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Abstract

In this paper, we notice the notions metric-like space and dislocated metric space are
exactly the same. After this historical remark, we discuss the existence and uniqueness
of a fixed point of a cyclic mapping in the context of metric-like spaces. We consider
some examples to illustrate the validity of the derived results of this paper.
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1 Introduction and preliminaries

Fixed point theory is one of the most dynamic research subjects in nonlinear sciences.
Regarding the feasibility of application of it to the various disciplines, a number of authors
have contributed to this theory with a number of publications. The most impressing result
in this direction was given by Banach, called the Banach contraction mapping principle:
Every contraction in a complete metric space has a unique fixed point. In fact, Banach
demonstrated how to find the desired fixed point by offering a smart and plain technique.
This elementary technique leads to increasing of the possibility of solving various prob-
lems in different research fields. This celebrated result has been generalized in many ab-
stract spaces for distinct operators. In particular, Hitzler [1] obtained one of interesting
characterizations of the Banach contraction mapping principle by introducing dislocated
metric spaces, which is rediscovered by Amini-Harandi [2].

Definition 1.1 A dislocated (metric-like) on a nonempty set X is a function o : X x X —
[0, +00) such that for all x,y,z € X:

(01) ifo(x,y) =0 thenx =y,
(02) o(x,y)=0(y,%),
(03) olx,y) <o(x2)+0(zY),

and the pair (X, o) is called a dislocated (metric-like) space.

The motivation of defining this new notion is to get better results in logic programming
semantics (see, e.g., [1, 3]). Following these initial reports, many authors paid attention
to the subject and have published several papers (see, e.g., [4—12]). Another interesting
generalization of the Banach contraction mapping principle was given by Kirk et al. [13]
via a cyclic mapping (see, e.g., [14—16]). In this remarkable paper, the mappings, for which
the existence and uniqueness of a fixed point were discussed, do not need to be continuous.
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A mapping T: AUB— AU B is called cyclic if T(A) € Band T(B) C A.

Theorem 1.2 (See [13]) Let A and B be two nonempty closed subsets of a complete metric
space (X, d). Suppose that T : AU B— AU B is cyclic and satisfies the following:
(C) There exists a constant k € (0,1) such that

d(Tx, Ty) < kd(x,y) forallx € A,y € B.

Then T has a unique fixed point that belongs to A N B.

Cyclic mappings and related fixed point theorems have been considered by many au-
thors (see, e.g., [13-28]). In this paper, we discuss the existence and uniqueness of fixed
point theory of a cyclic mapping with certain properties in the context of metric-like
spaces.

We recall some basic definitions and crucial results on the topic. In this paper, we follow
the notations of Amini-Harandi [2].

Definition 1.3 (See [2]) Let (X, o) be a metric-like space and U be a subset of X. We say
U is a o-open subset of X if for all x € X there exists > 0 such that B, (x,r) C U. Also,
V C X is a o-closed subset of X if (X\ V) is a o -open subset of X.

Lemma 1.4 Let (X, 0) be a metric-like space and V be a o -closed subset of X. Let {x,} be
a sequencein V. Ifx, > xasn— oo, thenx e V.

Proof Letx ¢ V. By Definition 1.3, (X\ V) is a 0 -open set. Then there exists r > 0 such that
B, (x,r) € X\ V. On the other hand, we have lim,_, o, |0 (x,,%) — o (x,x)| = O since x,, — x

as n — 00. Hence, there exists 19 € N such that
|a(xn,x) - a(x,x)| <r

for all # > ngy. So, we conclude that {x,,} C B, (x,r) C X\V for all # > ny. This is a contra-
diction since {x,,} C V forall » € N. O

Lemma 1.5 Let (X, 0) be a metric-like space and {x,} be a sequence in X such that x, — x
as n— oo and o (x,x) = 0. Then lim,_, oo 0 (x,,y) =0 (x,y) forall y € X.

Proof From (03) we have

o (%,y) = 0 (¥ %) < 0 (¥, ¥) < 0 (%4, %) + 0 (x,).
Letting n — oo in the above inequalities, we get lim,,_, o, o (x4, ) = o (x,y). O
Lemma 1.6 Let (X,0) be a metric-like space. Then

(A) l‘fa(xry) =0, then o (x,x) = O‘()/’y) =0;
(B) if (%} is a sequence such that lim,_, o 0 (%, X,41) = 0, then we have

lim o (x,,%,) = lim o (x,.1,%,.1) = 0;
n— 00 n—00
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(C) ifx#y, then o(x,y) > 0;
D) ox,x) < % ZZ’ o (x,%;) holds for all x;,x € X, where1 <i<n.

