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Abstract

Samet et al. (Nonlinear Anal. 75:2154-2165, 2012) introduced a-yr-contractive
mappings and proved some fixed point results for these mappings. More recently
Salimi et al. (Fixed Point Theory Appl. 2013:151, 2013) modified the notion of
a-Yr-contractive mappings and established certain fixed point theorems. Here, we
continue to utilize these modified notions for single-valued Geraghty and
Meir-Keeler-type contractions, as well as multi-valued contractive mappings.
Presented theorems provide main results of Hussain et al. (J. Inequal. Appl. 2013:114,
2013), Karapinar et al. (Fixed Point Theory Appl. 2013:34, 2013) and Asl et al. (Fixed
Point Theory Appl. 2012:212, 2012) as corollaries. Moreover, some examples are given
here to illustrate the usability of the obtained results.
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1 Introduction and preliminaries
In metric fixed point theory, the contractive conditions on underlying functions play an
important role for finding solution of fixed point problems. Banach contraction principle
is a remarkable result in metric fixed point theory. Over the years, it has been general-
ized in different directions by several mathematicians (see [1-21]). In 2012, Samet et al.
[15] introduced the concepts of a-yr-contractive and a-admissible mappings and estab-
lished various fixed point theorems for such mappings in complete metric spaces. After-
wards, Karapinar and Samet [13] generalized these notions to obtain fixed point results.
More recently, Salimi et al. [14] modified the notions of -1/ -contractive and «-admissible
mappings and established fixed point theorems, which are proper generalizations of the
recent results in [13, 15]. Here, we continue to utilize these modified notions for single-
valued Geraghty and Meir-Keeler-type contractions, as well as multivalued contractive
mappings. Presented theorems provide main results of Hussain et al. [9], Karapinar et al.
[11] and Asl et al. [12] as corollaries. Moreover, some examples are given here to illustrate
the usability of the obtained results.

Denote with W the family of nondecreasing functions v : [0, +00) — [0, +00) such that
Y2, ¥"(t) < +oo for all ¢ > 0, where " is the nth iterate of .

The following lemma is obvious.
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Lemma 1.1 Ify € Y, then y(t) < t forall t > 0.
Samet et al. [15] defined the notion of «-admissible mappings as follows.

Definition 1.1 Let 7 be a self-mapping on X, and let o : X x X — [0, +00) be a function.
We say that T is an «-admissible mapping if

xyeX, axy)>1 = o(lx,Ty)>1

Theorem 1.1 [15] Let (X,d) be a complete metric space, and let T be an a-admissible
mapping. Assume that

a(x,9)d(Tx, Ty) < ¢ (d(x,9)) (1.1)

forall x,y € X, where y € V. Also, suppose that
(i) there exists xy € X such that a(xg, Txg) > 1;
(ii) either T is continuous or for any sequence {x,} in X with (X, %ns1) > 1 for all
n € NU{0} and x, — x as n — +00, we have a(x,,x) > 1 for all n e NU {0}.
Then T has a fixed point.

Very recently Salimi et al. [14] modified the notions of «-admissible and « -1/ -contractive

mappings as follows.

Definition 1.2 [14] Let T be a self-mapping on X, and let &, 7 : X x X — [0, +00) be two

functions. We say that T is an a-admissible mapping with respect to 7 if
nyeX, axy)z=nkxy = a(lx1y) = n(Ix, 1y).

Note that if we take n(x,y) = 1, then this definition reduces to Definition 1.1. Also, if we
take a(x,y) = 1, then we say that T is n-subadmissible mapping.

The following result properly contains Theorem 1.1 and Theorems 2.3 and 2.4 of [13].

Theorem 1.2 [14] Let (X,d) be a complete metric space, and let T be an a-admissible
mapping with respect to n. Assume that

xyeX, axy)=nxy = dIxT)<y(Mxy), 1.2)

where y € V and

Mz, y) = max{d(x,y), d(x, Tx) -2+ d(y, Ty)’ d(x, Ty) ; d(y, Tx) }

Also, suppose that the following assertions hold:
(i) there exists xg € X such that o(xg, Txo) > 1(x0, Txo);
(ii) either T is continuous or for any sequence {x,} in X with a(%y, Xns1) = 7(Xn, Xy41) for
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all n e NU {0} and x,, — x as n — +00, we have o(x,,,x) > n(x,,x) for all
neNU{0}.
Then T has a fixed point.

2 Modified a-n-Geraghty type contractions
Our first main result of this section is concerning a-n-Geraghty-type [4] contractions.

Theorem 2.1 Let (X,d) be a complete metric space, and let f : X — X be an a-admissible
mapping with respect to 1. Assume that there exists a function 8 : [0,00) — [0,1) such that
for any bounded sequence {t,} of positive reals, 8(t,) — 1 implies that t, — 0 and

%y €X, al X,y =nkx)n0.f)
= d(fx,fy) < ﬂ(d(x,y)) max{d(x,y),min{d(x,fx),d(y,fy)}}.

2.1)

Suppose that either
(@) f is continuous, or
(b) if {x,} is a sequence in X such that x,, — x, & (%, X,41) = 1%y, %441) for all n, then

a(x,fx) > n(x, fx).

If there exists xo € X such that a(xo,fxo) > n(xo,fXo), then f has a fixed point.

Proof Let x¢ € X such that «(xo,fx0) > n(x0,f%o). Define a sequence {x,} in X by x, =
f"x0 = fx,1 for all m € N. If x,,; = x, for some n € N, then x = x, is a fixed point
for f, and the result is proved. Hence, we suppose that x,,; # x, for all » € N. Since
f is an «-admissible mapping with respect to n and «(xo,fxo) > 1(xo,fx0), we deduce
that a(x,%2) = a(fxo, 2x0) = n(fxo,f2%0) = n(x1,%2). By continuing this process, we get
a (%, fxn) = n(x,, fx,) for all n € NU{0}. Then,

a(xn—l’fxn—l)a(xmfxn) Z n(xn—l:fxn—l)rl(xmfxn)'
Now from (2.1), we have

A%y, %p41) < B (d(xn—lr xn)) max{d(xn—l» Xn)s min{d(xn—hfxn—l)» d(xn’fxn)} }
= B(d -1, %)) max{d(x, 1, %,), min{d(x,_1,%,), d (%, %11) }}.

