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Abstract

In this paper, we modify the general iterative method to approximate a common
element of the set of solutions of generalized equilibrium problems and the set of
common fixed points of a finite family of k-strictly pseudo-contractive nonself
mappings. Strong convergence theorems are established under some suitable
conditions in a real Hilbert space, which also solves some variation inequality
problems. Results presented in this paper may be viewed as a refinement and
important generalizations of the previously known results announced by many other
authors.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let K
be a nonempty closed convex subset of H. Let A : K — H be a nonlinear mapping and
F: K x K — R be a bi-function, where R denotes the set of real numbers. We consider

the following generalized equilibrium problem: Find x € K such that

F(x,y) + (Ax,y —x) >0, VyeK. (1.1)

We use EP(F, A) to denote the solution set of the problem (1.1). If A = 0, the zero mapping,
then the problem (1.1) is reduced to the normal equilibrium problem: Find x € K such that

F(x,y) >0, VyeKk. (1.2)

We use EP(F) to denote the solution set of the problem (1.2). If F = 0, then the problem
(1.1) is reduced to the classical variational inequality problem: Find x € K such that

(Ax,y—x) >0, VyeKkK.
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The generalized equilibrium problem (1.1) is very general in the sense that it includes,
as special cases, optimization problems, variational inequalities, mini-max problems, the
Nash equilibrium problem in noncooperative games and others (see, e.g., [1-3]).

Recall that a nonself mapping T : K — H is called a k-strict pseudo-contraction if there
exists a constant k € [0,1) such that

2
ITx = TylI> < llx - yl1* + k| (I - T)x = (I - T)y

, Vx,yeK. (1.3)

We use F(T) to denote the fixed pointset of T, i.e., F(T) :={x e K: Tx=x}. Ask=0, T is

said to be nonexpansive, i.e.,
ITx - Tyl < llx—yl, VYxyeKk.

T is said to be pseudo-contractive if k = 1, and is also said to be strongly pseudo-contractive
if there exists a positive constant A € (0,1) such that T + A[ is pseudo-contractive. Clearly,
the class of k-strict pseudo-contractions falls into the one between classes of nonexpansive
mappings and pseudo-contractions. We remark also that the class of strongly pseudo-
contractive mappings is independent of the class of k-strict pseudo-contractions (see, e.g.,
(4, 5]).

Iterative methods for equilibrium problems and fixed point problems of nonexpan-
sive mappings have been extensively investigated. However, iterative schemes for strict
pseudo-contractions are far less developed than those for nonexpansive mappings though
Browder and Petryshyn [5] initiated their work in 1967; the reason is probably that the
second term appearing in the right-hand side of (1.3) impedes the convergence analysis
for iterative algorithms used to find a fixed point of the strict pseudo-contraction. On the
other hand, strict pseudo-contractions have more powerful applications than nonexpan-
sive mappings do in solving inverse problems; see, e.g., [6—18, 20—27] and the references
therein. Therefore it is interesting to develop the effective iterative methods for equilib-
rium problems and fixed point problems of strict pseudo-contractions.

In 2006, Marino and Xu [8] introduced a general iterative method and proved that for

a given xo € H, the sequence {x,} generated by
Xn+l = Oln)/f(xn) + (I—a,,B)Tx,,, VneN,

where T is a self-nonexpansive mapping on H, f is a contraction of H into itselfand {«,}
(0,1) satisfies certain conditions, B is a strongly positive bounded linear operator on H,
converges strongly to x~ € F(T), which is the unique solution of the following variational

inequality:
(B-yf)x',x —x)<0, VxeF(T),

and is also the optimality condition for some minimization problem.
Recently, Takahashi and Takahashi [12] considered the equilibrium problem and non-
expansive mapping by viscosity approximation methods. To be more precise, they proved

the following theorem.
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Theorem of TT Let K be a nonempty closed convex subset of H. Let F be a bi-function
from K x K to R satisfying (A1)-(A4) and let T : K — H be a nonexpansive mapping such
that F(T) N EP(F) # ¢. Let f : H — H be a contraction and let {x,} and {y,} be sequences
generated by x; € H and

