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Abstract

In this paper we establish some coincidence point results for generalized weak
contractions with discontinuous control functions. The theorems are proved in metric
spaces with a partial order. Our theorems extend several existing results in the current
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generalize a number of established results.
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1 Introduction

In this paper we prove certain coincidence point results in partially ordered metric spaces
for functions which satisfy a certain inequality involving three control functions. Two of
the control functions are discontinuous. Fixed point theory in partially ordered metric
spaces is of relatively recent origin. An early result in this direction is due to Turinici [1],
in which fixed point problems were studied in partially ordered uniform spaces. Later, this
branch of fixed point theory has developed through a number of works, some of which are
in [2-6].

Weak contraction was studied in partially ordered metric spaces by Harjani et al. [3]. In
arecent result by Choudhury et al. [2], a generalization of the above result to a coincidence
point theorem has been done using three control functions. Here we prove coincidence
point results by assuming a weak contraction inequality with three control functions, two
of which are not continuous. The results are obtained under two sets of additional con-
ditions. A fixed point theorem is also established. There are several corollaries and two
examples. One of the examples shows that the corollaries are properly contained in their
respective theorem. The corollaries are generalizations of several existing works.

We apply our result to obtain some coupled coincidence point results. Coupled fixed
theorems and coupled coincidence point theorems have appeared prominently in recent
literature. Although the concept of coupled fixed points was introduced by Guo et al. [7],
starting with the work of Gnana Bhaskar and Lakshmikantham [8], where they established
a coupled contraction principle, this line of research has developed rapidly in partially
ordered metric spaces. References [9-20] are some examples of these works. There is a
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viewpoint from which coupled fixed and coincidence point theorems can be considered as
problems in product spaces [21]. We adopt this approach here. Specifically, we apply our
theorem to a product of two metric spaces on which a metric is defined from the metric
of the original spaces. We establish a generalization of several results. We also discuss an
example which shows that our result is an actual improvement over the results it general-

izes.

2 Mathematical preliminaries

Let (X, <) be a partially ordered set and 7: X — X. The mapping 7 is said to be nonde-
creasing if for all x;, % € X, %1 < x, implies Tx; < Tx; and nonincreasing if for all x1, x, € X,
x1 < xy implies Tx; > Tx,.

Definition 2.1 ([22]) Let (X, <) bea partially orderedsetand T: X — X and G: X — X.
The mapping T is said to be G-nondecreasing if for all x,y € X, Gx < Gy implies Tx < Ty
and G-nonincreasing if for all v,y € X, Gx < Gy implies Tx > Ty.

Definition 2.2 Two self-mappings G and T of a nonempty set X are said to be commuta-
tive if GTx = TGx for all x € X.

Definition 2.3 ([23]) Two self-mappings G and T of a metric space (X, d) are said to be
compatible if the following relation holds:

lim d(GTIx,, TGx,) =0,

n—00

whenever {x,} is a sequence in X such that lim,_, o, Gx,, = lim,,_, o Tx, = x for some x € X
is satisfied.

Definition 2.4 ([24]) Two self-mappings G and T of a nonempty set X are said to be
weakly compatible if they commute at their coincidence points; that is, if Gx = Tx for some
x € X, then GTx = TGx.

Definition 2.5 ([8]) Let (X, <) bea partially ordered setand F: X x X — X. The mapping
F is said to have the mixed monotone property if F is monotone nondecreasing in its first
argument and is monotone nonincreasing in its second argument; that is, if

x,% €X, x=<x, — F(x,y) XF(xy,y) foralyeX;
and
y,2€X, 1<y = F(x,y)>=F(xy) forallxeX.

Definition 2.6 ([17]) Let (X, <) bea partially ordered set, F: X x X — X andg: X — X.
We say that F has the mixed g-monotone property if

x,% €X, gx1<gxy, — F(x,y) <F(xy,y) forallyeX;
and

y,92€X, @1 =<ghn = Fyn)>=F(xy,) forallxeX.
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Definition 2.7 ([8]) An element (x,y) € X x X is called a coupled fixed point of the map-
ping F: X x X — X if F(x,y) =« and F(y,x) = y.

Definition 2.8 ([17]) An element (x,y) € X x X is called a coupled coincidence point of
the mappings F: X x X — X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition 2.9 ([17]) Let X be a nonempty set. The mappings g and F, where g: X — X
and F: X x X — X, are said to be commutative if gF (x,y) = F(gx,gy) for all x,y € X.

Definition 2.10 ([12]) Let (X, d) be a metric space. The mappings g and F, whereg: X —
X and F: X x X — X, are said to be compatible if the following relations hold:

lim d(gF(6n, y), Fgxngyn)) =0, lim d(gF (v, %n), F(@msg%n) = 0,

whenever {x,} and {y,} are sequences in X such that lim,_, o gx, = lim,_, o F (%, y») = x
and lim,_, o0 gy, = lim,,—, oo F(yy, %,) = y for some x,y € X are satisfied.

Definition 2.11 Let X be a nonempty set. The mappings ¢ and F, where g: X — X
and F: X x X — X, are said to be weakly compatible if they commute at their coupled
coincidence points, that is, if F(x,y) = gx and F(y,x) = gy for some (x,7) € X x X, then
gF(x,y) = F(gx,gy) and gF (y,x) = F(gy, gx).