Now, if d(x,,_1,%,) < d(x,,,%,,,1) for some n € N, then

max {d(x,1,%,), min{d(x,_1,%,), d (X, %1) } } = d (X1, %)
Also, if d(x,,,x,.1) < d(x,-1,%,) for some n € N, then

max{d (1, %,), min{d (1, %), d (X, %11) } } = A1, ).
That is, for all #n € N, we have

max{d(xn—lrxn)x min{d(xn—lvxn)) d(xrnxrﬁl)} } = d(xn—l: xn)'
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Hence,
A% K1) < ,B(d(xn—lr xn))d(xn—l’ %) (2.2)

for all n € N, which implies that d(x,,x,.1) < d(x,_1,%,). It follows that the sequence
{d(x,x4:1)} is decreasing. Thus, there exists d € R, such that lim,,_, o d(x,, %,41) = d. We
shall prove that d = 0. From (2.2), we have

d( n n+)
ﬁ < B(dwn-1,%4)) <1,

which implies that lim,,_, oo 8(d(x,-1,%,)) = 1. Regarding the property of the function g, we
conclude that

lim d(x,,%,41) = 0. (2.3)
n—00
Next, we shall prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,}
is not a Cauchy sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)} such that
for all positive integers k, we have
n(k) > m(k) >k, dXu@), Xm@y) =& and  d(Xury), Xm@)-1) < &-

By the triangle inequality, we derive that

& < dXn(t) X)) < AXnk)> Xm(i)-1) + AXpm()-1 Xm())

< & + dXp()-1 Xm(k))

k € N. Taking the limit as k — +oc in the inequality above, and regarding the limit in (2.3),

we get
lim d(xup), Xm) = €. (2.4)
k—+00
Again, by the triangle inequality, we find that
AKXy Xm)) < A Xm()s Xm(k)+1) + B Xm()+1, Xnk)+1) + EXn)+1> Xn())
and

A +1 Fmi)+1) < AEmi)s Xm()+1) + AKXk Xnik)) + A X +1, Xn(k))-

Taking the limit in inequality above as k — +00, together with (2.3) and (2.4), we deduce
that

lim d(xn(k)+17 xm(k)+1) =é&. (25)
k—+00

Now, since

(X0 S0 Kty SEmi)) = 1 Eoatie)s X)) Ea iy f o) )»
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then from (2.1), (2.4) and (2.5), we have

d(xn(k)ﬂrxm(k)ﬂ)
< B(d @) Xmry)) max{d @), X)) min{ d @iy fon))» Ay foom) } }

= B(dFn(» X)) max{ d (@), Xm(iy)> in{ Ay, Xy 11)> Ay Xmiior1) -

Hence,

AKX 11> Xm()1)
max {d (%) Xmx) ) ID{A (X (k)5 Xnik)1)> A Xm(k)s Xk +1) }

| < B(Ad@n(s X)) < 1.
Letting k — oo in the inequality above, we get

ngrgo B(d Xy X)) = 1.

That is, limy_, oo d(*u), Xmk)) = 0, which is a contradiction. Hence {x,} is a Cauchy se-
quence. Since X is complete, then there is z € X such that x,, — z. First, we suppose that f

is continuous. Since f is continuous, then we have
fz=lim fx, = lim x,,; =z.
n—00 n—00

So z is a fixed point of f. Next, we suppose that (b) holds. Then, «(z,fz) > n(z,fz), and so,
al(z, f2)a(xy, fx,) = n(z,f2)n(x,, fx,). Now by (2.1), we have

d(fz,xy41) < ,B(d(z,x,,)) max{d(z,x,,),min{d(z,fz),d(x,,,x,,+1)} },
and hence

d(fz,z) < d(fz,%n1) + d(2,%441)
< B(d(z,x,)) max{d(z, x,), min{d(z,12), d(xn, %ps1) } } + d(z,%041).

Letting # — 00 in the inequality above, we get d(fz,z) = 0, that is, z = fz. O
If in Theorem 2.1 we take, 1(x,y) = 1, then we have the following corollary.

Corollary 2.1 Let (X, d) be a complete metric space, and let f : X — X be an a-admissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and

xyeX, akXalfy)=>1
= d(fxfy) < ﬁ(d(x,y)) max{d(x,y),min{d(x,fx),d(y,fy)}}.

Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x, — x, & (xy, X,41) > 1 for all n, then o(x, fx) > 1.
If there exists xy € X such that a(xo,fxo) > 1, then f has a fixed point.
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Corollary 2.2 Let (X, d) be a complete metric space, and let f : X — X be an a-admissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and

(d(fx,fy) + E)a(x’fx)a(y’fy) <8 (d(x,y)) max{d(x,y), min{d(x,fx), d(y,fy)} } +4

forall x,y € X, where £ > 0. Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x, — x, & (X, %n41) > 1 for all n, then a(x, fx) > 1.
If there exists xo € X such that a(xo,fxo) > 1, then f has a fixed point.

Corollary 2.3 Let (X, d) be a complete metric space, and let f : X — X be an a-admissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded
sequence {t,} of positive reals, 8(t,) — 1 implies that t, — 0 and

(a (O, fy) + l)d(fxfy) < Bd(xy) max{d(x,y).min{d(x /). d(:/))

forall x,y € X. Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x, — x, & (x,,%,41) > 1 for all n, then a(x, fx) > 1.
If there exists xo € X such that o(xo,fx0) > 1, then f has a fixed point.

Corollary 2.4 Let (X,d) be a metric space such that (X,d) is complete and f : X — X be
an a-admissible mapping. Assume that there exists a function  : [0, 00) — [0,1] such that

for any bounded sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and

alx, fx)a(y,md(fx,fr) < ,B(d(x,y)) max{d(x,y), min{d(x,fx), d(y,fy)}}

forall x,y € X. Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, a(xy, fx,) > 1 for all n, then a(x,fx) > 1.
If there exists xog € X such that a(xo,fxo) > 1, then f has a fixed point.

Further, if in Theorem 2.1 we take a(x, y) = 1, then we have the following corollary.

