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The Banach contraction principle [1] is a very popular tool in solving existence pro-
blems in many branches of mathematical analysis. This famous theorem can be stated
as follows.

Theorem 1.1. Let (X, d) be a complete metric space and T be a mapping of X into
itself satisfying:

d(Tx, Ty) < kd(x,y), Vx,yeX, (1.1)

where k is a constant in [0, 1). Then, T has a unique fixed point x* € X.
A mapping T : X — X is said to be a quasi-contraction if there exists 0 < g <1 such
that for any %, y € X,

d(Tx, Ty) < qmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)},

In 1974, Ciri¢ [2] introduced these maps and proved an existence and uniqueness
fixed point theorem.

The study of fixed points for multi-valued contraction maps using the Hausdorff
metric was initiated by Nadler [3] in 1969, who extended the Banach contraction prin-
ciple to set-valued mappings. Since then many authors have studied fixed points for
set-valued maps. The theory of set-valued maps has many applications in control the-
ory, convex optimization, differential equations and economics.

Definition 1.1. Let X be any nonempty set. An element x in X is said to be a a fixed
point of a multi-valued mapping T : X — 2% if x € Tx, where 2% denotes the collection
of all nonempty subsets of X.

Let (X, d) be a metric space. Let €B(X) be the collection of all nonempty closed
bounded subsets of X. For A, B € €B(X), define

H(A, B) = max{s(A, B), §(B, A)}, (1.2)

© 2012 Aydi et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution

L]
@ Sprlnger License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.


mailto:hassen.aydi@isima.rnu.tn
mailto:hassen.aydi@isima.rnu.tn
http://creativecommons.org/licenses/by/2.0

Aydi et al. Fixed Point Theory and Applications 2012, 2012:88
http://www fixedpointtheoryandapplications.com/content/2012/1/88

where
8(A,B) = sup{d(a,B), acA}, 8B, A)=sup{d(bA), beB) (1.3)
with
d(a,C) = infld(a,x),x € C}, C e EB(X). (1.4)

Note that H is called the Hausdorff metric induced by the metric d.

Definition 1.2. Let (X, d) be a metric space. The set-valued map T : X — TB(X) is
said to be a q-set-valued quasi-contraction if there exists 0 < q <1 such that for any x,
ye X,

H(Tx, Ty) < qmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.

Recently, Amini-Harandi [4] proved a set-valued version of the above mentioned
Ciri¢’s theorem [2] as follows:

Theorem 1.2. Let (X, d) be a complete metric space. Suppose that T : X — CB(X) is
said to be a q-set-valued quasi-contraction. Assume that q < ), then T has a fixed
point in X, that is, there exists u € X such that u € Tu.

In the sequel, the letters R,, N and N* will denote the set of all nonnegative real
numbers, the set of all natural numbers and the set of all positive natural numbers,
respectively.

Some problems, particularly the problem of the convergence of measurable functions
with respect to a measure, lead to a generalization of notion of a metric. Using this
idea, Czerwik [5] presented a generalization of the well known Banachs’s fixed point
theorem [1] in so-called b-metric spaces. Consistent with [5,6], we use the following
notations and definitions.

Definition 1.3. [6]Let X be a nonempty set and s > 1 a given real number. A func-
tion d: X x X — R, is called a b-metric provided that, for all x, y, z€ X,

(bm-1) d(x, x) = 0,

(bm-2) d(x, y) = d(y, x),

(bm-3) d(x, y) < s(d(x, z) + d(z, ¥)).

Note that a (usual) metric space is evidently a b-metric space. However, Czerwik
[5,6] has shown that a b-metric on X need not be a metric on X (see also [7-11]. The
following example of Singh and Prasad [12] shows that a b-metric on X need not be a
metric on X.

Example 1.4. Let X = {0, 1, 2} and d(2, 0) = d(0, 2) = m > 2, d(0, 1) = d(1, 2) = d(0,
1) =d(2,1) =1and d0, 0) =d(1, 1) = d(2, 2) = 0. Then,

d(x, y) = ld(x 2) +d(z 7)l,

forall x,y, ze X. If m >2, the ordinary triangle inequality does not hold.

An example of a b-metric space was given in [13].