F(y,,2) + i(z—yn,yn—x,,) >0, Vzek,
Xntl = anf(xn) + (1 - an)Tym n= 1,

where {a,,} C [0,1] and {r,} satisfy

o0 o0
lim «, =0, E o, = 00, E |oty41 — 0ty| < 00,
n—0oQ
n=0 n=0
o0
liminfr, > 0, E |Fys1 — | < 00.
n— 00 0
=

Then {x,} and {y,} converge strongly to g € F(T) N EP(F), where q = Prcrynepir)f (q).

In 2009, Ceng et al. [15] further studied the equilibrium problem and fixed point prob-
lems of strict pseudo-contraction mappings T by an iterative scheme for finding an ele-
ment of EP(F) N F(T). Very recently, by using the general iterative method Liu [16] pro-
posed the implicit and explicit iterative processes for finding an element of EP(F) N F(T)
and then obtained some strong convergence theorems, respectively. On the other hand,
Takahashi and Takahashi [18] considered the generalized equilibrium problem and non-
expansive mapping in a Hilbert space. Moreover, they constructed an iterative scheme
for finding an element of EP(F,A) N F(T) and then proved a strong convergence of the
iterative sequence under some suitable conditions.

In this paper, inspired and motivated by research going on in this area, we intro-
duce a general iterative method for generalized equilibrium problems and strict pseudo-

contractive nonself mappings, which is defined in the following way:

F(tn,9) + (A% y = ) + 52y = s thy = %) 2 0, ¥y €K,
Y = Butty + (1= By) Zf\il 775”) Ty, (1.4)
Xntl = anyf(xn) +( - anB)ym n>1,

where constant y > 0, f is a contraction and A, B are two operators, {Ti}ﬁ ;i K—Hisa
finite family of k;-strict pseudo-contractions, {ngn)}f\i 1 is a finite sequence of positive num-
bers, {&,}, {B8,} and {r,} are some sequences with certain conditions.

Our purpose is not only to modify the general iterative method to the case of a finite fam-
ily of k;-strictly pseudo-contractive nonself mappings, but also to establish strong conver-
gence theorems for a generalized equilibrium problem and k;-strict pseudo-contractions
in a real Hilbert space, which also solves some variation inequality problems. Our theo-
rems presented in this paper improve and extend the corresponding results of [12, 15, 16,

18, 20, 21, 25].
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2 Preliminaries
Let K be a nonempty closed convex subset of a real Hilbert H space with inner product
(-,-) and norm || - ||, respectively. Recall that a mapping f : K — K is a contraction, if there

exists a constant p € (0,1) such that

lf@) o) <plx-yl, VxyekK.

We use I1g to denote the collection of all contractions on K. The operator A : K — H is

said to be monotone if
(Ax—Ay,x—y) >0, Vxyek.

A : K — H is said to be r-strongly monotone if there exists a constant r > 0 such that
(Ax —Ay,x—y) > rllx—ylI>, VayeKk.

A : K — H is said to be a-inverse strongly monotone if there exists a constant « > 0 such
that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeK.

Recall that an operator B is strongly positive if there exists a constant y > 0 with the prop-

erty
(Bx,x) > 7||x||2, Vx e H.

To study the generalized equilibrium problem (1.1), we may assume that the bi-function
F: K x K — R satisfies the following conditions:

(Al) F(x,x)=0forallx € K;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 for allx,y € K;

(A3) for each x,y,z € K, limy_,o F(tz + (1 — t)x,y) < F(x,);

(A4) for each x € K, y — F(x,y) is convex and lower semi-continuous.

In order to prove our main results, we need the following lemmas and propositions.