Proof We skip the proof (A) since it is evident.
(B) Due to the triangle inequality, we have o (x,,, x,) < 0 (%4, X41) + 0 (K11, %) = 20 (X141,
%,). So, we find
0 < lim o (x,,%,) <2 lim o(x,,%,,1) = 0.
n— o0 n— 00
Analogously, we derive
0 < lim o (X1, %041) <2 lim o (x,,,%,,1) = 0.

n—00 n— 00

(C) Ifx #y and o (x,y) = 0, then by (c1) we have x = y, which is a contradiction.
(D) Again from (03) we get

o (x,%) < 20 (%, %),

where 1 < i < n. Then we observe that

i=n i=n
Zo(x,x) <2 Za(x,x,-).
i=1 i=1

Hence, we derive that

2 =n
<= ).
o(x,x) < - ;o(x,xl)
At first, we define the class of & and W by the following ways:
v = {w :[0,00) — [0, 00) such that v is non-decreasing and continuous}
and
= {¢ :[0,00) — [0, 00) such that ¢ is lower semicontinuous}.
Definition 1.7 Let (X,0) be a metric-like space, m € N, let A1,A,,...,A,, be o-closed
nonempty subsets of X and Y = (", A;. We say that 7 is called a cyclic generalized ¢-v-
contractive mapping if
(1) Y =, A; is a cyclic representation of Y with respect to T;
(2)
Y(t)—y(s)+p(s)>0 forallt>0ands=tors=0

and

Y (o (Tx, Ty)) < ¥ (Mo (%,9)) — (Mo (x,9)) @
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foranyx € A;, y€ Ajy1,i=1,2,...,m, where A,,;,;1 = Ay, ¢ € P, ¥ € ¥ and

Mo (x,y) = max{o(x,yxa(x, T, 0 (y, Ty), L8 )+ 0 0. %) }

4

Let X be a nonempty set and 7': X — X be a given map. The set of all fixed points of T
will be denoted by Fix(T), that is, Fix(T) = {x € X;x = Tx}.

Theorem 1.8 Let (X,0) be a complete metric-like space, m € N, let Ay,As,..., A, be
nonempty o-closed subsets of X and Y = J!"; A;. Suppose that T : Y — Y is a cyclic
generalized ¢-\r-contractive mapping. Then T has a fixed point in (i, A;. Moreover, if
o (x,y) > o (x,x) for all x,y € Fix(T), then T has a unique fixed point in (|, A;.

Proof Let xy be an arbitrary point of Y. So, there exists some iy such that xy € A;;.
Since T'(A;)) € Ajyn1, we conclude that Txy € A;y,1. Thus, there exists x; in A;;,1 such
that Txo = x;. Recursively, Tx, = x,.1, where x,, € A; . Hence, for n > 0, there exists
in €{1,2,...,m} such that x, € A;,. In case x,, = %,,+1 for some ny = 0,1,2,..., then it
is clear that x,, is a fixed point of T. Now assume that x, # x,,; for all n. Hence, by
Lemma 1.6(C) we have o (x,1,%,) > 0 for all n. We shall show that the sequence {o,} is
non-increasing where o, = o (x,,, %,,1). Assume that there exists some ny € N such that

0 (Xng-15%ng) < 0 (Xngs Xng+1)-
Hence

Y (0 (Xng-1,%n0)) < V(0 (gr Xng11))- ()
By taking x = x,,; and y = x,, in condition (1) together with (2), we get

W (G (xn’ xn+1))
=y (U(Txn—lr Txn))

X1, Ixy) + 0 (%, Ty
E W(max{a(xn—lxxn);a(xn—ly Txn—l):a(xnr Txn); O( -l n) O( “ “ 1) }

4

(xn—l: Txn) + G(xnr Txn—l) }>
4

o
- ¢ (max{g(xnl; xn); U(xn—l’ Txn—l): (e} (xn, Txn)r

0 (%p—15%ns1) + 0 (X5 %)
—

O'(xn—lyxnﬂ) + U(xn:xn) })

= w <maX{U(xn—17xn)) O'(xrnxrnl)y

3)

_(»b(max{U(xn—l7xn)!a(xn’xn+l)y 4

On the other hand, from Lemma 1.6(D) we have
0 (X, %) < 0 (X1, %) + 0 (X K1),
and by (03) we have

G(xn—l:xn+1) < O—(xn—l;xn) + O—(xnyx;ﬁl)-
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That is,

0 (X-1,Xp41) + 0 (%, %)
max{a(xn—lvxn)xU(xmxrﬁl)} Smax{a(xn—lyxn);U(xn)xn+l): s i

4

IA

U(xn—lyxn) + G(xnrxn+l) }
2

max { o (xn—lr xn): (e} (xn; xn+l):
= max{o (xn—lx xn)v U(xnr xn+1) }
Then

(xn—l: er—l) +0 (xm xn)
4

o
max{a(xnly xn)ro(xm xn+1)r } = max{g(xn—b le)l G(xn: xn+1)}~

Therefore from (3) we get

¥ (0 (s 1)) < W (max{o (-1, %), 0 (%, K1) }) — P (max{o (n_1,%4), 0 (%, X11) }).