Corollary 2.5 Let (X,d) be a complete metric space, andletf : X — X be a n-subadmissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded
sequence {t,} of positive reals, 8(t,) — 1 implies that t, — 0 and

xyeX, nlxfon(.fy) =1
= d(fx,fy) < B(d(x,y)) max{d(x,y), min{d(x, fx),d(y, /) }}.

Suppose that either

(a) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, N(x, %y11) < 1 for all n, then n(x, fx) <1.
If there exists xo € X such that n(xo,fxo) <1, then f has a fixed point.
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Corollary 2.6 Let (X,d) be a complete metric space, and let f : X — X be a n-subadmis-
sible mapping. Assume that there exists a function B : [0,00) — [0,1] such that for any
bounded sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and

dfx,fy) + £ < [,3 (d(x,y)) max{d(x,y),min{d(x,fx), d(y,fy)}} + E]"(xfx)wfy)

forall x,y € X, where £ > 0. Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, N(x, %y11) < 1 for all n, then n(x, fx) <1.
If there exists xo € X such that n(xo,fxo) <1, then f has a fixed point.

Corollary2.7 Let (X,d) bea complete metric space,andletf : X — X be a n-subadmissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and

d(fefy) < (77(% FOnm.f) + l)ﬁ(d(x,y))max{d(xyy),min[d(xfx),d(yfy)}}

forall x,y € X. Suppose that either

(@) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, N(x,, %y11) < 1 for all n, then n(x, fx) <1.
If there exists xo € X such that n(xo,fxo) <1, then f has a fixed point.

Corollary 2.8 Let (X,d) be a metric space such that (X,d) is complete, and let f : X — X
be n-subadmissible mapping. Assume that there exists a function § : [0,00) — [0,1] such
that for any bounded sequence {t,} of positive reals, 5(t,) — 1 implies that t, — 0 and

d(fx, fy) < nx, fxX)n(y,fy)p (d(x,y)) max{d(x,y), min{d(x,fx), d(y,fy)} }

forall x,y € X. Suppose that either

(a) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, 1(x,,fx,) <1 for all n, then n(x,fx) <1.
If there exists xo € X such that n(xo,fxo) <1, then f has a fixed point.

From Corollary 2.1, we can deduce the following corollary.

Corollary 2.9 Let (X, d) be a complete metric space, and let f : X — X be an a-admissible
mapping. Assume that there exists a function p : [0,00) — [0,1] such that for any bounded

sequence {t,} of positive reals, B(t,) — 1 implies that t, — 0 and
xy€X, alMme@.f) =1 = dfxfy) <p(dxy)dxy).

Suppose that either

(a) f is continuous, or

(b) if {xn} is a sequence in X such that x, — x, & (X, %ps1) > 1 for all n, then a(x, fx) > 1.
If there exists xo € X such that o(xg,fxo) > 1, then f has a fixed point.

Also, from the corollary above, we can deduce the following corollaries.
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Corollary 2.10 (Theorem 4 of [9]) Let (X,d) be a complete metric space, and letf : X — X
be an a-admissible mapping. Assume that there exists a function B : [0,00) — [0,1] such
that for any bounded sequence {t,} of positive reals, 5(t,,) — 1 implies that t, — 0 and

(d(fe,fy) + ) OD < B(d(x,5))d(x,y) + €

forall x,y € X, where £ > 1. Suppose that either

(@) f is continuous, or

(b) if {xn} is a sequence in X such that x, — x, & (X, %p41) > 1 for all n, then a(x, fx) > 1.
If there exists xy € X such that a(xo,fxo) > 1, then f has a fixed point.

Corollary 2.11 (Theorem 6 of [9]) Let (X, d) be a complete metric space, and letf : X — X
be an a-admissible mapping. Assume that there exists a function B : [0,00) — [0,1] such
that for any bounded sequence {t,} of positive reals, 5(t,) — 1 implies that t, — 0 and

(b fp) + 1)) < pddi

forall x,y € X. Suppose that either

(@) f is continuous, or

(b) if {xn} is a sequence in X such that x, — x, & (X, %p41) > 1 for all n, then a(x, fx) > 1.
If there exists xo € X such that a(xo,fxo) > 1, then f has a fixed point.

Corollary 2.12 (Theorem 8 of [9]) Let (X, d) be a metric space such that (X, d) is complete,
and let f : X — X be an a-admissible mapping. Assume that there exists a function f :
[0, 00) — [0,1] such that for any bounded sequence {t,} of positive reals, B(t,) — 1 implies
that t, — 0 and

a(x, ey, md(fx,fr) < B(dxy))d(x,y)

forall x,y € X. Suppose that either

(a) f is continuous, or

(b) if {x4} is a sequence in X such that x, — x, a(xy, fx,) > 1 for all n, then a(x,fx) > 1.
If there exists xy € X such that a(xo,fxo) > 1, then f has a fixed point.

Example 2.1 Let X = [0, 00) be endowed with the usual metric d(x,y) = |x —y| forallx,y €
X, and let f : X — X be defined by

o ix ifx € [0,1],

In(x®> +x+3) ifxe(1,00).
Define also o : X x X — [0,+00) and ¥ : [0, 00) — [0, 00) by

6 ifx,ye[0,1], 1
ax,y) = and B(t)=-.
0 otherwise 2

We prove that Corollary 2.9 can be applied to f, but Corollaries 2.10, 2.11 and 2.12 (The-
orem 4, 6 and 8 of [9]) cannot be applied to f.
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Clearly, (X,d) is a complete metric space. We show that f is an «-admissible mapping.
Let x,y € X with a(x,y) > 1, then x, y € [0,1]. On the other hand, for all x € [0,1], we have
fx < 1.1t follows that «(fx,fy) > 1. Hence, the assertion holds. Also, «(0,f0) > 1. Now, if
{x,,} is a sequence in X such that «(x,,x,,1) > 1forallm e NU{0} and x,, — x as n — +00,
then {x,} C [0,1], and hence x € [0,1]. This implies that o(x,,,x) > 1 for all n € N.

Let a(x,y) > 1. Then ,y € [0,1]. We get,

1 1 1 1
A0 = Uy~ = | = 39| = 3591 = Sl =31 = Blats) o),
That is,

ary) =1 = d(fxfy) < B(dxy)d(x,y),

then the conditions of Corollary 2.1 hold, and f has a fixed point.
Letx=0,y=1,and let £ =1, then

(d(F0,£1) + 1)WY _ (174 4 1)% 5172 +1 = B(d(0,1))d(0,1) + 1.