Definition 2.12 ([25]) A function ¢ : [0,00) — [0, 00) is called an altering distance func-
tion if the following properties are satisfied:

(i) ¢ is monotone increasing and continuous;

(i) ¥(¢)=01ifand onlyift=0.

In our results in the following sections, we use the following classes of functions.
We denote by W the set of all functions v : [0, 00) — [0, 00) satisfying

(iy) ¥ is continuous and monotone non-decreasing,
(iiy) ¥(¢) =0ifand onlyif¢=0;

and by ® we denote the set of all functions «: [0,00) —> [0, 00) such that

(iy) o is bounded on any bounded interval in [0, 00),
(iiy) « is continuous at 0 and «(0) = 0.

3 Main results
Let (X, <,d) be an ordered metric space. X is called regular if it has the following proper-
ties:

(i) if a nondecreasing sequence {x,} — x in (X, d), then x,, < x for all n > 0;

(ii) if a nonincreasing sequence {y,} — y in (X, d), then y < y,, for all n > 0.

Theorem 3.1 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T, G: X — X be two mappings such that
G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect to <
and the pair (G, T) is compatible. Suppose that there exist y € V and ¢,0 € © such that

vx) <) = x=<y, (3.1)
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for any sequence {x,} in [0, 00) with x, — t > 0,

¥ (t) - limp(x,) + lim O (x,) > 0, (3.2)
and for all x,y € X with Gx > Gy

¥ (d(Tx, Ty)) < ¢(d(Gx, Gy)) - 0(d(Gx, Gy)). (3.3)

Also, suppose that
(@) T is continuous, or
(b) X is regular.

If there exists xy € X such that Gxy < Txy, then G and T have a coincidence point in X.

Proof Let xy € X be such that Gxy < Tx,. Since T'(X) € G(X), we can choose x; € X such
that Gx; = Tx,. Again, we can choose x; € X such that Gx, = Tx;. Continuing this process,
we construct a sequence {x,} in X such that

Gxy1=Tx, forallm>0. (3.4)
Since Gxy < Txo and Gx; = Txy, we have Gxy < Gx;, which implies that Txy < Tx;. Now,
Txo < Txy, that is, Gx; < Gx, implies that Tx; < Tx,. Again, Tx; < Txy, thatis, Gx; < Gx3
implies that Tx, < Txs. Continuing this process, we have

Grg <X Gx1 < Gy X Gz X+ X Gy X Gorpy X0, 3.5)
and

Too <Tx1 < Ty < Tz =X+ X Ty < Ty < -+ (3.6)

Let R, = d(Gx,,,1, Gx,,) for all m > 0.
Since Gx,,,1 > Gx,, from (3.3) and (3.4), we have

w(d(GxVHZ, Gxn+1)) = 1//(d(Tanrl: Txn)) = ¢(d(Gxn+1; ny,)) - e(d(Ganrl» ny,)),
that is,

VU (Rii1) < @(R,) — O(Ry), 3.7)
which, in view of the fact that 6 > 0, yields ¥ (R,.1) < ¢(R,), which by (3.1) implies that
R,.1 < R, for all positive integer n, that is, {R, } is a monotone decreasing sequence. Hence
there exists an r > 0 such that

R, = d(Gx,.1,Gx,) — 1 asmn—> oo. (3.8)

Taking limit supremum on both sides of (3.7), using (3.8), the property (iy) of ¢ and 9,
and the continuity of ¥, we obtain

Y () <Tmg(R,) + Tm(-6(R,)).
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Since lim(—0(R,))) = —lim O(R),), it follows that
¥ (r) <limg(R,) - imO(R,),
that is,
¥ (r) - limg(R,) + lim6(R,) <0,
which by (3.2) is a contradiction unless r = 0. Therefore,
R, =d(Gx,41,Gx,) — 0 asn —> oo. (3.9)
Next we show that {Gx,} is a Cauchy sequence.
Suppose that {Gx,} is not a Cauchy sequence. Then there exists an € > 0 for which we
can find two sequences of positive integers {m(k)} and {n(k)} such that for all positive
integers k, n(k) > m(k) > k and d(Gxyk), GXn(k)) = €. Assuming that n(k) is the smallest

such positive integer, we get

n(k) > m(k) > k,
A(Gxyu(y, GXp()) = €  and

A(Gxyu(t), GX(i)-1) < €.
Now,
€ < d(Gxmk), Gxn) < A(GXm(ry, GXni)-1) + A(GXn(t)-1, GXnr))s
that is,
€ < d(Gxmik), Gxn(i)) < € + A(GXn(t)-1, GXnr))-
Letting k —> oo in the above inequality and using (3.9), we have
kli)rgo A(Gxmy, Gxni) = €. (3.10)
Again,
A(GXm()+1) GXn(k)41) < A(GEm(y+1, GXmt)) + A(GX i), Gny) + A(GX ()41, GXiiy)
and
A(GXm(y, GXn(k) < A(GXmiy 15 GXmt)) + AGX ()1, GXury+1) + A(GXnii)1, GXu(r))-
Letting kK — oo in the above inequalities, using (3.9) and (3.10), we have

lim d(GXp(k)+1, GXniyr1) = €. (3.11)

k—o00
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As n(k) > m(k), Gxppy = Gy, from (3.3) and (3.4), we have

V(G 11 Gmiiy41)) = ¥ (AT Tomy))