Now, if max{o (x,_1,%,), 0 (X, %441)} = 0 (%, %,,41), then

W(U (O xn+1)) = a(a (%, xn+1)) - ,B(U (xn, xn+1)):

a contradiction. Hence, we have

W(U(xmxnﬂ)) = 1;0(0(9@171»7%)) - ¢(O(xnfl¢xn)) (4)

for all # € N. By taking x = x,,,_; and y = x,,, in (4) and keeping (2) in mind, we deduce that

1#(0(%071,96;40)) = w(a(xno—l,xno)) - (f)(O'(an,l,an)),

a contradiction. Hence, we conclude that o,, < 6,,_1 holds for all # € N. Thus, there exists
r > 0 such that lim,_, 0, = r. We shall show that r = 0 by the method of reductio ad
absurdum. For this purpose, we assume that r > 0. By (4), together with the properties of
¢, ¥, we have

¥ (r) = limsup ¥ (0,) < limsup[y (1) — p(0-1) | < ¥ (r) — B (1),

n—00 n—00

which yields that ¢(r) < 0. This is a contradiction. Hence, we obtain that

lim o, = lim o (x,,%,,1) = 0. (5)
n—00 n—00
We shall show that {x,} is a 0 -Cauchy sequence. To reach this goal, we shall follow the
standard techniques that can be found in, e.g., [22]. For the sake of completeness, we shall
adopt the techniques used in [22]. First, we prove the following claim:
(K) For every ¢ > 0, there exists n € N such that if r,g > n with r — g = 1(m), then
o (xr,%g) < €.
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Suppose, on the contrary, that there exists ¢ > 0 such that for any # € N, we can find

Tu > qn > n with r, — g, = 1(m) satisfying
G(an;xrn) =& (6)
Now, we take # > 2m. Then, corresponding to g, > 1, we can choose r,, in such a way that it

is the smallest integer with r,, > g, satisfying r,, — g, = 1(m) and o (x4,,%,) > €. Therefore,

0 (%4,» %r,—m) < €. By using the triangular inequality, we obtain

m m
& <0 (%, %r,) < 0 (Xgys Xrym) + Z O Kpyeis Xpy_y) < €+ Z P Xryis X))
i1 i=1

Passing to the limit as # — oo in the last inequality and taking (5) into account, we obtain
that

lim o (xg,,%,) = €. 7)

Again, by (03), we derive that

& < 0(xg,%r,)
= G(an;anﬂ) + U(an+1,xr,,+1) + G(xrn+11xrn)
=< U(an;an+1) + O'(an+11an) + O'(an)xr,,) + U(xrnrxr,,H) + G(xrn+17xrn)

= 20 (%g,, %g,+1) + 0 (X, %p,) + 20 (X, Xy, 1)
Taking (5) and (7) into account, we get
lim G(anﬂyxrnH) =é&. (8)
n— o0
By (03), we have the following inequalities:
U(an>xrn+1) = U(an’xrn) + U(xrn»xrnﬂ) )
and
U(an:xrn) = O(anrxrn+1) + U(xrn:xrwrl)' (10)
Letting n — oo in (9) and (10), we derive that
lim o (xg,,%,,41) = €. (11)
n— 00
Again by (03) we have

G(xrn¢an+l) < U(xr,,:xrnﬂ) + O'(xrn+1: an+1) (12)
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and
O'(xr,ﬁ-ly an+l) = U(xrn+1; xr,,) + U(xr,,;anﬂ)' (13)
Letting n — oo in (12) and (13), we derive that

lim o (x,,,%4,+1) = €. (14)
n—0oQ

Since x,, and x,., lie in different adjacently labeled sets A; and A;,; for certain1 < i < m,
by using (5), (7), (8), (11), (14) together with the fact that T is a generalized cyclic ¢-y -

contractive mapping, we find that

) (U (an+lr xrn+1))

= (0(Txg,, Txr,))

<y (max{o(an,x,n), o (x4, Txq,), 0 (%r,, Txy,),

o (xg,, Txy,) + a(x,n, Tx,,) })

o(x,,,Tx, ) +0x,,Tx
_(p(max{o-(an’xm),o.(an’ qun),g(xrn; Txrn) ( dn r,,) ( n Lﬁl )

U(anrxrn+1) + U(xrnran+l) })

=y (max{o(an,xrn), U(anran+l), O'(xrn’xrnﬂ)r 2

U(anrxrn+1) + a(xr,,:anH) })
2 .

- ¢<maX{0(an,xm), 0 (Xg,y» Xgyys1)s T Ky s Xy 41)5
Regarding the properties of ¢, ¢ in the last inequality, we obtain that

y(e) < y(e) - p(e),

a contradiction. Hence, the condition (K) is satisfied. Fix & > 0. By the claim, we find 1y € N
such that if r,q > ny with r — g = 1(m),

3
U(xr;xq) = 5 (15)
Since lim,,_, o, 0 (%1, %,41) = 0, we also find 7; € N such that
&
U(xnrxn+l) <— (16)
2m
for any n > n;. Suppose that 7, s > max{no, 71} and s > r. Then there exists k € {1,2,...,m}
such that s — r = k(m). Therefore, s — r + ¢ = 1(m) for ¢ = m — k + 1. So, we have for
jell,...,m}, s+j—r=1(m)
o(xr: xs) = O'(xrvxsﬂ) + G(xs+j1xs+j—1) teee o(xs+17 xs)-

By (15) and (16) and from the last inequality, we get

( )<8 £ <£ &
O\Xy, X —+] X — —+mM X — =€&.
) j 2m 2 2m
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This proves that {x,} is a o-Cauchy sequence. Since ¢ is arbitrary, {x,} is a Cauchy se-
quence. Since Y is o-closed in (X,0), then (Y,0) is also complete, there exists x € ¥ =