That is, Corollary 2.10 (Theorem 4 of [9]) cannot be applied for this example.
Let,x =0, and let y = 1, then

(@(0,£0)ar(1,£1) + 1)V = Y37 5 /2 = @O0,

That is, Corollary 2.11 (Theorem 6 of [9]) cannot be applied for this example.
Let,x =0, and let y = 1, then

a(0,/0)a(1,/1)d(f0,f1) =9 >1/2 = B(d(0,1))d(0,1).
That is, Corollary 2.12 (Theorem 8 of [9]) cannot be applied for this example.

3 Modified a--Meir-Keeler contractive mappings
Recently, Karapinar et al. [11] introduced the notion of a triangular «-admissible mapping
as follows.

Definition 3.1 [11] Let f: X — X, and let @ : X x X — (—00,+00). We say that f is a
triangular «-admissible mapping if

(T1) a(x,y) >1implies that a(fx,fy) > 1, x,y € X;

) > 1’
(T2) «(®2) = implies that «(x,y) > 1.
a(z,y)>1

Lemma 3.1 [11] Let f be a triangular a-admissible mapping. Assume that there exists
xo € X such that a(xy,fxo) > 1. Define sequence {x,} by x, = f"x¢. Then

Xy x,) =1 forallm,n € N withm < n.

Denote with W the family of nondecreasing functions ¢ : [0, +00) — [0, +00) continuous
at ¢ = 0 such that

Page 9 of 23
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+ Y()=0ifand onlyif £ =0,
o Y(t+5) <Y (6) + ¥ (s).

Definition 3.2 [11] Let (X, d) be a metric space, and let ¢ € W. Suppose that f : X — X is

a triangular «-admissible mapping satisfying the following condition:

for each ¢ > 0 there exists § > 0 such that

e < w(d(x,y)) <e+48 implies that oz(x,y)l//(d(fx,fy)) <& (3.1)
for all x,y € X. Then f is called an «-y-Meir-Keeler contractive mapping.
Now, we modify Definition 3.2 as follows.
Definition 3.3 Let (X, d) be a metric space, and let ¢ € W. Suppose that f : X — X is a

triangular «-admissible mapping satisfying the following condition:

for each ¢ > 0 there exists § > 0 such that

e < w(d(x,y)) <e&+48 implies that lp(d(fx,fy)) <& (3.2)

for all x,y € X with a(x,y) > 1. Then f is called a modified «-y-Meir-Keeler
contractive mapping.

Remark 3.1 Let f be a modified a-y-Meir-Keeler contractive mapping. Then

v (d(f.f) < ¥ (dx,9))

for all v,y € X when x # y and «(x,y) > 1. Also, if x = y and «(x,y) > 1, then d(fx,fy) = 0,

ie.,

v (d(fe.fy) < v (d(x.y)).
Theorem 3.1 Let (X,d) be a complete metric space. Suppose that f is a continuous
modified o-\-Meir-Keeler contractive mapping, and that there exists xo € X such that

a(xo,fx0) > 1, then f has a fixed point.

Proof Let xy € X and define a sequence {x,} by x,, = f"x, for all n € N. If x,,;, = x,,,41 for
some 1y € NU {0}, then, obviously, f has a fixed point. Hence, we suppose that

Xn #xnﬂ (33)
foralln € NU{0}. We have d(x,,, x,,.1) > 0 forall » € NU{0}. Now, define s,, = ¥ (d(x,, X,141)).
By Remark 3.1, we deduce that for all n € N U {0} ¥ (d(xy11,%142)) = ¥ (d(fxn, frni1)) <

¥ (d(xy, %441)). By applying Lemma 3.1 for

o (X, %,) > 1 forall m,n € Nwith m < n,
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we have

Y (d(xn+1,xn+2)) <Y (d(xm xn+1)) .

Hence, the sequence {s,} is decreasing in R,, and so, it is convergent to s € R,. We will
show that s = 0. Suppose, to the contrary, that s > 0. Note that

O<s< Ip(d(x,,,xml)) for all » e NU {0}. (3.4)

Let ¢ =s > 0. Then by hypothesis, there exists a §(¢) > 0 such that (3.2) holds. On the other
hand, by the definition of ¢, there exists ny € N such that

€< s”O = I//(d(x}’l(pxno-fl)) <€+ 6

Now by (3.2), we have

Sno+1 = w(d(xn0+lvxno+2)) < W(d(fxnorfxnoﬂ)) <E=S,
which is a contradiction. Hence s = 0, that is, lim,_, , 5, = 0. Now, by the continuity of ¥
at £ = 0, we have lim,_, , oo d(x,,,%,41) = 0. For given ¢ > 0, by the hypothesis, there exists a

8 = 8(¢) > 0 such that (3.2) holds. Without loss of generality, we assume that § < ¢. Since
s =0, then there exists N € N such that

Sp_1= I/I(d(xn,l,x,,)) <8 forallm>N. (3.5)
We will prove that for any fixed k > Nj,
w(d(xk,xk+1)) <e¢e forallleN, (3.6)

holds. Note that (3.6) holds for / = 1 by (3.5). Suppose that condition (3.2) is satisfied for
some m € N. For [ = m + 1, by (3.5), we get

U (A1, Xaerm)) < W (d (X1, ) + Aok Xiem) )
= I/f(d(xk—bxk)) + I//(d(xerkﬂ'n))
<&+34. (3.7)

If ¥ (d(Xk-1, Xk+m)) > €, then by (3.2), we get
l[f(d(JCk, xk+m+l)) = w(d(ka—lrfxlﬁm)) <§,

and hence (3.6) holds.
If ¥ (d(%k-1,%k+m)) < €, by Remark 3.1, we get

1p(d(xk¢xk+m+1)) < 1p(d(xk—l)xk+m)) <E&.
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Consequently, (3.6) holds for / = m + 1. Hence, ¥ (d(xx, xx4;)) < € forallk > Ny and [ > 1,
which means

d(x,,%,) <& forallm>n> N,. (3.8)

Hence {x,} is a Cauchy sequence. Since (X,d) is complete, there exists z € X such that
x, — z as n — 00. Now, since f is continuous, then

fz :f( lim x,,) = lim %, =z,
n—00 n—00
that is, f has a fixed point. O

Corollary 3.1 (Theorem 10 of [11]) Let (X,d) be a complete metric space. Suppose that f
is a continuous o-\-Meir-Keeler contractive mapping, and that there exists xo € X such
that a(xo,fxo) > 1, then f has a fixed point.