< 0(d(Gxny, Grmit))) — 0(A(Gn(r Gmry))-

Taking limit supremum on both sides of the above inequality, using (3.10), (3.11), the
property (i) of ¢ and 0, and the continuity of v, we obtain

¥ (€) < 1im @ (d(Gxpuiy, Grmio)) + 1im(—0/(d(Gxuiry Gmry)) )-
Since m(-@(d(Gxn(k), Gxmy))) = —1im 6(d(Gxury, Gxm)), it follows that
¥ (€) < lim(d(Gxpy, Gxmi)) — im0 (d(Gxugry Gxmry))
that is,
¥ (€) = 1im @ (d(Gxngy, Gomy)) + 1im 0 (d(Gny, Gotmy)) < O,

which is a contradiction by (3.2). Therefore, {Gx,} is a Cauchy sequence in X. From the

completeness of X, there exists x € X such that

lim Tx, = lim Gx, = x. (3.12)

n—00 n—00

Since the pair (G, T) is compatible, from (3.12), we have
lim d(GTx,, TGx,) = 0. (3.13)
n—0oQ

Let the condition (a) hold.

By the triangular inequality, we have
d(Gx, TGx,) < d(Gx, GTx,) + d(GTx,, TGx,).

Taking n —> oo in the above inequality, using (3.12), (3.13) and the continuities of 7" and
G, we have d(Gx, Tx) = 0, that is, Gx = Tx, that is, x is a coincidence point of the mappings
Gand T.

Next we suppose that the condition (b) holds.

By (3.5) and (3.12), we have Gx, < x for all n > 0. Using the monotone property of G,
we obtain

GGx, < Gx. (3.14)
As @G is continuous and the pair (G, T') is compatible, by (3.12) and (3.13), we have

lim GGx, = Gx = lim GTx, = lim TGx,. (3.15)

n—00 n—00 n—00
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Then

d(Tx, Gx) = lim d(Tx, TGx,).

n—00

Since ¥ is continuous, from the above inequality, we obtain
¥ (d(Tx,Gx) = v lim d(Tx, TGx,)) = lim v (d(Tx, TGx,),
n— 00 n—00
which, by (3.3) and (3.14), implies that

Y (d(Tx, Gx)) < lim [¢(d(Gx, GGx,)) - 0(d(Gx, GGx,,))].

n—00

Using (3.15) and the property (iiy) of ¢ and 6, we have
w(d(Tx, Gx)) =0,

which, by the property of ¥, implies that d(Tx, Gx) = 0, that is, Gx = Tx, that is, x is a
coincidence point of the mappings G and T O

Next we discuss some corollaries of Theorem 3.1. By an example, we show that Theo-
rem 3.1 properly contains all its corollaries.

Every commuting pair (G, T) is also a compatible pair. Then considering (G, T') to be the
commuting pair in Theorem 3.1, we have the following corollary.

Corollary 3.1 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T, G: X — X be two mappings such that
G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect to <
and the pair (G, T) is commutative. Suppose that there exist v € WV and ¢,6 € O such that
(3.1), (3.2) and (3.3) are satisfied. Also, suppose that

(a) T is continuous, or

(b) X is regular.

If there exists xo € X such that Gxy < Tx, then G and T have a coincidence point in X.

Considering v to be the identity mapping and 0(¢) = 0 for all ¢ € [0, 00) in Theorem 3.1,
we have the following corollary.

Corollary 3.2 Let (X, <X) be a partially ordered set and suppose that there is a metric d
on X such that (X, d) is a complete metric space. Let T,G: X — X be two mappings such
that G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect
to < and the pair (G, T) is compatible. Suppose that there exists ¢ € © such that for any
sequence {x,} in [0, 00) with x, — £ > 0,

limg(x,) < t, (3.16)
and for all x,y € X with Gx > Gy,

d(Tx, Ty) < ¢(d(Gx, Gy)). (3.17)
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Also, suppose that
(@) T is continuous, or
(b) X is regular.

If there exists xo € X such that Gxy < Txo, then G and T have a coincidence point in X.

Considering 0(t) = 0 for all £ € [0, 00) and ¢(t) = kv (£) with k € [0,1) in Theorem 3.1, we
have the following corollary.

Corollary 3.3 Let (X, X) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T, G: X — X be two mappings such that
G is continuous and nondecreasing, T(X) € G(X), T is G-nondecreasing with respect to <
and the pair (G, T) is compatible. Suppose that there exists ¥ € V and k € [0,1) such that
forall x,y € X with Gx = Gy,

Y (d(Tx, Ty)) <k (d(Gx, Gy)). (3.18)

Also, suppose that
(@) T is continuous, or
(b) X is regular.

If there exists xo € X such that Gxy < Txo, then G and T have a coincidence point in X.
Considering ¢ to be the function v in Theorem 3.1, we have the following corollary.

Corollary 3.4 Let (X, X) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T, G: X —> X be two mappings such that
G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect to <
and the pair (G, T) is compatible. Suppose that there exist v € ¥ and 6 € © such that for
any sequence {x,} in [0, 00) with x, — ¢ > 0,

lim6(x,) > 0, (3.19)
and for all x,y € X with Gx > Gy,

¥ (d(Tx, Ty)) < ¥ (d(Gx, Gy)) - 6(d(Gx, Gy)). (3.20)

Also, suppose that
(a) T is continuous or
(b) X is regular.