Example 1.5. Let E be a Banach space and Og be the zero vector of E. Let P be a cone
in E with int(P) # & and < be a partial ordering with respect to P. A mapping d : X x
X — E is called a cone metric on the nonempty set X if the following axioms are
satisfied:

(1) O < d(x, y) for all x, y € X and d(x, y) = O if and only if x = y;
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(2) d(x, y) = d(y, x), for all x, y € X;

(3) d(x, y) < dx, z) + d(z, y), for all x, y, z€ X.

The pair (X, d), where X is a nonempty set and d is a cone metric, is called a cone
metric space.

Notice that in [[14], Lemma 5], if the cone P is normal with a constant K, then the
cone metric d : X x X — E is continuous, i.e. if {x,}, .} are sequences in X with x, —
x and y,, —> y as n — oo, then d(x,, y,) — d(x, y), as n — oo.

Let E be a Banach space and P be a normal cone in E with the coefficient of normality
denoted by K. Let D : X x X — R be defined by D(x, y) = ||d(x, y)||, where d : X x X — E
is a cone metric space. Then (X, D) is a b-metric space with constant s .= K > 1.

Moreover, since the topology v, generated by the cone metric d coincides with the topology
7p generated by the b-metric D, (see [[15], Theorem 2.4]), the b-metric D is continuous.

Let (X, d) be a b-metric space. From now on, we keep the same notations given by
(1.2)-(1.4), except that d is a b-metric on X. We cite the following lemmas from Czer-
wik [5,6,9] and Singh et al. [11].

Lemma 1.3. Let (X, d) be a b-metric space. For any A, B,C € €B(X) and any x, y €
X, we have the following:

(i) d(x, B) < d(x, b) for any b € B,

(ii) (A, B) < H(A, B),

(iii) d(x, B) < H(A, B) for any x € A,

(iv) H(A, A) = 0,

(v) H(A, B) = H(B, A),

(vi) H(A, C) < s(H(A, B) + H(B, Q)),

(vil) d(x, A) < s(d(x, y) + d(y, A)).

Lemma 1.4. Let (X, d) be a b-metric space. Let A and B be in €B(X). Then for each
o >0 and for all b € B there exists a € A such that d(a, b) < H(A, B) + o

Lemma 1.5. Let (X, d) be a b-metric space. For A € €B(X) and x € X, we have

dix, A)=0&xecA=A.

In this article, we establish the analogous of Theorem 1.2 on a complete b-metric
space. The main theorem extends several well known comparable results in the exist-
ing literature.

2 Main results
We start with the following preliminary lemma which we need in the sequel.
Lemma 2.1. [16]Let (X, d) be a b-metric space and {y,} a sequence in X such that

d(yrHl/ )’n+2) =< Vd(yn/ )’n+1)/ n=01,...,

where 0 < y <1. Then, {y,} is a Cauchy sequence in X provided that sy <1.
Let (X, d) be a b-metric space. Again as in [4], the set-valued map T : X — €B(X) is
said to be a g-set-valued quasi-contraction if for any x, y € X,

H(Tx, Ty) < qM(x, 7). (2.1)
where 0 < g < 1 and

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.
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Our main result is the following.

Theorem 2.2. Let (X, d) be a complete b—metric space. Suppose that T is a q-set-
valued quasi-contraction. Assume that q < 521+s’ then T has a fixed point in X, that is,
there exists u € X such that u € Tu.

Proof. Obviously, M(x, y) = 0 if and only if x = y is a fixed point of T. For the rest,
assume that M(x, y) >0 for all x, y € X.

Take

_1 1 d _ _1 1
=\ 1) @ ﬂ—q+e—2 25T

Since we assumed that g < 521+5, soe>0and 0 < 3 <1.