(U, A; such that lim,,_, oo x, = x in (Y, 0); equivalently
o(x,x) = lim o(x,x,) = lim o(x,x,)=0. 17)

In what follows, we prove that x is a fixed point of T. In fact, since lim,_, ,,x, = x and,
as Y = [J, A; is a cyclic representation of ¥ with respect to T, the sequence {x,} has
infinite terms in each A; for i € {1,2,...,m}. Suppose that x € A;, Tx € A;;1, and we take a
subsequence x,, of {x,} with x,, € A;; (the existence of this subsequence is guaranteed

by the above-mentioned comment). By using the contractive condition, we can obtain

v (o (Tx, Txy,))

=¥ (max{o'(x’xnk)’o.(x’ Tx),o'(xnk’ Txnk), o (x, Txnk) + G(xnk, Tx) })

4
o (%, Txp) + 0 (%, Tx) })

_q)(max{o(x,x,,k),o(x, Tx), 0 (% Ty ), )

Passing to the limit as # — oo and using x,, — x, lower semi-continuity of ¢, we have

1[/(0 (x, Tx)) < w(o (x, Tx)) - ¢(a (x, Tx)).

So, o (x, Tx) = 0 and, therefore, x is a fixed point of 7. Finally, to prove the uniqueness of the
fixed point, suppose that y,z € X are two distinct fixed points of T. The cyclic character
of T and the fact that y,z € X are fixed points of T imply that x,y € )2, A;. Suppose that

x #yand forallu,w € Fix(T), o (u, w) > o (1, u). Using the contractive condition, we obtain

¥ (o(Tx, Ty)) < v (maX{a(x,y), o(x, Tx),0 (5, Ty), ol 1) + 0y, Tx) })

4

ox, Ty) + o (y, Tx) })
) .

- (max { o(x,9),0(x, Tx), o (y, Ty),
Then we have

Y (0(x9) < ¥ (o) - (o),

which is a contradiction. Thus, we derive that o(y,z) = 0 <= y = z, which finishes the
proof. d

Ifin Theorem 1.8 we take A; = X for all 0 < i < m, then we deduce the following theorem.

Theorem 1.9 Let (X, 0) be a complete metric-like space and T be a self-map on X. Assume
that there exist ¢ € O and € V such that

¥ (o (Tx, T9)) < ¥ (Mo (x,9)) — (Mo (x,9))
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forall x,y € X, where

M, (x,y) = max { o(x,9),0(x, Tx), o (y, Ty),

o(x, Ty) + o (y, Tx) }
— [

Then T has a fixed point. Moreover, if o (x,y) > o (x,x) for all x,y € Fix(T), then T has a
unique fixed point.

If in Theorem 1.8 we take v (¢) = t and ¢(¢) = (1 — r)t, where r € [0,1), then we deduce

the following corollary.

Corollary 1.10 Let (X,0) be a complete metric-like space, m € N, let A1, As,..., Ay be
nonempty o -closed subsets of X and Y = J;', A;. Suppose that T : Y — Y is an operator
such that
(i) Y =", Aiis a cyclic representation of X with respect to T;
(ii) there exists r € [0,1) such that
o(Tx, Ty) < rmax{o(x,y),a(x, Tx), 0 (y, Ty), w }

foranyx e A,y € Ai1,i=1,2,...,m, where A1 = A1. Then T has a fixed point z € ﬂimzlAi.
Moreover, if o (x,y) > o (x,x) for all x,y € Fix(T), then T has a unique fixed point.

Example1.11 Let X = R with the metric-like o (x, y) = max{|x|, |y|} for allx, y € X. Suppose
Ay =[-1,0] and Ay = [0,1] and Y = | J?, A;. Define T: Y — Y by

T 5  ifxe[-1,0],
X =

= ifxel0,1].

It is clear that U?:lAi is a cyclic representation of Y with respect to T. Let x € A; = [-1,0]
and y € A; = [0,1]. Then

_ 3
32

3

’

o(Tx, Ty) = max{

—x y —x
=maxy —, - ¢ <maxjy —,
3°2 2

1 1
) max{—x,y} = EG(x,y)r

N R

and so

o(Tx, Ty) < % max{a(x,y), o(x, Tx), o (v, Ty), obe 1) + o0, %) }

4

Hence, the conditions of Corollary 1.10 (Theorem 1.8) hold and T has a fixed point in
A; N A,. Here, x = 0 is a fixed point of 7'

If in the above corollary we take A; = X for all 0 < i < m, then we deduce the following

corollary.
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Corollary 1.12 Let (X,0) be a complete metric-like space and T be a self-map on X. As-
sume that there exists r € [0,1) such that

o(Ix, Ty) < rmax{o(x,y), o(x, Tx), o (y, Ty), oo 1Y) + 0, T%) }

4

holds for all x,y € X. Then T has a fixed point. Moreover, if o (x,y) > o (x,x) for all x,y €
Fix(T), then T has a unique fixed point.

Example 1.13 Let X = R with the metric-like o (x,y) = max{x,y} for all x,y € X. Let T :
X — X be defined by

éxz if0<x<1/3,

Tx=1(1-x)/2 ifl1/3<x<]1,

tx ifx>1.