If there exists xy € X such that Gxy < Txy, then G and T have a coincidence point in X.
If ¥ and ¢ are the identity mappings in Theorem 3.1, we have the following corollary.
Corollary 3.5 Let (X, <) be a partially ordered set and suppose that there is a metric d

on X such that (X, d) is a complete metric space. Let T,G: X — X be two mappings such

that G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect
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to < and the pair (G, T) is compatible. Suppose that there exists 0 € © such that for any
sequence {x,} in [0, 00) with x, — t > 0, lim6(x,) > 0 and for all x,y € X with Gx > Gy,

d(Tx, Ty) < d(Gx, Gy) - 0(d(Gx, Gy)). (3.21)

Also, suppose that
(a) T is continuous, or
(b) X is regular.
If there exists xo € X such that Gxy < Txo, then G and T have a coincidence point in X.

Considering ¥ and ¢ to be the identity mappings and 6(¢) = (1 — k)t, where 0 < k<1 in

Theorem 3.1, we have the following corollary.

Corollary 3.6 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X, d) is a complete metric space. Let T,G: X — X be two mappings such
that G is continuous and nondecreasing, T(X) C G(X), T is G-nondecreasing with respect
to <X and the pair (G, T) is compatible. Assume that there exists k € [0,1) such that for all
x,y € X with Gx = Gy,

d(Tx, Ty) < kd(Gx, Gy). (3.22)

Also, suppose that
(@) T is continuous, or
(b) X is regular.
If there exists xy € X such that Gxy < Txg, then G and T have a coincidence point in X.

The condition (i), the continuity and the monotone property of the function G, and (ii),
the compatibility condition of the pairs (G, T'), which were considered in Theorem 3.1, are
relaxed in our next theorem by taking G(X) to be closed in (X, d).

Theorem 3.2 Let (X, X) be a partially ordered set and suppose that there is a metric d
on X such that (X, d) is a complete metric space. Let T, G: X — X be two mappings such
that T(X) C G(X) and T is G-nondecreasing with respect to < and G(X) is closed in X.
Suppose that there exist v € V and ¢,0 € © such that (3.1), (3.2) and (3.3) are satisfied.
Also, suppose that X is regular.

If there exists xo € X such that Gxy < Txo, then G and T have a coincidence point in X.

Proof We take the same sequence {x,} as in the proof of Theorem 3.1. Then we have (3.12),
that is,

lim Tx, = lim Gx, = x.
n—00 n—0o0

Since {Gx,} is a sequence in G(X) and G(X) is closed in X, x € G(X). As x € G(X), there
exists z € X such that x = Gz. Then

lim Tx, = lim Gx, = Gz. (3.23)

n—00 n—00
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Now, {Gx,} is nondecreasing and converges to Gz. So, by the order condition of the metric
space X, we have

Gx, < Gz. (3.24)
Putting x = z and y = x,, in (3.3), by the virtue of (3.24), we get
Y (d(Tz, Txy)) < ¢(d(Gz, Gx,)) — 0(d(Gz, Gxy)).

Taking n — oo in the above inequality, using (3.23), the property (ii,) of ¢ and 6 and the
continuity of ¥, we have

¥ (d(Tz, Gz)) = 0,

which, by the property of v, implies that d(7z, Gz) = 0, that is, Tz = Gz, that is, z is a
coincidence point of the mappings G and 7. d

In the following, our aim is to prove the existence and uniqueness of the common fixed
point in Theorems 3.1 and 3.2.

Theorem 3.3 In addition to the hypotheses of Theorems 3.1 and 3.2, in both of the theo-
rems, suppose that for every x,y € X there exists u € X such that Tu is comparable to Tx and
Ty, and also the pair (G, T) is weakly compatible. Then G and T have a unique common
fixed point.

Proof From Theorem 3.1 or Theorem 3.2, the set of coincidence points of G and T is non-
empty. Suppose x and y are coincidence points of G and T, that is, Gx = Tx and Gy = Ty.

Now, we show
Gx = Gy. (3.25)

By the assumption, there exists # € X such that Tu is comparable with Tx and Ty.

Put up = u and choose u; € X so that Gu; = Tuy. Then, similarly to the proof of Theo-
rem 3.1, we can inductively define sequences {Gu, } where Gu,,,; = Tu,, forall n > 0. Hence
Tx = Gx and Tu = Tup = Gu; are comparable.

Suppose that Gu; < Gx (the proof is similar to that in the other case).

We claim that Gu,, < Gx for each n € N.

In fact, we will use mathematical induction. Since Gu; < Gx, our claim is true for n = 1.
We presume that Gu, < Gx holds for some # > 1. Since T is G-nondecreasing with respect
to <, we get

Guy = Tu, <X Tx = Gx;

and this proves our claim.
Let R, = d(Gx, Gu,). Since Gu,, < Gx, using the contractive condition (3.3), forall n > 1,
we have

Y (d(Gx, Gupir)) = ¥ (d(Tx, Tu,)) < ¢(d(Gx, Gu,)) - 0(d(Gx, Guy)),
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that is, ¥ (Ry41) < ¢(R,) — 6(R,), which, in view of the fact that 6 > 0, yields ¥ (R,;1) <
@(R,), which by (3.1) implies that R,,; < R, for all positive integer », that is, {R,} is a
monotone decreasing sequence.

