pII* + A = )yl %0 — 11>
+ llxn = Toxu*] + (1= ) vu[ A = ) 6 — Taza|)?
— ca(L=L2¢, = cu) lltn — Toxull*] = (1 = )86 | Tryn — %l
— (1= @n)0uVull Tazn — %)
= ayllu—pl* + (1 — o) %y — plI* = (1 = )8, By
x (1= (LB} +2Bu)) 1%n — Tixal?
— (L= an)yucn(1 = (L2¢ + 2¢u) ) 120 — Toull®
+ (1= )85 (1= 60, = B) | Tryn — x>

+ (1 =)yl =6, — o)l Toz, - xn||2:

and hence

%1 = pII* < tullie—pl* + 1 = )1, = pII* = (1= )8, B
x (1= (LB} +2Bu)) 1%n — Tixal?
— (L= an)yuen(1 = (L2, + 2¢4) ) 120 — Toull®
+ (1= )8 (8 + ¥V = B Ty — ull®

+ (1= ) V(8 + Vu = )| Tozw = %l (3.7)
Now, from (iii) of the hypothesis, we have that

1-28,-L*B, =1-2p-L*F*>0, (3.8)
1-2¢,-L%c,>1-28-L*f*>0 (3.9)

Page 6 of 14
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and

Sn+yu)— B, <0, B+ vu)—cy <0 forallm=>1. (3.10)

Thus, inequality (3.7) implies that

%01 = pII* < aullu = plI? + (1= @) I, - plI*. (3.11)

Thus, by induction,

%41 — plI* < max{llu - p|?, |x0 - plI*}, Vn=0,

which implies that {x,,} and hence {y,} are bounded.

Let x* = Px(u). Then, using (3.1), Lemma 2.1 and following the methods used to get
(3.7), we obtain that

|1 =2 * = Jaute + (1= @) Outn + 8, Tiym + yuToza) — x*?
= [otn (2t = &%) + (1 = ) [0 + 8519 + v Tozn — x°]|
< (1= )[4 Tuyn + Ot + vuTozn —x* |
+ 200, (1 — &%, X1 — X¥)
< (1= )8 Ty =2 |* + 1 = 0,0, |20 —*|°
+ (1= @)y | Tozw = & |* = (1= )08l T1 — 21

— (1= an)0nyull T2z, - Xu||* + 2(1,,(14 — %", %011 —x*)

and

[t = ” = @ =)l =" |+ 19 = Toul’]

+ (L= 00, |0 =% | + (L= )yl | 20 — 2"
+ 1120 = Tazal®] = (U = 0)00B | Tays — %2
— (1= )0Vl Tazu — 21> + 20t (1t — &%, 2011 — %)

< (1= at)u[ o0 — ") * + B211n — Tr6l1?]
+ (1= @)8,[ (1 = B)ll%n = Tiyull> = Bu(1 - LB = B,)
X 1% = Tieal?] + (1 = )6, |20 — 7|
+ (U= )yl [ =% + Rl — Toxal?]
+ (L= ) yu (L= e)ll%n — Tozull* = cu(1 = L?, — c4)
116 = Taul®] = (1= )08l Toys = %all> = (1 = )0y

X | Tazn = %ull* + 200, (6 = &%, 201 — ¥,
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which implies that

[ =2 * < (L= )00 = #* | = (1 = )8, B[ 1 — L2B2 — 28,,]
X 10 = Titnll* + (L= @n)85 (8 + Vi — Bu) 1% — T1yull®
— (L= an)8uca[1 - L?c, — 2¢, ] lotn — Tl
+ (L= ) V(B + Vi — ) l6n — Tazull® + 2000 (16 — &%, 2001 — %) (3.12)

<(1-ay) ”xn —x* “2 + 2an(u — X X1 — x*). (3.13)

Now, we consider two cases.