Proof To show the existence and uniqueness point of 7, we need to consider the following
cases.
« Let 0 <x,y<1/3. Then

1 1 1
o(Tx, Ty) = gmax{xz,yz} < 3 max{x, y} = 5a(x,y).
o Let1/3 <x,y <1.Then
1 1 1
o(Tx, Ty) = Emax{l —x,1-y} < 5 max{x,y} = Ea(x,y).
+ Letx,y>1. Then
1 1 1
o(Tx, Ty) = 3 max{x,y} < 3 max{x,y} = Ea(x,y).
o« Let0<x<1/3and 1/3 <y <1. Then
1, 1 1
o (Tx, Ty) = max gx ,A-9)/2} < Emax{x,y} = Ea(x,y).
+ Let0<x<1/3 and y > 1. Then
(T, Ty) = max{ =%, =y < max(x,7) = ~0(x,)
, Ty) = max{ —x°, =y < — max{x,y} = —o(x,y).
o(Tx, Ty Sx 6y 5 X,y 20 X,y
o Letl/3<x<1landy>1. Then
1 1 1
o(Tx, Ty) = max{(l -x)/2, gy} < Emax{x,y} = Eo(x,y),

and so

o(Ix, Ty) < % max[a(x,y), o(x, Tx), o (y, Ty), oo 1Y) + 0, Tx) }

4
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Hence, we conclude that all the conditions of Corollary 1.12 (Theorem 1.9) hold and hence
T has a fixed point 0 in [0, 00). O

By Corollary 1.10 we deduce the following result.

Corollary 1.14 Let (X,0) be a complete metric-like space, m € N, let Ay, As,..., A, be
nonempty o -closed subsets of X and Y = Ji", A;. Suppose that T : Y — Y is an operator
such that

(i) Y =", Aiis a cyclic representation of X with respect to T;

(ii) there exists r € [0,1) such that

o (x,Ty)+o (y,Tx)
4 }

o (Tx,Ty) max{o (x,9),0 (x,Tx),0 (y,Ty), ———>7—="—
[ swar=r | ple)dt
0 0

forany x € A;, y € A1, i = 1,2,...,m, where Ay = Ax, and p : [0,00) — [0,00) is a
Lebesgue-integrable mapping satisfying f(f p(t)dt > 0 for e >0. Then T has a fixed point
z € (i) Ai. Moreover, if o(x,y) > o (x,x) for all x,y € Fix(T), then T has a unique fixed
point.

If in the above corollary we take A; = X for all 0 < i < m, then we deduce the following
corollary.

Corollary1.15 Let (X, 0) be a complete metric-like space and let T : X — X be a mapping
such that for any x,y € X,

x,Ty)+0 (y,Tx) }
4

o (Tx,Ty) max{o (x,9),0 (x,Tx),0 (y, Ty),“(i
[ swar=r | p(0dt,
0 0

where p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying f(f p(t)dt fore >0
and the constant p € [0, i). Then T has a unique fixed point.

Definition 1.16 Let 7: X — X and ¢ : X — [0,00) and y € [0,1]. A mapping 7 is said to
be a y -1 -subadmissible mapping if

Y(x) <y implies ¥(Tx)<y, x€X.

Example1.17 Let T:R — Rand ¢ : R — R, be defined by Tx = x®> and v (x) = %e" Then
T is a y -y -subadmissible mapping where y = %. Indeed, if ¥ (x) = %ex < é, then x < 0,
and hence Tx < 0. That is, ¥ (Tx) = %eTx < é.
Example1.18 Let T :[-m, 7] — [-7,7]and ¢ : [-7, 7] — R, be defined by Tx = 7 sin(x)
and ¥ (x) = |x — %nl + % Then T is a y -y -subadmissible mapping where y = % Indeed, if
Yx) = |x - %rr| + % < %, then x = %71, and hence Tx = %n, That is, ¥ (Tx) = %

Let A be the class of all the functions ¢ : [0, +00)> — [0, +00) that are a continuous with
the following property:

ox,7,2)=0 ifandonlyif x=y=2z=0.
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Definition 1.19 Let (X,0) be a metric-like space, m € N, let A}, As,...,A,, be o-closed
nonempty subsets of (X,d,) and Y = J"; A;. Assume that T': Y — Y is a y -/ -subadmis-
sible mapping where y = é. Then T is called a /-cyclic generalized weakly C-contraction
if

(1) Y =", A; is a cyclic representation of Y with respect to T;

(2)
o(Tx, Ty) < ¥ (x)o (x, Tx) + Yy (Tx)o (y, Ty) + 1/f(T2x)a(x, Ty) + w(Tsx)o (9, Tx)

—¢| o Ix), o (x, Ty), l o Ty) +o(y, Tx) (18)
2

foranyx € A;, y€ Ais1,i=1,2,...,m, where A,,,,; =A; and ¢ € A.

Theorem 1.20 Let (X,0) be a complete metric-like space, m € N, let Ay, A,,..., A, be
nonempty o -closed subsets of (X, p) and Y =J", A;. Suppose that T : Y — Y is a y-cyclic
generalized weakly C-contraction. If there exists xo € Y such that ¥ (xy) < %, then T has a
fixed point z € (", A;. Moreover, if (z) < %, then z is unique.