Then, as in the proof of Theorem 3.1, we have

lim R, = lim d(Gx, Gu,) = 0. (3.26)

n—00 n—00

Similarly, we show that

lim d(Gy, Gu,) = 0. (3.27)

n—00
By the triangle inequality, using (3.26) and (3.27), we have

d(Gx, Gy) < [d(Gx, Gu,) + d(Gu,, Gy)] — 0 asn —> oo.

Hence Gx = Gy. Thus (3.25) is proved.
Since Gx = Tx, by weak compatibility of G and T, we have

GGx = GTx = TGx. (3.28)
Denote

Gx=z (3.29)
Then from (3.28) we have

Gz=Tz.

Thus z is a coincidence point of G and T. Then from (3.25) with y = z it follows that
Gx = Gz.
By (3.29) it follows that
z=Gz. (3.30)

From (3.29) and (3.30), we get z = Gz = T%.
Therefore, z is a common fixed point of G and 7.
To prove the uniqueness, assume that  is another common fixed point of G and 7. Then
by (3.25) we have r = Gr = Gz = z. Hence the common fixed point of G and T is unique.
O

Example 3.1 Let X = [0,00). Then (X, <) is a partially ordered set with the natural or-
dering of real numbers. Let d(x,y) = |x — y| for x,y € X. Then (X, d) is a complete metric
space.

Let T,G: X — X be given respectively by the formulas Tx = %xz and Gx = x? for all
x € X. Then T and G satisfy all the properties mentioned in Theorem 3.1.
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Let ¢, ¢,0: [0,00) —> [0, 00) be given respectively by the formulas

v =t  et)=

O

2 otherwise, otherwise.

2 if3<t<4, Q(t)z{%[t]z if3<t<4,
0
Then v, ¢ and 0 have the properties mentioned in Theorem 3.1.

It can be verified that (3.3) is satisfied for all x,y € X with Gx > Gy. Hence the required
conditions of Theorem 3.1 are satisfied and it is seen that 0 is a coincidence point of G
and T'. Also, the conditions of Theorem 3.3 are satisfied and it is seen that 0 is the unique
common fixed point of G and 7.

Remark 3.1 Intheabove example, the pair (G, T') is compatible but not commuting so that
Corollary 3.1 is not applicable to this example and hence Theorem 3.1 properly contains
its Corollary 3.1.

Remark 3.2 In the above example, ¥ is not the identity mapping and 6(¢) # 0 for all £ in
[0, 00). Let us consider the sequence {x,} in [0, c0), where x,, = 3 for all #n. Then ¢(x,) = 4
for all n. Now x, —> ¢ = 3 > 0, but lim¢(x,) = 4 # t = 3. Therefore, Corollary 3.2 is not
applicable to this example, and hence Theorem 3.1 properly contains its Corollary 3.2.

Remark 3.3 The above example () # 0 for all £ € [0, 00), and hence Corollary 3.3 is not
applicable to the example, and so Theorem 3.1 properly contains its Corollary 3.3.

Remark 3.4 In the above example, ¢ is not identical to the function ¥, and also
lim6(x,) # 0 for any sequence {x,} in [0,00) with x, — ¢ > 0. Therefore, Corollaries
3.4 and 3.5 are not applicable to this example, and hence Theorem 3.1 properly contains
its Corollaries 3.4 and 3.5.

Remark 3.5 In the above example, ¥ and ¢ are not the identity functions and 6(¢) # (1 -
k)t with 0 < k < 1. Therefore, Corollary 3.6 is not applicable to the above example. Hence
Theorem 3.1 properly contains its Corollary 3.6.

Remark 3.6 Theorem 3.1 generalizes the results in [2—4, 6, 25-29].

Example 3.2 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x,y) = |x — y| for x,y € X. Then (X, d) is a metric space with the
required properties of Theorem 3.2.

Let T, G: X — X be given respectively by the formulas

1 if x is rational,

L if x is irrational.

Tx=1 forallxeX, Gx:{
2

Then T and G have the properties mentioned in Theorem 3.2.
Let ¢, ¢,0: [0,00) —> [0, 00) be given respectively by the formulas

O D=

t*>  otherwise, 0 otherwise.

Y =2, ga(t):{ " if3<t<d, Q(t)::gmz if3<t<4,

Then ¥, ¢ and 6 have the properties mentioned in Theorem 3.2.
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All the required conditions of Theorem 3.2 are satisfied. It is seen that every rational
number x € X is a coincidence point of G and T'. Also, the conditions of Theorem 3.3 are

satisfied and it is seen that 1 is the unique common fixed point of G and 7.

Remark 3.7 In the above example, the function g is not continuous. Therefore, Theo-

rem 3.1 is not applicable to the above example.

4 Applications to coupled coincidence point results
In this section, we use the results of the previous section to establish new coupled coinci-
dence point results in partially ordered metric spaces. Our results are extensions of some
existing results.

Let (X, <) be a partially ordered set. Now, we endow the product space X x X with the

following partial order:
for (x,9),(u,v) e X x X, (W,v)<Mxy) < x>uy=<w
Let (X, d) be a metric space. Then d; given by the law
dq ((x,y), (u, v)) =d(x,u)+d(y,v) for(xy),(u,v)eX xX
is a metricon X x X.

Letg: X — X and F: X x X — X be two mappings. Then we define two functions
G: XxX—XxXand T: X x X — X x X respectively as follows:

G(x,y) = (gx,gy) forx,yeX, T(x,y) = (F(x,y),F(y,x)) forx,y € X.