Proof Lete < y(d(x,y)) < € + 8, where «(x,y) > 1. Then by ¢ < ¢/ (d(x,7)) < ¢ + § and Defi-
nition 3.2, we deduce that «(x, y)¥ (d(fx, fy)) < €. On the other hand, since a(x,y) > 1, then
we have

v (d(fr.f) < ab )y (d(fr.fy) <e.
That is, conditions of Theorem 3.1 hold, and f has a fixed point. O

Theorem 3.2 Let (X,d) be a complete metric space, and let f be a modified a-vr-Meir-
Keeler contractive mapping. If the following conditions hold:
(i) there exists xg € X such that a(xo,fxo) > 1,
(ii) if {xn} is a sequence in X such that o(x,,%,41) > 1 for all n, and x,, — x as n — +o0,
then a(x,,x) > 1 for all n.
Then f has a fixed point.

Proof Following the proof of Theorem 3.1, we say that o (x,,,,1) > 1 for all n € NU {0},
and that there exist z € X such that x, — z as n — +00. Hence, from (ii) a(x,,z) > 1. By
Remark 3.1, we have

Y (d(fz,2) < W(d(fz,fx,,) + d(fxn,z)) < lp(d(fz,fxn)) + w(d(fx,,,z))
< ¥ (d(z,%4)) + ¥ (d(x:1,2)).

By taking limit as 7 — +00, in the inequality above, we get ¥(d(fz,z)) < 0, that is,
d(fz,z) = 0. Hence fz = z. O

Corollary 3.2 (Theorem 11 of [11]) Let (X, d) be a complete metric space, and let f be a
a-y-Meir-Keeler contractive mapping. If the following conditions hold:
(i) there exists xo € X such that o(xo,fxo) > 1,
(i) if {xn} is a sequence in X such that a(x,, xy1) > 1 for all n, and x,, — x as n — +00,
then a(x,,x) > 1 for all n.
Then f has a fixed point.
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Example 3.1 Let X = [0,00), and let d(x,y) = |x — y| be a metric on X. Define f : X — X by

g ifx € [0,1], 10 ifx,y€[0,1],
Jx=17, and a(x,y) =
1 xe(1,00), -2 otherwise,

and ¥ (¢) = it. Clearly, (X,d) is a complete metric space. We show that f is a triangular
a-admissible mapping. Let x,y € X, if a(x,y) > 1, then x,y € [0,1]. On the other hand, for
all x,y € [0,1], we have fx <1 and fy < 1. It follows that «(fx, fy) > 1. Also, if «(x,2z) > 1 and
a(z,y) > 1, then x,7,z € [0,1], and hence, «(x,y) > 1. Thus the assertion holds by the same
arguments. Notice that «(0,f0) > 1.

Now, if {x,} is a sequence in X such that «(x,,x,,1) > 1 for all » € NU {0}, and x,, — x
as n — +00, then {x,} C [0,1], and hence x € [0,1]. This implies that «(x,,x) > 1 for all
n e NU{0}. Let a(x,y) > 1, then x, y € [0,1]. Without loss of generality, take x <y. Then

v (d(fe.fy)) = % - %,

¥ (d(x,9)) =

LR
=R

Clearly, by taking § = 4¢, the condition (3.2) holds. Hence, conditions of Theorem 3.2 hold,
and f has a fixed point. But if x,y € [0,1] and

e <dxy)<e+34,
where € >0 and § > 0. Then

alx,y)d(fx,fy) =2|x —y| = 2d(x,y) > 2¢.
That is, Corollary 3.2 (Theorem 11 of [11]) cannot be applied for this example.
Denote with W the family of strictly nondecreasing functions v : [0, +00) — [0, +00)
continuous at ¢ = 0 such that

o Yg(t) =0ifand onlyif £ =0,
. wst(t + S) =< 1ﬂs'c(t) + wst(s)~

Definition 3.4 [11] Let (X, d) be a metric space, and let ¥, € Wy Suppose that f : X — X
is a triangular ar-admissible mapping satisfying the following condition:

for each ¢ > 0, there exists § > 0 such that

& <Yy (M(x,y)) <e+§ impliesthat «(x,y)¥s (d(fx,fy)) <e (3.9)

for all x,y € X, where

Mx,y) - max{d<x,y), e 2), dif ), 5 [d(fe ) + ds ) }

Then f is called a generalized a-ys-Meir-Keeler contractive mapping.
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Definition 3.5 Let (X, d) be a metric space, and let i, € Wy. Suppose that f: X — X isa
triangular «-admissible mapping satisfying the following condition:
for each ¢ > 0 there exists § > 0 such that

e <Yu(M(x,y) <e+6 impliesthat vy (d(fx,fy)) <e (3.10)

for all x,y € X, where a(x,y) > 1 and

Mx,y) - max{doc,y), ), dify ), 5 [d(fe ) + ds ) }

Then f is called a modified generalized o-s-Meir-Keeler contractive mapping.

Remark 3.2 Let f be a modified generalized «-y-Meir-Keeler contractive mapping.
Then

Vst (d(fx, /) < Yt (M(x,))

for all x,y € X, where a(x,y) > 1 when M(x,) > 0. Also, if M(x,y) = 0 and a(x,y) > 1, then
x =y, which implies that ¥ (d(fx,fy)) = 0, i.e.,

Vol d(fe f3)) < Va(M(x,)).
Proposition 3.1 Let (X,d) be a metric space, and let f : X — X be a modified generalized
a-Yse-Meir-Keeler contractive mapping. If there exists xo € X such that o(xo,fxo) > 1, then

1im,,_, o d(f"* L0, f"x0) = 0.