Proof Let xg € Y be such that ¥ (xg) < %. Since T is a sub y-admissible mapping with

respect to é, then ¥ (Txg) < %. Y (T"xo) < % for all » € N U 0. Also, there exists some

io such that xy € A;,. Now T(A4;,) C Aj,+1 implies that Txy € A;,,1. Thus there exists x;
in A;;41 such that Txo = x;. Similarly, Tk, = x,.1, where x,, € A;,. Hence, for n > 0, there
exists i, € {1,2,...,m} such that x, € A;, and x,,,1 € A;,.1. In case x,,;, = x,,,1 for some
no =0,1,2,..., then it is clear that x,, is a fixed point of 7. Now assume that x,, # %1
for all n. Since T': Y — Y is a cyclic generalized weak C-contraction, we have that for all
n e N*,

G(xnr xn+1)
=0 (Txp-1, Txy)
= 1/f(xn_1)0 (xn—b Txn—l) + w(Txn—l)G(xn: Txn) + ¢ (T2xn—l)0(xn—1; Txn)

+ ¥ (T%%u1) 0 (6, To1)
-9 <G (%51, Tx1), 0 (%, Txn), %[0 (%1, Tx,) + 0 (x, Txm)])

= Y (%1-1)0 (%n-1,%n) + ¥ ()0 (% Xn41) + V¥ (K41)0 K15 K1) + ¥ (Kn42)0 (0, %)
o (a(xnl,xn»o(xmxm), oG + a(xn,xn)])

= [G(xn—l’xn) + 0 (X Xp41) + 0 (X1, Xi1) + U(xnrxn)]

O\ =

1
% (U (xn—lr xn)r U(xm xn+1)’ E [U (xn—lr xn+1) + U(x,,, xn)]):
and so

1
o (om 1) < o [0 Xty %) + 0 (s Xps1) + 0 (K1, Xna1) + 0 (X0, %) ] (19)
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On the other hand, from (o3) we have
0 (%n-1,%n41) < 0 (%01, %) + 0 (%, Xi11),
and by Lemma 1.6(D) we have
0 (%, %) < 0 (X1, %) + O (X X 11).

Then by (19) we get

1
0 (on %) < 5 [0 (%n-1,%0) + 0 (s Xs1)]-
Therefore,
0 (%, %p41) < 0 (X1, %) (20)

for any n > 1. Set ¢, = ¢(x4,%,-1). On the occasion of the facts above, {¢,} is a non-
increasing sequence of nonnegative real numbers. Consequently, there exists L > 0 such
that

lim o (%, %41) = L. (21)

n—00

We shall prove that L = 0. Since o (x,,, x,,) < 2¢(xy,, %,41), then lim,,_, o 0 (%, %,,) < 2L. Sim-
ilarly, lim,,_, oo 0 (%_1, %41) < 2L. Then

lim [U(xn»xn) + O'(9‘:;4—1»95;%1)] <4L.

n—00

On the other hand, by taking limit as # — o0 in (19), we have

1
L<- [2L + lim [a(x,,,xy,) + a(x,,_l,x,,+1)]],
6 n—>00
which implies
4L < lim [G(xn,xn) + O-(xn—l;xrul)]-
n—0o0
Hence,
lim [a(xn,xn) + o(xn,l,xml)] =4L.
n—0oQ
Now, from (18) we have
bl < U (Xpo1)ty + 1p(»"fn)tm-l + U (X041)0 (X1, Xpi1) + 1/f(xn+2)0'(xrnxn)

1
- (p<tm tyi1s E[O‘(xn—bxrwl) + G(xn;xn)])

< [tn + ity + O'(xn—lyxnﬂ) + U(xmxn)]

N+

1
- Qo(tn: Lus1s E[O'(xn—l;xnﬂ) + U(xn>xn)])'
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By taking limit as # — oo in the above inequality, we deduce
L<L-¢(LL,2L),

and so ¢(L,L,2L) = 0. Since ¢(x,y,2) =0 <= x =y =2z=0, we get L = 0. Due to

lim,,_ 00 0 (%1, %,) < 2L and lim,,_, oo 6 (%,,_1, %,,:1) < 2L, we have

lim G(xnvxn) = nli)ngoo(xn—lran) = nlingoo—(xmxnﬂ) =0. (22)

n—00

We shall show that {x,} is a 0 -Cauchy sequence. At first, we prove the following fact:
(K) For every ¢ > 0, there exists n € N such that if r,g > n with r — g = 1(m), then
o (%, %4) < €.
Suppose to the contrary that there exists & > 0 such that for any # € N, we can find

rw > gn = n with r, — g, = 1(m) satisfying

o (%g,,%y,) > €. (23)
Following the related lines of the proof of Theorem 1.8, we have

nlingoa(an,x,n) =g

lim o (x, LXr,+1) = &;
P ( qn+1 r,,+) )

lim o (x4, %r,41) = €

n—00

and
lim o (xy,,%g,41) = €. (24)

n—00

Since x4, and x;, lie in different adjacently labeled sets A; and A;,; for certain 1 <i < m,

using the fact that 7 is a ¥ -cyclic generalized weakly C-contraction, we have

0 Kgp15%ry1) = 0(Txg,, Txy,)
=< w(an)o—(an’ qun) + w(qun)U(xrm Txr,,)

+ ¥ (T%%,)0 (g, Tr,) + W (T4, )0 (%1, T, )