Lemma 4.1 Let (X, <) be a partially ordered set, F: X x X — X and g: X — X.IfF has

the mixed g-monotone property, then T is G-nondecreasing.
Proof Let (x1,y1), (x2,72) € X x X such that G(x1,y1) < G(x3,72). Then, by the definition

of G, it follows that (gx;,gy1) < (gx2,2y»), that is, gx; < gx, and gy; > gy,. Since F has the
mixed g-monotone property, we have

F(x1,) < F(x2,1) < F(%2,92),

and

F(y1,%1) = F(y2,%1) = F(y2,%2).

It follows that (F(x1, y1), F(y1,%1)) < (F(%2,2), F(y2,%2)), that s, T(x1,y1) < T(x3, ). There-
fore, T is G-nondecreasing. O

Lemma 4.2 Let X be a nonempty set, g: X — X and F: X x X — X.If g and F are

commutative, then the mappings G and T are also commutative.
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Proof Let (x,y) € X x X. Since g and F are commutative, by the definition of G and T, we
have

GT(x»J’) = G(F(x»y)f(%x)) = (gF(x,y)»gF(%x)) = (F(gx’gy)’F(gy’gx))
= T(gx,gy) = TG(x, ),

which shows that G and T are commutative. O

Lemma 4.3 Let (X,d) be metric space and g: X — X, F: X x X — X. If g and F are
compatible, then the mappings G and T are also compatible.

Proof Let{(x,,y,)} beasequencein X x X such thatlim,_, oo G(x,,,y,,) = im0 T(x, y,) =
(¢,y) for some (x,y) € X x X. By the definition of G and T, we have lim,,_, oo (g%, 2y,,) =
limneoo(F(xmyn);F(ymyn)) = (x,y), which 1mplles that

lim F(x,,y,) = lim gx, =x, lim F(y,,x,) = lim gy, =y.

n—0o0 n—00 n—0o0 n—00

Now

dl (GT(xn:yn)) TG(xnryn)) = dl(G(F(xmyn):F(ymxn))r T(gxmgyn))
= dy ((&F (Xn» Y)s & On» %)) (F (@5 @) F (€Y &) )
= d(gF (%> ), F (% &) + A(GE Os %n) F (@Y &)

Since g and F are compatible, we have
lim dy (GT (%, ), TG (%, y)) = 0.
n—00
It follows that G and T are compatible. d

Lemma 4.4 Let X be a nonemptyset,g: X — X and F: X x X — X.Ifg and F are weak

compatible, then the mappings G and T are also weak compatible.

Proof Let (x,y) € X x X be a coincidence point G and T. Then G(x,y) = T(x,y), that is,
(gx,gy) = (F(x,y), F(y,x)), that is, gx = F(x, y) and gy = F(y,x). Since g and F are weak com-
patible, by the definition of G and T, we have

GT(x,y) = G(F(x,9), F(3, %)) = (¢F (%, ), gF (y, %))
= (F(gx,9), F(gy,g%)) = T(gx,gy) = TG(x,y),

which shows that G and T commute at their coincidence point, that is, G and T are weak
compatible. O

Theorem 4.1 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let F: X x X — X and g: X — X be two
mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the mixed
g-monotone property on X and the pair (g, F) is compatible. Suppose that there exist y € W
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and ¢,0 € O such that (3.1) and (3.2) are satisfied and for all x,y,u,v € X with gx = gu and
& =gv

v (d(F(x,9), F(u, v)) +d(F(y,x),F(v, u)))
< p(d(gx, gu) + d(gy,gv)) — 0 (d(gx, gu) + d(gy, gv)). (4.1)

Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist x0,y0 € X such that gxo < F(xo0,y0) and gyo > F(yo,%0), then there exist
%,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
point in X.

Proof We consider the product space (X x X, <), the metric d; on X x X and the functions
G: XxX—XxXand T: X x X — X x X as mentioned above. Denote S = X x X.
Then (S, d,) is a complete metric space. By the definition of G and T, we have that
(i) G is continuous and nondecreasing; and T is continuous,

(ii) T(S) < G(S),

(iii) T is G-nondecreasing with respect to <,

(iv) the pair (G, T) is compatible.
Letp = (x,9),q = (u,v) € S = X x X such that gx > gu and gy < gv, that s, (gx, gy) > (gu, gv),
that is, Gp > Ggq. Then (4.1) reduces to

v (di(Tp, Tg)) < ¢(d1(Gp, Gq)) — 6 (dy(Gp, Gq)).

Now, the existence of xg,y9 € X such that gxg < F(xo,%0) and gyo > F(y9,%0) implies
the existence of a point py = (x9,y0) € S such that (gxo,gy0) < (F(x0,y0), F(yo,%0)), that
is, Gpo < Tpy. Therefore, the theorem reduces to Theorem 3.1, and hence there exists
w=(x,9) €S =X x X such that Gw = Tw, that is, G(x,y) = T'(x,y), that is, (gx,gy) =
(F(x,9), F(y,x)), that is, gx = F(x,y) and gy = F(y,x), that is, (x,7) is a coupled coincidence
point of g and F. O

The following corollary is a consequence of Corollary 3.1.

Corollary 4.1 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F: X x X — X and g: X — X be
two mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the
mixed g-monotone property on X and the pair (g, F) is commutative. Suppose that there
exist Y € W, 9,0 € O such that (3.1), (3.2) and (4.1) are satisfied. Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxy < F(xo,y0) and gyo = F(yo,x0), then there exist
x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
pointin X.