Case 1. Suppose that there exists ny € N such that {||x,, —x*||} is decreasing for all n > n,.
Then, we get that {||x, — x*||} is convergent. Thus, from (3.12), (3.8), (3.9) and (3.10), we
have that

%, — T1x, — 0, Xy — Tox, — 0 asn— oo. (3.14)

Furthermore, since {x,.1} is a bounded subset of H which is reflexive, we can choose
a subsequence {x,,,1} of {¥,.1} such that x,,,; — x and limsup,,_, . (u — x*, %1 — x*) =
lim;— o0 (# — %%, %41 — x*). Then, from (3.14) and Lemma 2.4, we have that x € F(T7) and

x € F(T,). Therefore, by Lemma 2.2, we immediately obtain that

lim sup(u — X", X1 — x*) = lim (u =& K1 — x*)
n—>00 =00
= <u—x*,x—x*) <0. (3.15)
Then it follows from (3.13), (3.15) and Lemma 2.3 that ||x,, — x*|| — 0 as n — oco. Conse-

quently, x, — x* = Pr(u).
Case 2. Suppose that there exists a subsequence {#;} of {n} such that

e =2 < llmoa = 7]

for all i € N. Then, by Lemma 2.5, there exists a nondecreasing sequence {m;} C N such

that m; — o0, and
s 5] = =5 and =] = [ =] 616)

for all k € N. Now, from (3.12), (3.8), (3.9) and (3.10), we get that x,,, — T1x,,, — 0 and
%y — Toxp, — 0 as k — oo. Thus, like in Case 1, we obtain that

lim sup(ss — &%, % 11 — %) < 0. (3.17)

k— o0

Now, from (3.13) we have that

||xmk+1 —x* ||2 <(1- oz,,,k)Hx,,,,< —x* ||2 + 2amk<u — X" Xy 41 —x*), (3.18)
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and hence (3.16) and (3.18) imply that

[ 5 = [~ = [sr ="+ 20t 0 )

< +2oemk(u =X K1 — x*)
But using the fact that o, >0 and (3.17), we obtain that
. )
lim sup||xmk —-x || <0,
k— o0

and hence ||x,,, —x*|| — 0 as k — oo. This together with (3.18) implies that ||x,,, .1 —x*|| —
0 as k — oo. But [lxx — x*|| < ||%ym1 — x*|| for all kK € N, thus we obtain that x; — x*.
Therefore, from the above two cases, we can conclude that {x,} converges strongly to a
common fixed point of 77 and T, nearest to u. The proof is complete. d

We note that the method of the proof of Theorem 3.1 provides a convergence theorem
for a finite family of Lipschitzian pseudocontractive mappings. In fact, we have the fol-

lowing theorem.

Theorem 3.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
LetT;:C— C,i=1,2,...,N, be Lipschitz pseudocontractive mappings with Lipschitz con-
stantsL;,i=1,2,...,N, respectively. Assume that F = ﬂf] F(T;) is nonempty. Let a sequence
{x,,} be generated from an arbitrary xo,u € C by

wi = (1= Bu)xy + nTixn; i=12,...,N;
Ini = (1= Bu)xn + B (3.19)

X1 = Qpth + (1= 0) G0 + Sy O Tiyni),

where {0,;:i=0,1,2,...,N} C (a,b) C (0,1), {o,} C (0,¢) C (0,1) satisfy the following con-
ditions: (i) 0,0 + O + - - + Oy = 1; (i) 1im,, 00 0t = 0, Y@ty = 00; (i) YN, 6 < Bu < B <
ﬁ, Vn>1,for L:=max{L;:i=1,2,...,N}. Then {x,} converges strongly to a common
fixed point of T; (i = 1,2,...,N) nearest to u.

If in Theorem 3.1 we assume that T is nonexpansive, then we have that T is Lipschitz

pseudocontractive with L = 1, and hence we get the following corollary.

Corollary 3.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
T, T, : C — C be nonexpansive mappings. Assume that F = F(T1) N F(T,) is nonempty.
Let a sequence {x,} be generated from an arbitrary xo,u € C by

Zp = (L= cp)xy + ¢y Toky;
Y= (1= Bu)xn + B T1xn; (3.20)

X1 = otk + (1 — 0) (0% + 8, T1yn + YuT220),

where {8,},{6,}, {vu} C (a,b) C (0,1), {o,} C (0,¢) C (0,1) satisfy the following conditions:
(i) 8, + 0 + Y = L (if) lim,,s 0 @ty = 0, Y a0y = 005 (i) 8 + ¥ < €y B < B < (V2 1),V > 1.
Then {x,} converges strongly to a common fixed point of T) and T, nearest to u.
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We now state and prove the convergence theorem for a common zero of a family of

monotone mappings.