1
- <G (an; qun )T (xr,,) Txrn ) E [U (an ’ Txrn) +0 (xr,, ’ qun)])
1
=2 [0 (%gs Xgus1) + O (K Xrys1) + 0 (Kgys Xy1) + 0 (H, Xg41) |
1
- G(anvan+l)) O(xrn:xrnﬂ)’ 5 [O’ (anrxry,ﬂ) + O(xrn:anﬂ)] .
Now, by taking limit as # — oo in the above inequality, we derive that

1 1
e < g[0+0+8+8]—(p(0,0,8)§ §8’
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which is a contradiction. Hence, condition (K) holds. We are ready to show that the se-
quence {x,} is Cauchy. Fix ¢ > 0. By the claim, we find # € N such that if r,q > ny with
r—-q= l(m)1

g
G(xr:xq) = 5 (25)
Since lim,,_, o, 0 (%1, X,41) = 0, we also find 7; € N such that

U(xnrxn+l) =< % (26)

for any n > n;. Suppose that r,s > max{no, m1} and s > r. Then there exists k € {1,2,...,m}
such that s — r = k(m). Therefore, s — v + ¢ = 1(m) for ¢ = m — k + 1. So, we have, for
jell,...,m}, s+j—r=1(m),

o(xr’ xs) = U(xrv xs+j) + U(xs+j: xs+j—l) +--t o(xs+17 xs)-
By (25) and (26) and from the last inequality, we get

( )<s £ _E e
(X k) < —+jX — < —+mM X — =¢.
nX) =5 T X S =0 om

This proves that {x,} is a o -Cauchy sequence.
Since Y is o-closed in (X, o), then (Y,0) is also complete, there exists z € Y = | J; A;
such that lim,,_, .o x, = z in (Y, p); equivalently

0(z,2z) = lim o(z,x,) = lim o(x,,x,)=0. (27)

n—00 n,m— 00

In what follows, we prove that x is a fixed point of T. In fact, since lim,_, x, = z and,
as Y = [J; A; is a cyclic representation of Y with respect to T, the sequence (x,) has
infinite terms in each A; for i € {1,2,...,m}. Suppose that x € A;, Tx € A;;1, and we take a
subsequence x,, of (x,) with x,, € A;_; (the existence of this subsequence is guaranteed
by the above-mentioned comment). By using the contractive condition, we can obtain

0 (K, Tx) = 0 (Thpy, T)
< Y (@ )o Ky, Taowy) + ¥ (T o (x, Tx)

+ w(sz,,k)a(xnk, Tx) + W(T3x,,k)<r(x, Tx,, )
- (a(xnk, Txy,), 0 (%, Tx), % [a(xnk, Tx) + o (%, Txnk)]>

< —[0 @ X 1) + 0 (%, Tx) + 0 (x5, TX) + 0 (%, %y 41) ]

Q| =

1
-¢ (0 (xnk7 xnk+l)7 o(x, Tx): E [U (xnkr Tx) + U(x7 xnk+1)])~

Passing to the limit as #» — oo and using x,, — x, lower semi-continuity of ¢, we have

1 1 1
o(x, Tx) < ga(x, Tx) — @ <0, o (x, Tx), Eo(x, Tx)> < ga(x, Tx).
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So, o(x, Tx) = 0 and, therefore, x is a fixed point of T. Finally, to prove the uniqueness
of the fixed point, suppose that y,z € X are fixed points of T. The cyclic character of T
and the fact that y,z € X are fixed points of T imply that y,z € (", A;. Also, suppose that

Y(y) < %. By using the contractive condition, we derive that

o(,z) = o(Ty, Tx)

< Yo, ) + ¥ (o (z, Tz) + ¥ (T*y)o (3, T2) + ¥ (T?y)o (z, Ty)

_ ¢<o (», Ty), 0 (z, Tz), %[O’ (y, Tz) + o (2, Ty)]).
Then

o(y,2) < %[20(}1,2) + o(y,y)] —90(0, 0, %[o(y,z) + a(z,y)])

IA

1 1
6[20()/,2) +20(y,2)] - <p<0,0, E[O‘(_)/,Z) + a(z,y)])
2 1 2
= go(y,z) - go(O, 0, 3 [o(y,z) + o(z,y)]) < go(y,z).
This gives us o (y,z) = 0, that is, y = z. This finishes the proof. O

Corollary 1.21 Let (X,0) be a complete metric-like space, m € N, let Ay, A,,..., A, be
nonempty o -closed subsets of X and Y = J;", A;. Suppose that T : Y — Y is an operator
such that

(i) Y =", Ai is a cyclic representation of X with respect to T}

(ii) there exists B € [0, %) such that

o(Tx, Ty) < ﬂ[a (%, Tx) + o (9, Ty) + o (x, Ty) + o (y, Tx)] (28)

forany x € A;, y € Ajy1, i = 1,2,...,m, where A,y = Ar. Then T has a fixed point z €
m?ﬂAi'