Let xo € X and x; € Tx,. By Lemma 1.4, there must exist x, € Tx; such that

d(x1, x2) < H(Txo, Tx1) + eM(x0, x1) < gM(x0, x1) + eM(x0, x1) = BM(x0, X1).
Similarly, there exists x3 € Tx, such that

d(x2, x3) < H(Tx1, Txy) + eM(x1, x2) < gM(x1, x2) + eM(x1, x2) = BM(x1, x2).
Thus, by induction there exists a sequence {x,} in X such that x,,; € Tx, and

d(xn, Xp1) < H(Txp—1, Txn) + eM(xp—1, %n) < BM(xp—1,%,) foralln € N*,
Set d,, = d(x,,, x,,1). We have

dy = d(Xn, Xn1) < BM(Xn 1, %). (2.3)

Assume for some n € N, x,, = x,,,1, then x,, € Tx,, so the proof is completed. For the
rest, for each # assume that d,, =z 0.
On the other hand, for any n e N*

M(xnflr xn) = max{d (xnflr xn)r d(xnflr Txnfl)r d(xnr Txn)r d(xnflr Txn)r d(xnr Txnfl)}
< max{d (Xn—1, Xn), dXn—1, Xn), d(Xn, Xne1), dXn—1, Xne1), d @, Xn)}
= max{dn—ll dn—lr dnr d(xn—lr Xne1) s O}

< max{dy_1, dn, s(dn_1 +dn)}.

If for some n € N* max{d,., d,, s(d,1 + d,)} = d,, then from (2.3) we find that 0 <
d,, < Bd,, which is a contradiction with respect to 0 < 8 <1. We deduce

max {dy_1, dn, s (dn—1 +dp)} = max{d,_, S(dnfl +dn)}-
Therefore, (2.3) becomes
d, < f max {dnflr S(dnfl + dn)} .

Put

emasfo L)

Thus

dp < ydu_1, VneN*. (2.4)
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1
§2+s

1

2+

ys < 1. (2.5)

Having in mind s 2 1, B = ;( +q) and g <

so it is easy that

Therefore, by (2.4), (2.5) and Lemma 2.1, the sequence {x,} is Cauchy in (X, d). Since
the b-metric space (X, d) is complete, so there exists u € X such that

lim d(x,, u)=0. (2.6)

We claim that u € Tu, that is, u is a fixed point of 7. From (2.1), we have
H(Tx, Tu) < gM(x,, 1),
where
M (xy, u) = max {d(xy, u), d(xy, Tu), d(u, Tu), d(xn, Tu), d(u, Tx,)}
< max {d(xy, u), d(xy, Tu), d(u, Tu), d(xn, Tu), d(u, xns1) } -
From (2.4), we may write d,, < ¥’d, for each n. Since y <1, we have

lim d, = d(x,, x,41) = O.

n—+00
The condition (rm-3) yields d(x,,1, ) < s(d(x,,1, x,) + d(x,, u)), so

lim d(xp.1, u) = 0. (2.7)

n—+00

Again, by Lemma 1.3, d(x,, Tu) < s(d(x,, u) + d(u, Tu), then letting n — +oo and
using (2.4), we get

limsup d(x,, Tu) <sd(u, Tu). (2.8)

n—+00
By (2.6)-(2.8), letting n — +o0, we get
limsup M(x,, u) <sd(u, Tu), (2.9)

n—+00

Moreover, since x,,,; € Tx,, hence d(x,,1, Tu) < H(Tx,, Tu). Again, because d(u, Tu)
< s(d(u, x,,1) + d(x,,1, Tu), so

1d(u, Tu) < d(xne1, ) + d(Xne1, Tu)
< d(xps1,u) + H(Txyn, Tu)
< d(xXps1, u) + gM(xp, u).

Letting n — +oo and using (2.4) and (2.9), we find
1
d(u, Tu) < gsd(u, Tu).
s

This leads to
d(u, Tu) < gs*d(u, Tu). (2.10)

But, since g < lﬂ, so gs* <1, hence (2.10) is true unless d(u, Tu) = 0. From Lemma

52
1.5, we deduce that u € Tu because that Tu is a closed subset in X. This completes
the proof of Theorem 2.2.

Remark 2.1. Taking s = 1 in Theorem 2.2 (it corresponds to the case of metric

spaces), the condition on q becomes q < ;, so we find Theorem 1.2 of Amini-Harandi.
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Hence, Theorem 2.2 is an extension of the result of Amini-Harandi [4], which itself
improves Theorem 3.3 of Daffer and Kaneko [17]and Corollary 3.3 of Rouhani and
Moradi [18].