Corollary 3.4 Let H be areal Hilbert space. Let A; : H — H, i = 1,2, be Lipschitz monotone
mappings with Lipschitz constants Ly and L,, respectively. Assume that F := ﬂil N(A)) is
nonempty. Let a sequence {x,} be generated from an arbitrary x,,u € H by

Zy =Xy — CnAan;
VYn =%y — ,BnAlxn; (321)
X1 = ot + (1= 00) (0% + 8,(I — Ay + v — A2)z),

where {8,},{0,},{yu} C (a,b) C (0,1), {o,} C (0,¢) C (0,1) satisfy the following conditions:
. 1L () 1: _ _ L faas 1

(i) 8 + O + v = L; (i) limy oo 0ty = 0, Yty = 005 (i) 8y + Y < € B < B < Wt

Vn > 1, for L := max{Li, Ly}. Then {x,} converges strongly to a common zero point of A; and

A, nearest to u.

Proof Let Tix:= (I-A;)xfori=1,2. Then we get that every T; for all i € {1,2} is a Lipschitz
pseudocontractive mapping with the Lipschitz constant L; := (1 + L;) and ﬂil F(T;) =
ﬂle(Ai) # (). Moreover, when A; is replaced with (I — T;), for each i € {1,2}, then scheme
(3.21) reduces to scheme (3.1), and hence the conclusion follows from Theorem 3.1. [

We may also have the following corollary for a finite family of monotone mappings.

Corollary 3.5 Let H be a real Hilbert space. Let A; : H — H, i=1,2,...,N, be Lipschitz
monotone mappings with Lipschitz constants L;, i = 1,2,...,N, respectively. Assume that
F:= ﬂﬁl N(A;) is nonempty. Let a sequence {x,} be generated from an arbitrary x,,u € H

by

Yni =%n — BrAixy, i=12,...,N;

N (3.22)
Xn+l = Opld + (1 - an)(enoxn + Zi:l 9,”'(1 _Ai)ym'):

where {0,;:i=0,1,2,...,N} C (a,b) C (0,1), {o,} C (0,¢) C (0,1) satisfy the following con-

ditions: (i) 60 + O + - + Oy = 1; (i) lim,, 0 @t = 0, Y v, = 005 (i) YN, 60 < B < B <
1

1+(1+L)2+1’

mon zero point of A;, i=1,2,...,N, nearest to u.

Vn>1,for L:=max{L;:i=1,2,...,N}. Then {x,} converges strongly to a com-

Ifin Corollary 3.5 we consider a single Lipschitz monotone mapping, then we obtain the

following corollary.

Corollary 3.6 Let H be a real Hilbert space. Let A : H — H be a Lipschitz monotone map-
ping with Lipschitz constant L. Assume that F := N(A) is nonempty. Let a sequence {x,} be

generated from an arbitrary x1,u € H by

n = Xn — BuAXy;
3 P (3.23)

K1 = ot + (1= 0,) (1 = Y )y + yu(D _A)yn),
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where {y,} C (a,b) C (0,1), {a,} C (0,c) C (0,1) satisfy the following conditions:
(i) im0 @y = 0, Yty = 005 (i) 1 < By < B < ——

, Vn > 1. Then {x,} converges
1+(1+L)2+1
strongly to the zero point of A nearest to u.

4 Numerical example

Now, we give an example of a finite family of pseudocontractive mappings satisfying The-
orem 3.1 and some numerical experiment result to explain the conclusion of the theorem
as follows.

Example 4.1 Let H = R with absolute value norm. Let K = [-2,1] and T}, T5 : K — K be

defined by
x+x%, xe[-2,0],
Tix:= (41)
x, x € (0,1]
and
] S _2, l )
Tyxi= rel-2.] (4.2)

x=20x-3)% xe(31].