The following corollary is a consequence of Corollary 3.2.
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Corollary 4.2 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let F: X x X — X and g: X — X be two
mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the mixed
g-monotone property on X and the pair (g, F) is compatible. Suppose that there exists ¢ € ©
such that for any sequence {x,} in [0, 00) with x, — ¢ > 0,

lime(x,) < t,
and for all x,y,u,v € X with gx > gu and gy < gv,

d(F(x,9), F(u,v)) + d(F (5, %), F(v,u)) < o(d(gx, gu) + d(gy,gv)).

Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxy < F(xo,Y) and gyo = F(yo,x0), then there exist
%,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
pointin X.

The following corollary is a consequence of Corollary 3.3.

Corollary 4.3 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let F: X x X — X and g: X — X be two
mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the mixed
g-monotone property on X and the pair (g, F) is compatible. Suppose that there exist € WV
and k € [0,1) such that for all x,y,u,v € X with gx = gu and gy < gv,

¥ (d(F(x,y), F(u, v)) + d(F(y, x), F(v, u))) <ky (d(gx,gu) + d(gy,gv)).

Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxy < F(xo,y0) and gyo > F(yo,%0), then there exist
x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
point in X.

The following corollary is a consequence of Corollary 3.4.

Corollary 4.4 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let F: X x X — X and g: X — X be two
mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the mixed
g-monotone property on X and the pair (g, F) is compatible. Suppose that there exist y € WV
and 6 € O such that for any sequence {x,} in [0, 00) with x, — t > 0, lim0(x,) > 0 and for
all x,y,u,v € X with gx > gu and gy < gv,

v (d(F(x,9), F(u,v)) + d(F(y,%), F(v,u)))
< ¥ (d(gx, gu) + d(gy,gv)) — 0 (d(gx, gu) + d(gy, gv))- (4.2)
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Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxo < F(xo,y0) and gyo > F(y,%0), then there exist
x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
point in X.

Remark 4.1 The above result is also true if the arguments of v and 6 in (4.2) are replaced
by their half values, that is, when (4.2) is replaced by

" (d(F(xry),F(u, v)) + d(F(y,x), F(v, u)))
2

- w(d(gx,gu) ; d(gy,gV)> ~ Q(d@x,gu) ; d(gy,gV))

In this case, we can write Y (¢) = 1&(%) and 0,(¢) = 9(%) and proceed with the same proof
by replacing v, 6 by v, 6; respectively. Then we obtain a generalization of Theorem 2 of
Berinde in [10].

The following corollary is a consequence of Corollary 3.5.

Corollary 4.5 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F: X X X — X and g: X — X
be two mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has
the mixed g-monotone property on X and the pair (g, F) is compatible. Suppose that there
exists 0 € © such that for any sequence {x,} in [0, 00) with x, — t > 0, lim6(x,) > 0 and
forall x,y,u,v € X with gx > gu and gy < gv,

d(F(x,y),F(u, v)) + d(F(y,x),F(v, u)) < d(gx,gu) + d(gy,gv) - G(d(gx,gu) + d(gy,gv)).

Also, suppose that

(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxo < F(xo,y0) and gyo > F(yo,%0), then there exist

x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
pointin X.

The following corollary is a consequence of Corollary 3.6.

Corollary 4.6 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F: X X X — X and g: X — X
be two mappings such that g is continuous and nondecreasing, F(X x X) C g(X), F has the
mixed g-monotone property on X and the pair (g, F) is compatible. Assume that there exists
k € [0,1) such that for all x,y,u,v € X with gx > gu,gy < gv,

d(F(x,y),F(u, v)) + d(F(y,x),F(v, u)) < k[d(gx,gu) + d(gy,gv)].

Also, suppose that
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(a) F is continuous, or

(b) X is regular.

If there exist xo,y0 € X such that gxo < F(xo,y0) and gyo = F(yo,x0), then there exist
x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
point in X.

The following theorem is a consequence of Theorem 3.2.

Theorem 4.2 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Consider the mappings F: X x X — X and
g: X — X such that F(X x X) C g(X), F has the mixed g-monotone property on X and
G(X) is closed in X. Suppose that there exist € V and ¢,0 € © such that (3.1), (3.2) and
(4.1) are satisfied. Also, suppose that X is regular.

If there exist xo,y0 € X such that gxo < F(x0,%0) and gyo > F(yo,x0), then there exist
x,y € X such that gx = F(x,y) and gy = F(y,x); that is, g and F have a coupled coincidence
pointin X.

The following theorem is a consequence of Theorem 3.3.

Theorem 4.3 In addition to the hypotheses of Theorems 4.1 and 4.2, in both of the theo-
rems, suppose that for every (x,9), (x",y) € X x X, there exists a (u,v) € X x X such that
(F(u,v), F(v,u)) is comparable to (F(x,y), F(y,x)) and (F(x",y"), F(y',x")), and also the pair
(g, F) is weakly compatible. Then g and F have a unique coupled common fixed point; that
is, there exists a unique (x,y) € X x X such that x = gx = F(x,y) and y = gy = F(y,x).

Example 4.1 Let X = [0,00). Then (X, <) is a partially ordered set with the natural or-
dering of real numbers. Let d(x,y) = |x — y| for x,y € X. Then (X, d) is a complete metric
space.