Proof Define a sequence {x,} by x, = f"xo for all » € N. If x,,) = x,,.1 for some ny € NU{0},
then, obviously, the conclusion holds. Hence, we suppose that

Xn #xnﬂ (311)

for all » € NU {0}. Then we have M(x,,1,%,) > 0 for every n > 0. Then by Lemma 3.1 and
Remark 3.2, we have

WSt (d(xn+17 xn+2)) = WSt (d(fxn :fxn+1)) < WSt (M(xm xn+1))

= 1/fst (max{d(xm xn+1): d(fxm xn)’ d(fxnﬂy xn+1);

%[d(fxn,xnﬂ) + d(xn,fxml)] })

< 1pst (max{d(xm xn+l): d(xn+1’ xn+2) }) .

Now, since V¥ is strictly nondecreasing, then we get

d(xn+2: xn+1) < max{d(erb xn); d(xn+2t xn+1) } .
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Hence the case, where
max{d (i1, %n), dFns2s Xni1) } = A(ns2s Xnir),
is not possible. Therefore, we deduce that
AX42,%n41) < AXi15 %) (3.12)

for all n. That is, {d(x,41, %)} oo is @ decreasing sequence in R,, and it converges to ¢ € R,,
that is,

lim wst(d(xwrl’xn)) = lim wst(M(anrlrxn)) = I/fst(e)' (313)
n— o0 n—0o0
Notice that ¢ = inf{d(x,,%,,1) : n € N}. Let us prove that ¢ = 0. Suppose, to the contrary,
that ¢ > 0. Then v¥(¢) > 0. Considering (3.13) together with the assumption that f is a

generalized -y -Meir-Keeler contractive mapping, for ¥ (¢), there exists § > 0 and a
natural number m such that

Vsi(e) < wst(M(xmrme)) <Yyle) +8

implies that
Vst (dmers Xms2)) = Vst (Ao fmar)) < Vse(e).
Now, since V¥ is strictly nondecreasing, then we get
AXps2, Xme1) < &
which is a contradiction, since ¢ = inf{d(x,, x,.1) : # € N}. Then ¢ = 0, and so,

lim d(x,41,%,) = 0. O

n—00

Theorem 3.3 Let (X,d) be a complete metric space, and let f : X — X be an orbitally
continuous modified generalized o-1s-Meir-Keeler contractive mapping. If there exist x, €
X such that o(xo,fx0) > 1, then f has a fixed point.

Proof Define x,,1 = f"*1x for all n > 0. We want to prove that lim,, ,_, 0 d(%,,, %,,) = 0. If

this is not so, then there exist ¢ > 0 and a subsequence {x,;,} of {x,} such that
A(Xn(i) Xuir1)) > 26. (3.14)
For this ¢ > 0, there exists § > 0 such that ¢ < ¥y (M(x,y)) < ¢ + § implies that

a(x, y)¥s(d(fx, fy)) < €. Put r = min{e, §} and s, = d(x,,%,41) for all # > 1. From Proposi-
tion 3.1, there exists ng such that

Sn = d(xnrx;ﬁl) < 2 (315)
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for all n > ny. Let n(i) > no. We get n(i) < n(i + 1) — 1. If d(x,), Xu(i11)-1) < € + 5, then

AXn(iys Xn(is1)) < AXn(ys Xn(ie1)-1) + AXn(ir1)-15 Fn(iv1))
< dXn(i)s Xn(is1)-1) + AXn(ir1)=1, Xn(ir1))

r 3r
<8+§+Sn(,'+1),1<8+z<28,

which contradicts the assumption (3.14). Therefore, there are values of k such that #(i) <
k < n(i +1) and d(x,), k) > € + 5. Now if d(x,(5, Xn(i)41) > € + 5, then

~

r r
Sn) = AXn(), Xn(i1) > € + 37T 5 >
which is a contradiction to (3.15). Hence, there are values of k with n(i) < k < n(i +1) such
that d(x,(),xx) < & + 5. Choose the smallest integer k with k > n(i) such that d(x,), xx) >

& + 5. Thus, d(x,), %k-1) < & + %, and so,

A(%Xn(i)s k) < Ay Xe—1) + d Xk, %)

r o r 3r
<d@x,i),xn-1) +dXi_1, %) < E+ =+ — =€+ —.
< dXngy, Xx-1) + A1, %) 2% 2 )

Now, we can choose a natural number & satisfying n(i) < k < n(i + 1) such that

r 3r
e+ = <dXnp,x6) <€+ —. (3.16)
2 4
Therefore, we obtain
3r
A (%), Xk) < € + 4 SED (3.17)
r
AXn()s Xn(iy+1) = Ay < Z et (3.18)
and
r
d(Xp, Xk1) = dy < 1 <e+rT. (3.19)

Thus, we have

[0, 3100) + ey, 0] = 5 [y 20 + et xc)
+ d X1, %n(i)) + AFnir i) |

< %[d(xna),xk) + d(X, X 1)
+ d (X1, %n(i)) + A Xy %) |

1
= d(X(s), %) + 2 [k + Su(y]

3 l[r r:|:s+r. (3.20)

N
™
+
|
+
|
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Now, inequalities (3.17)-(3.20) imply that M(x,q),xx) < € + r < & + 8, and 50, Yst(M (%),
%)) < Yse(e + 8) < Yle) + Yst(8); the fact that f is a modified generalized o -y -Meir-
Keeler contractive mapping yields that

wst (d(xn(i)ﬂy xk+1)) < wst(8)~
Then d(xu()+1,%k1) < €. We deduce
d(fn(z’)xo,kao) < d(fn(i)xo ,fn(i)+1x0) + d(fn(i)ﬂxo’kao)
< d(fn(i)xo ,fn(i)+1x0) + d(fn(i)ﬂxo 1ka0)

< d(fn(i)xo ,fn(i)+1x0) + d(fn(i)ﬂxo ,fk+1x0)
+ d(kaXQ,kao).

From (3.16), (3.18) and (3.19), we obtain

AXn(ye1, %k1) = Ay %) — AXnii)s Xn(iy41) — Ak Xki1)

which is a contradiction. We obtained that lim,,, ,,—, oo d(x,,, x,,) = 0, and so, {x,, = f"xo} is
a Cauchy sequence. Since X is complete, then there exists z € X such that f"xy — z as
n— 00. As f is orbitally continuous, so z = fz. g

Corollary 3.3 (Theorem 17 of [11]) Let (X, d) be a complete metric space, and let f : X —
X be an orbitally continuous generalized o-«-Meir-Keeler contractive mapping. If there
exist xog € X such that a(xg,fxo) > 1, then f has a fixed point.