Clearly, F = F(T1) N F(T,) = [0,1] N [-2, %] =10, %], and for x,y € K we have that

(U-T)x-U-T)y,x-y)>0 (4.3)
and
(U-T)x-U-T)y,x-y) >0, (4.4)

which show that both mappings are pseudocontractive. Next, we show that T; is Lips-
chitzian with L = 5. If x,y € [-2,0], then
|Tix — Tiyl = |x + 2% -y — |

=[x +9) +1flx -yl <3lx +. (4.5)
If x,y € (0,1], then
| Ty — Thyl = |x - yl.
Ifx € [-2,0] and y € (0,1], then

| T — Thyl = |x + 2 -y
=lx—yral[=fx—y+a’ -y’ 4y

= |x—y+a® =+

=ty +1- e =yl +y -«

=[2+x+y|-[x—-y =3lx -yl (4.6)
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Ifx € (0,1] and y € [-2,0], then

|Twx— Tyl = |x— (v +°)]
= lx—y-p?+a7 =2 =[x -y + (x+y)(x—y) - %
= [L+x+y)|lc—yl+a°
<|@+x+y)|la—yl+@x-p)7°
<(L+x+yl+lx—yl)lx—yl
<5lx-yl (4.7)

Thus, we get that T; is Lipschitzian pseudocontractive with L = 5. Similarly, we can show
that T is Lipschitzian pseudocontractive with L = 10.

Now, taking «;, = ﬁ,cnzﬂn = ﬁ + m,ny:(Sn:O.S[ﬁ + m] and 6, =1- [ﬁ +
m], we observe that the conditions of Theorem 3.1 are satisfied and scheme (3.1) pro-
vides the data in Tables 1 and 2 and Figures 1 and 2.

(i) When u = 0.6 and x, = —1, we see that the sequence converges to x* = 0.5 as shown
in Table 1 and Figure 1.

(if) When u = -1 and x, = 0.8, we see that the sequence converges to x* = 0 as shown in

Table 2 and Figure 2.

Table 1 Values of {x,} with initial values u=0.6 and x¢ = -1

n 0 500 1,000 5,000 10,000 12,000 14,000 17,000
Xp  —-10000 05639 05638 05387 05287 05264 05246 05225
1 T
x(0)=-1
x=0.5
0.5
o o
c
X
)
QL o5t 8
©
—
()
=
1t i
-1.5f b
o 2000 4000 6000 8000 10000 12000 14000 16000 18000
iterations, n
Figure 1 Figure of {x,} with initial values u=0.6 and xo =-1.
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Table 2 Values of {x,} with initial values u=-1 and xo = 0.8

n 0 500 1,000 5,000 10,000 12,000 14,000 17,000
xp 08000 04781 -03738 -0.1870 -0.1351 -0.1238 -0.1150 -0.1047

1 \

+ x(0)=0.8
x=0
0.5f i
0
[

X
1)

QL 05} E
©
S
[
=

1} -

-1.5F b

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
iterations, n

Figure 2 Figure of {x,} with initial values u=-1 and xo = 0.8.

Remark 4.2 Theorem 3.1 provides a convergence sequence to a common fixed point of
two Lipschitzian pseudocontractive mappings, whereas Theorem 3.2 provides a conver-
gence sequence to a common fixed point of a finite family of Lipschitzian pseudocontrac-
tive mappings. In addition, Corollary 3.4 provides a convergence sequence to a common
zero of two Lipschitzian monotone mappings, whereas Theorem 3.5 provides a conver-
gence sequence to a common zero of a finite family of Lipschitzian monotone mappings.

Remark 4.3 Theorem 3.2 improves Theorem ZSA, Theorem 3.2 of Daman and Zegeye
[19] in the sense that our convergence does not require the assumption that interior of
F(T) is nonempty or condition (H).

Remark 4.4 Theorem 3.1 improves Theorem 3.1 of Zhou [20], Theorem 3.1 of Yao et al.
[26] and Theorem 3.1 of Tang et al. [27] in the sense that our convergence requires neither
compactness of T nor computation of closed and convex C, of C for each n > 1.
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