Letg: X — X be given by gx = x? for all x € X. Also, consider

%(x2 -2 ifx,yeX, x>y,

F: X xX—X, F(x,y) = .
0 ifx <y,

which obeys the mixed g-monotone property.
Let {x,} and {y,} be two sequences in X such that

lim F(x,,y,) = lim gx, =a, lim F(y,,x,) = lim gy, =b.

n—00

Then, obviously, 2 = 0 and b = 0.

Now, for all n > 0, gx,, = x2, gy, = ¥, while

10,2 _ A2 if > 1022 .2 if > x,,
F(xn’yn) — 3(xn .yn) 1 Xn Z Vn F(yn,xn) _ 3()/}1 xn) l Yn = Xn
0 if x, =n 0 lfyn <x,.

Then it follows that

nli}ngod(gF(x,,,y,,),F(gx,,,gy,,)) =0, nli)rgod(gF(y,,,x,,),F(gy,,,gxn)) =0.
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Hence, the pair (g, F) is compatible in X.
Let xo = 0 and yg = ¢ (> 0) be two points in X. Then

no

g(x0) =g(0) = 0 =F(0,¢) = F(x0,30),  g(y0) =g(c) = > > % = F(c,0) = F(yo, %0).

Let ¥, 9,0: [0,00) — [0, 00) be given respectively by the formulas

112 if3<t<4,
ve)=t )= ;iz]

9

12
‘ o(t) = 5] 1f3<tf4,
otherwise, 0 otherwise.

Then ¥, ¢ and 6 have the properties mentioned in Theorem 4.1.
We now verify inequality (4.1) of Theorem 4.1.
We take x, y,u, v € X such that gx > gu and gy < gv, that is, x* > u? and y? <12
Let M = d(gx, gu) + d(gy,gv) = |* — t?| + |y* = V2| = (& — u?) + (= y?).
The following are the four possible cases.
Case-1: x > y and u > v. Then

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))
=d(x2 7w _V2) +d(0,0) =
3 3

@ —u’) + (¥ -5
3

(x2 _y2) _ (u2 _ V2)
3
C2-—ut)y+ (-9 1

= =M.
3 3

Case-2: x <y and u <v. Then

d(F(x,), F(u,v)) + d(F (5, %), F (v, u))

2 .2 .2 9 22\ (22
:d(0,0)+d(y x’v u)z‘(y x%) — (V2 —u?)
3 3 3
[@=) (P -)|_ @ew) P 1
- 3 - 3 37
Case-3: x>y and 4 <v. Then
d(F(x,y), F(u,v)) + d(F(y,), F(v,u))
2.2 )
=d(x y,o)+d<0f' " )
3 3
=x2_y2 . v2—u2 _ (x2_u2)+(v2_y2) le
3 3 3 37

Case-4: The case ‘x < y and u > v’ is not possible. Under this condition, x* < y* and u? >

2 < u?, which contradicts that x? > #2.

v2. Then by the condition y? < v?, we havex? < y? < v

In all the above cases, it can be verified that (4.1) is satisfied. Hence the required condi-
tions of Theorem 4.1 are satisfied, and it is seen that (0, 0) is a coupled coincidence point
of g and F in X. Also, the conditions of Theorem 4.3 are satisfied, and it is seen that (0, 0)

is the unique coupled common fixed point of g and F in X.
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Remark 4.2 In the above example, the pair (g, F) is compatible but not commuting so that
Corollary 4.1 is not applicable to this example, and hence Theorem 4.1 properly contains
its Corollary 4.1.

Remark 4.3 As discussed in Remarks 3.2-3.5, Theorem 4.1 properly contains its Corol-
laries 4.2-4.6.

Remark 4.4 Theorem 4.1 properly contains its Corollary 4.6, which is an extension of
Theorem 3 of Berinde [9], and Theorems 2.1 and 2.2 of Bhaskar and Lakshmikantham
[8]. Therefore, Theorem 4.1 is an actual extension over Theorem 3 of Berinde [9] and
Theorems 2.1 and 2.2 of Bhaskar and Lakshmikantham [8].

Example 4.2 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x,y) = |x — y| for x,y € X. Then (X, d) is a metric space with the
required properties of Theorem 4.2.

Let F: X x X — X, F(x,y) =1 for (x,y) € X x X. Let g: X — X be given by the formula

1 ifx is rational,
=11
5 ifxisirrational.
Then F and g have the properties mentioned in Theorems 4.2.
Let ¥, ¢,0: [0,00) — [0, 00) be given respectively by the formulas

11?2 if3<e<4, 1?2 if3<e<4,
y =2, =] 2ll HB<ts o) = | ol M3 <<
5t otherwise, 0 otherwise.

Then ¥, ¢ and 6 have the properties mentioned in Theorem 4.2.

All the required conditions of Theorem 4.2 are satisfied. It is seen that every (x,y) €
X x X, where both x and y are rational, is a coupled coincidence point of g and F in X.
Also, the conditions of Theorem 4.3 are satisfied and it is seen that (1,1) is the unique
coupled common fixed point of g and F in X.

Remark 4.5 In the above example, the function g is not continuous. Therefore, Theo-
rem 4.1 is not applicable to the above example.

Remark 4.6 Insome recent papers [30, 31] it has been proved that some of the contractive
conditions involving continuous control functions are equivalent. Here two of our control
functions are discontinuous. Therefore, the contraction we use here is not included in the
class of contractions addressed by Aydi et al. [30] and Jachymski [31].
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