Example 3.2 Let X = [0,00), and let d(x,y) = |x — y| be a metric on X. Define f : X — X

ifx €[0,1],

ES
l
NIR

X

%/Z+6

x € (1,00)
and ¥ (0) = 1¢,

28 ifx,y€[0,1],
alx,y) =
-8 otherwise.

Clearly, f is a triangular «o-admissible mapping, and it is orbitally continuous. Let
a(x,y) > 1, then x,y € [0,1]. Without loss of generality, take x < y. Then

X

Vet (d(f f)) = ﬁ -,

1pst([v[(xry)) = 1pst (max{y_x’ gy’x_ -V J_C })

6 x yy x
1272 182 1l

—max{Z-%,
2 2


http://www.fixedpointtheoryandapplications.com/content/2013/1/212

Hussain et al. Fixed Point Theory and Applications 2013, 2013:212 Page 18 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/212

Clearly, by taking § = 6¢, the condition (3.10) holds. Hence, all conditions of Theorem 3.3
are satisfied, and f has a fixed point. Butifx=0and y =1

e<M(0,1)<é+¢
for § >0 and ¢ > 0, then
e<1l<é+s,
and so,
a(0, )Y (d(f0,f1)) =2>1>¢.
That is, Corollary 3.3 (Theorem 17 of [11]) cannot be applied for this example.

4 Modified «-17-contractive multifunction
Recently, Asl et al. [12] introduced the following notion.

Definition 4.1 Let T: X — 2%, andleto: X x X — R,. We say that T is an o,.-admissible
mapping if

a(x,y) >1 impliesthat «.(Tx, Ty)>1, x,y€X,
where

ax(A,B) = inf «a(x,y).

x€A,yeB
We generalize this concept as follows.

Definition 4.2 Let T : X — 2% be a multifunction, and let o, : X x X — R, be two
functions, where 7 is bounded. We say that T is an o,-admissible mapping with respect

to n if
a(x,y) > n(x,y) implies that o, (Tx, Ty) > n.(Tx, Ty), x,y€ X,
where

a.(A,B)= inf «a(x,y) and n.(A,B)= sup n(x,y).
x€A,yeB x€A,yeB

If we take n(x,y) =1 for all x,y € X, then this definition reduces to Definition 4.1. In case
a(x,y) =1forallx,y € X, then T is called an 7,-subadmissible mapping.

Notice that W is the family of nondecreasing functions v : [0, +00) — [0, +00) such that
Y2, ¥"(t) < +oo for all ¢ > 0, where " is the nth iterate of .

As an application of our new concept, we develop now a fixed point result for a multi-
function, which generalizes Theorem 1.1.
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Theorem 4.1 Let (X,d) be a complete metric space, and let T : X — 2% be an a,-
admissible, with respect to n, and closed-valued multifunction on X. Assume that for
Y eyv,

xyeX, alTr,Ty)>n(Tx,Ty) = H(Tx,Ty) < ¢ (dxy)). (4.1)
Also, suppose that the following assertions hold:
(i) there exist xg € X and x, € Txo such that a(xg,x1) > n(xg,%1);
(ii) for a sequence {x,} C X converging to x € X and o(x,,%41) = 1(%y, X41) for all
n € N, we have a(x,,x) > n(x,,x) for all n € N.

Then T has a fixed point.

Proof Let x; € Txq be such that «(xg,x;) > n(xo,%1). Since T is an a,-admissible mapping,
then o, (Txo, Tx1) > n4(Txo, Tx1). Therefore, from (4.1), we have

H(Txo, Tx1) < ¥ (d(x0,%1)). (4.2)

If %y = x1, then xy is a fixed point of T. Hence, we assume that xy # x;. Also, if x; € Tx;,

then x; is a fixed point of T'. Assume that x; ¢ Tx; and g > 1. Then we have

0 < d(xy, Tx1) < H(Txg, Tx1) < gH(Txy, Tx1),
and so, by (4.2), we get

0 < d(x1, Tx1) < qH(Txo, Trr) < qpr (d(xo,%1)).
This implies that there exists x, € Tx; such that

0 < d(x1,%2) < gH(Txo, Tx1) < q (d(x0,%1)). (4.3)
Note that x; # x5 (since x; ¢ Tx;). Also, since a,(Txg, Tx1) > n.(Txo, Tx1), %1 € Tx¢ and
xy € Txp, then a(xy,x3) > n(x1,%2). So oy (Txy, Txo) > n4(Txy, Txy). Therefore, from (4.1),
we have

H(Txy, Txy) < ¥ (d(x1,%,)). (4.4)

Put ¢y = d(x0,x1). Then from (4.3), we have d(x;,x;) < g (o), where £, > 0. Now, since
is strictly increasing, then ¥ (d(x1,x7)) < ¥ (g (t0)). Put

_ V(g (to))
Y (d(x1, %))

q1

and so ¢; > 1. If xy € Tx,, then x; is a fixed point of 7. Hence, we suppose that x, ¢ Tx;.
Then

0 < d(xy, Toy) < H(Tx1, Txy) < qiH(Txy, Txy).
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So there exists x3 € Tx, such that
0 < d(xp,x3) < q1H(Tx1, Txy),
and then from (4.4), we get
0 < d(x2,%3) < 1 H(Txy, Txz) < iy (d(x1,%2)) = ¥ (g (%))

Again, since  is strictly increasing, then ¥ (d(x2,%3)) < ¥ (¥ (q¥(%))). Put

YWy (k)
2T Y, xs)

So, g > 1. If x3 € Tx3, then x5 is a fixed point of 7. Hence, we assume that x3 ¢ Tx3. Then
0 < d(x3, Txz) < H(Txy, Tx3) < g2 H(Tx, Txs),

and so, there exists x4 € Tx3 such that
0 < d(xs3,x4) < H(Tx, Tx3) < g2 H(Tx3, Tx3). (4.5)

Clearly, x, # x3. Also again, since o, (Tx1, Txy) > 1n4(Tx1, Txy), x5 € Tx; and x3 € Tx,, then
a(x2,x3) > n(x,x3), and so, a.(Txy, Txz) > n.(Txy, Tx3). Then from (4.1), we have