Proof Let ¥ (t) = % and B8 € [0, %). Here, it suffices to take the function ¢ : [0, +00)* —
[0, +00) defined by ¢(a, b, ¢, e) = (% - B)a+b+c+e). Obviously, ¢ satisfies that ¢(a, b, ¢, e) =
Oifandonlyifa=b=c=e=0,and ¢(x,y,2,£) = (% -B)x+y+z+t)=px+y+2z+t0).
Then we apply Theorem 1.20 to finish the proof. O

Example 1.22 Let X = R with the metric-like o (x,y) = max{|x|, |y|} for all x,y € X. Sup-
pose A} =[-1,0] and A, = [0,1] and ¥ = UleAi. Define T:Y — Y by

- —5x ifxe[-1,0],
X =

—+x ifx€[0,1].

It is clear that U;Ai is a cyclic representation of Y with respect to T
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Letx € A; =[-1,0] and y € A; = [0,1]. Then

1 1 1 -x ¥y
——9y|( =Mmax|——X, —y ¢ <max| —, -
12 24 12 12712

L maxi—x3) = =o(xy)
= — maxy{—x, = — X,Y),
12 ARETEA

1
-—x
24

’

o(Ix, Ty) = max{

and so
1
o(Tx, Ty) < o [o(x, Tx) + 0 (5, Ty) + o' (x, Ty) + o (3, Tx) ].

Hence, the conditions of Corollary 1.21 (Theorem 1.20) hold and T has a fixed point in
A1 NA,. Here, x = 0 is a fixed point of T

If in Theorem 1.20 we take A; = X for all 0 < i < m, then we deduce the following theo-
rem.

Theorem 1.23 Let (X,0) be a complete metric-like space and let T : X — X be a sub-1-
admissible mapping such that

o(Tx, Ty) < ¥ (x)o (x, Tx) + ¥ (Tx)o (y, Ty) + w(sz)o(x, Ty) + w(Tsx)o (y, Tx)

-@ (o(x, Tx), 0 (x, Ty), %[o w Iy)+o(y, Tx)])

forany x,y € X, where € V and ¢ € A. Then T has a unique fixed point in X.

Corollary 1.24 Let (X,0) be a complete metric-like space and let T : X — X be a sub--
admissible mapping such that

o(Ix, Ty) < ﬂ[o(x, Tx)+ o (y, Ty) + o (x, Ty) + o (y, Tx)]
for any x,y € X, where B € [0, L). Then T has a unique fixed point in X.

Example 1.25 Let X = R, with the metric-like o (x,y) = max{x,y} for all x,y € X. Let T :
X — X be defined by

1.3 :

= +x) if0<x<l,
Tx: 14
L2 ifx>1.

10
Proof To show the existence and uniqueness point of T', we investigate the following cases:
o Let 0 <x,y < 1. Then we get

1

1
) = — (% T
O'(IX 2_)/) max{ 14 (x +x) 1

o)<t

+ Letx,y > 1. So we have

(T, T9) = = max[a®, 12} < — max{zy) < > max(x,y) = =0 (%)
ol(lx, = — maxjyx-, — maxyx, — maxix, ==-0Y9).
Y= 10 Y 1=10 M=z =79

Page 17 of 19
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« Let 0 <x<1andy>1. Then we obtain

T 1(2 ) ny LSRN [ U S
ol(lx, =maxy —\xX +X), — max4y =X, — — maxyx, ==-0Y9),
Y 14 107 [ = 77107 =7 =gy

and hence
1
o(Tx, Ty) < ;[a(x, Tx) +o(y, Ty) + o (x, Ty) + o (y, Tx)].

Then all the conditions of Corollary 1.24 (Theorem 1.23) are satisfied. Thus, 7 has a unique
fixed point X. Indeed, 0 is the unique fixed point of T d

Corollary 1.26 Let (X,0) be a complete metric-like space, m € N, let A1, A,,...,A,, be
nonempty o -closed subsets of X and Y = J;", A;. Suppose that T : Y — Y is an operator
such that

(i) Y =", Ai is a cyclic representation of X with respect to T}

(ii) there exists B € [0, %) such that

o (Tx,Ty) o (x,Tx)+0 (y,Ty)+0 (x,Ty)+o (y,Tx)
[ swarss [ ple)dt
0 0

forany x € A;, y € A1, i = 1,2,...,m, where A1 = Ay, and p : [0,00) — [0,00) is a
Lebesgue-integrable mapping satisfying fg p(t)dt fore > 0. Then T has a unique fixed point
ze mZI Ai.

If in Corollary 1.26, we take A; = X for i =1,2,...,m, we obtain the following result.

Corollary1.27 Let (X,0) be a complete metric-like space and let T : X — X be a mapping
such that for any x,y € X,

o (Tx,Ty) o (x,Tx)+0 (v, Ty)+o (x,Ty)+0 (y,Tx)
[ war=s | ple)dt,
0 0

where p : [0,00) — [0,00) is a Lebesgue-integrable mapping satisfying f(; p(t)dt fore >0
and the constant § € [0, é). Then T has a unique fixed point.
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