In 2008, Singh et al. [16] obtained the following result.

Theorem 2.3. Let (X, d) be a complete b-metric space. Take 0 < q <1 and 0 < k <1

with @ = max [ql_k, zsjs;k,k } Suppose that T : X — €B(X) such that

H(Tx, Ty) < qmax{d(x, y).d(x, Tx), d(y, Ty), :ll[d(x, Ty) + d(y, Tx)]} (2.11)

for all x, y € X. Assume that sq"* <1 and os <1. Then, T has a fixed point in X, that
is, there exists u € X such that u € Tu.
Remark 2.2. Note that

(s 1) +dly, O] < maxtd(s, B, dly, T,

so each mapping satisfying (2.11) is also a q-set-valued quasi-contraction. Note that
Cirié [19]was the first who studied the contraction (2.11) for single-valued mappings in
a metric space. If we take the parameters 0 < k <1 and 0 < q <1 such that

In2 1
and q< ,
s2+s

it is easy to get sq"* <1 and os <1 where o is given by Theorem 2.3. Therefore, in this
case Theorem 2.2 improves Theorem 2.3.

Remark 2.3. Theorem 2.2 is a partial reply to a question proposed by Singh et al.
[[16], p. 412].

In the case where T': X — X is a g-single-valued quasi-contraction on a b-metric
space, we have the following corollary (it is a consequence of Theorem 2.2).

Corollary 2.4. Let (X, d) be a b-metric space and T : X — X. Suppose there exists 0 <
q <1 such that

d(Tx, Ty) < qmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.

Assume that q < 321+ ¢ then T has a fixed point, that is, there exists u € X such that u
= Tu.

Proof. 1t follows by applying Theorem 2.2 and the fact that H(Tx, Ty) = d(T«x, Ty) for
eachx,ye X. O

Remark 2.4. Taking s = 1 in Corollary 2.4, we find the result of Ciri¢ [2].

Now, we give some examples illustrating our results.

Example 2.1. Let X = 0[1]and d(x, y) = |x - y|* for all x, y € X. It is obvious that d
is a b-metric on X with s = 2 and (X, d) is complete. Also, d is not a metric on X.
Define T : X — €B(X) by

B (I yifo<x<1
o= f sl D=

We shall check that (2.1) is satisfied for all x, y € X. Without loss of generality, take x
<y Ilfx=ye Xorx, ye [0, 1), then Tx = Ty, so H(Tx, Ty) = 0, that is (2.1) holds.
Otherwise for all x < y, (that is 0 < x <1 and y = 1), standard calculations yield that
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1 4 14
H(Tx, Ty) -g = Ay, Ty) = qM(x, y),

< =
36 7 63 7

where q = % < é = 521+S and M(x, y) is given by (2.2).
We deduce that (2.1) holds for all x, y € X. All hypotheses of Theorem 2.2 are satis-
fied. Here, ; are ; are the two fixed points of T.
On the other hand, Nadler’s Theorem [3]is not applicable for Euclidian metric dy(x,
y) = |x — y|. Indeed, let Hy be the Hausdoff metric induced by the metric d,. For x = g
and y = 1, we have

1
Ho(Tx, ) = > 'g = kdo(x, y) for all k € [0, 1).

Also, we couldn’t apply Theorem 1.2 (the main result of Amini-Harandi [4]). Indeed,
take the metric D : X x X — [0, o) given by

lifx#y
D y)={0ifx=y.

Let Hp be the Hausdorff metric induced by the metric D. Again, for x = g andy =1,
we get that

Hp(Tx, Ty) =1 > A = Amax{D(x, y), D(x, Tx), D(y, T), D(x, Ty), D(y, Tx)} for all » € [0, ;)

Example 2.2. Let X = [[1], o) be equipped with the complete b-metric d(x, y) = |x -
y|? for all x, y € X, (s = 2). Define T : X — €B(X) by Tx = [1, 1+ ;‘]for all x € X.
Also, take q = ; We have

H(Ts, T7) = (6= ) = 4d(x, 7) < aM(x ),

for all x, y € X, that is (2.1) holds. All hypotheses of Theorem 2.2 are satisfied and u
=1 is a fixed point of T .
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