H(Txs, Txs) < ¥ (d(x2,%3)),
and so, from (4.5), we deduce that
d(x3,%4) < g2 H(T%, Tis) < qa ¥ (d(%2, %3)) = ¥ (¥ (q¥ (%))
By continuing this process, we obtain a sequence {x,} in X such that x,, € Tx,_1, x, # x,_1,

a*(xn)xnﬂ) > n*(xn:x;ﬂl) and d(xn;xwrl) = ‘ﬁn_l(qlﬁ(to)) for all » € N. Now, for all m > n,

we can write

m-1 m-1
A xm) <Y Al x1a1) < ¥ (qV (ko).
k=n k=n

Therefore, {x,} is a Cauchy sequence. Since (X, d) is a complete metric space, then there
exists z € X such that x, — z as n — 00. Now, since «(x,;,z) > n(x,,z) for all n € N, then
ay(Txy, Tz) > n4(Tx,, Tz), and so, from (4.1), we have

d(z, Tz) < H(T%y, T2) + d(x,2) < Y (d(x,2)) + d(x4,2)

for all n € N. Taking limit as # — oo in the inequality above, we get d(z, Tz) = 0, i.e.,
z€ Tz g

If in Theorem 4.1 we take n(x,y) = 1, we have the following corollary.
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Corollary 4.1 Let (X,d) be a complete metric space, and let T : X — 2% be an a,-
admissible and closed-valued multifunction on X. Assume that

xyeX, o(Tx,Ty)>1 — H(Tx,Ty)fw(d(x,y)).

Also, suppose that the following assertions hold:
(i) there exists xy € X and x1 € Txo such that o(xg,x1) > 1;
(ii) for a sequence {x,} C X converging to x € X and o(x,,%,41) > 1 for all n € N, we have
a(x,,x) >1forallneN.
Then T has a fixed point.

If in Theorem 4.1 we take «(x, y) = 1, then we have the following result.

Corollary 4.2 Let (X,d) be a complete metric space, and let T : X — 2% be an n,-
subadmissible and closed-valued multifunction on X. Assume that

xyeX, n(TxTy) <1 = H(TxT)) <y (dxy)).

Also, suppose that the following assertions hold:
(i) there exists xo € X and x1 € Txo such that n(xg,x1) < 1;
(ii) for a sequence {x,} C X converging to x € X and n(x,,x,.1) <1 forall n € N, we have
n(xy,x) <1 forallneN.
Then T has a fixed point.

Corollary 4.3 (Theorem 2.1 and 2.3 of [12]) Let (X, d) be a complete metric space, and let
T : X — 2X be an a,-admissible and closed-valued multifunction on X. Assume that

o, (Tx, Ty)H(Txr T)’) = ‘[f(d(x’y)) (4.6)

forall x,y € X. Also, suppose that the following assertions hold:
(i) there exists xg € X and x1 € Txq such that a(xg,x1) > 1;
(ii) for a sequence {x,} C X converging to x € X and o(x,,%,41) > 1 for all n € N, we have
ax,,x) >1forallneN.
Then T has a fixed point.

Proof Suppose that a,(Tx, Ty) > 1 for x,y € X. Then by (4.6), we have
H(Tx, Ty) < ¥ (d(x,)).
That is, conditions of Corollary 4.1 hold, and T has a fixed point. O

Similarly, we can deduce the following corollaries.

Corollary 4.4 Let (X,d) be a complete metric space, and let T : X — 2% be an a,-
admissible and closed-valued multifunction on X. Assume that

((Tx, Ty) + 1)1 D) < Qv
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or all x,y € X. Also, suppose that the following assertions hold.:
y g
(i) there exists xg € X and x1 € Txq such that a(xg,x1) > 1;
(ii) for a sequence {x,} C X converging to x € X and o(x,,%,11) > 1 for all n € N, we have

a(x,,x) >1forallneN.
Then T has a fixed point.

Corollary 4.5 Let (X,d) be a complete metric space, and let T : X — 2X be an o,-

admissible and closed-valued multifunction on X. Assume that

(H(Tx, Ty) + €)™ <y (d(x,y)) + £

forall x,y € X, where £ > 0. Also, suppose that the following assertions hold:
(i) there exists xg € X and x1 € Txy such that o(xg,x1) > 1;
(ii) for a sequence {x,} C X converging to x € X and o(x,,%,41) > 1 for all n € N, we have

a(x,,x) >1forallneN.
Then T has a fixed point.

Corollary 4.6 Let (X,d) be a complete metric space, and let T : X — 2% be an 1,-

subadmissible and closed-valued multifunction on X. Assume that

H(Tx, Ty) < n.(Tx, )Y (d(x, )

forall x,y € X. Also, suppose that the following assertions hold:
(i) there exists xg € X and x1 € Txo such that n(xg,x1) < 1;
(ii) for a sequence {x,} C X converging to x € X and n(x,,x,.1) <1 forall n € N, we have

nxp,x) <1forallneN.
Then T has a fixed point.

Corollary 4.7 Let (X,d) be a complete metric space, and let T : X — 2% be an n,-

subadmissible and closed-valued multifunction on X. Assume that
QH(TxTy) < (n*(Tx, Ty) + l)w(d(x,y))

forall x,y € X. Also, suppose that the following assertions hold:
(i) there exists xg € X and x1 € Txq such that n(xg,x1) < 1;
(ii) for a sequence {x,} C X converging to x € X and n(x,, x,,1) <1 for all n € N, we have

n(x,,x) <1forallneN.,
Then T has a fixed point.

Corollary 4.8 Let (X,d) be a complete metric space, and let T : X — 2X be an o,-

admissible and closed-valued multifunction on X. Assume that

H(Tx, Ty) + £ < (¥ (d(x,9)) + Z)ﬂ*(Tx,Ty)

or all x,y € X, where £ > 0. Also, suppose that the following assertions hold:
y pp g
(i) there exists xg € X and x1 € Txo such that n(xg,x1) <1;
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(ii) for a sequence {x,} C X converging to x € X and n(x,,x,.1) <1 forall n € N, we have
n(x,,x) <1forallneN.
Then T has a fixed point.
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