Lemma 2.1 [1, 3] Let F: K x K — R be a bi-function satisfying (Al)-(A4). Then, for any
r> 0 and x € H, there exists z € K such that

F(z,y) + %(y—z,z—x) >0, VyeKk.
Further, if T,x={z € K : F(z,y) + %(y —z,z—-x) > 0,Vy € K}, then the following hold:
(1) T, is single-valued;
(2) T, is firmly nonexpansive, i.e, | Trx — T,y||> < (T,x — Tyy,x —y) for all x,y € H;
(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.2 [8] In the Hilbert space H, there hold the following identities:
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(@) llx+yI* = xl® + 206, 9) + 11> < lxl1® + 29, (x +9)), Voo, € H;
(@) llitx + L= Oyl* = thxl? + L= OllyI* - 1 - ) lx - yI1% Ve € [0,1], Vx,y € H.

Lemma 2.3 [8] Assume that B is a strongly positive linear bounded operator on the Hilbert
space H with a coefficient 7 >0 and 0 < ¢ < ||B||™Y. Then ||I - 0B| <1-07.

Lemma 2.4 [10] If T : K — H is a k-strict pseudo-contraction, then the fixed point set
F(T) is closed convex so that the projection Pr(ry is well defined.

Lemma 2.5 [2,10] Let T : K — H be a k-strict pseudo-contraction. For A € [k,1), define
S:K — H by Sx = Ax+ (1 — A)Tx for each x € K. Then S is a nonexpansive mapping such
that F(S) = F(T).

Lemma 2.6 [19] Assume {a,} is a sequence of nonnegative real numbers such that
an1 < (1= yu)ay + Yuby, n>0,

where {y,} is a sequence in (0,1) and {38,} is a real sequence such that
(i) ZZZI Vn = O0;
(ii) limsup,_, o8, <0 or Y o2 [Yubul < 0.

Then lim,,_, o a, = 0.

Proposition 2.1 (See, e.g., Acedo and Xu [20]) Let K be a nonempty closed convex subset
of the Hilbert space H. Given an integer N > 1, assume that {T;}Y, : K — H is a finite
family of k;-strict pseudo-contractions. Suppose that {\;}\, is a positive sequence such that
Zfil A, =1 Then Zﬁl i T; is a k-strict pseudo-contraction with k = max{k; :1 <i < N}.

Proposition 2.2 (See, e.g., Acedo and Xu [20]) Let {Ti}f\il and {M}ﬁl be given as in Propo-
sition 2.1 above. Then F(Zﬁl AT = ﬂf\il F(T;).

3 Main results
Theorem 3.1 Let K be a nonempty closed convex subset of the Hilbert space H and F :
K x K — R be a bi-function satisfying (Al1)-(A4). Let A be an a-inverse strongly monotone
mapping and B be a strongly positive bounded linear operator on H with’y > 0. Assume that
{TiN, : K — H beafinite family of k;-strict pseudo-contractions such that ¥ = ﬂf\il F(T)N
EP(F,A) # ¢. Suppose f € T with a coefficient p € (0,1) and {nl@}ﬁl are finite sequences of
positive numbers such that Zﬁl nl@ =1foralln > 0, for a given point xy € K, a,,, B, € (0,1),
7w €(0,20) and 0 < y < %, the following control conditions are satisfied:
(1) imy ooy =0, Y oo aty =00 and Y oy oty — ay1| < 00

(ii) ki < By <A <L lim,_ oo By = and Y .2 |Bu— Bu-1l < 00

(iii) 3 pey Yo Inf™ = n{"™V) < o0;

(iv) iminf, 0o 7y >0 and Y oy |1y — ry1| < 00.
Then the sequence {x,} generated by (1.4) converges strongly to q € ¥, which solves the

variational inequality

(B-vfa.a-p)<0, VpeF.
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Proof Putting W, = YN, nE")T,-, we have W, : K — H is a k-strict pseudo-contraction and
F(W,) = ﬂf\il F(T;) by Proposition 2.1 and 2.2, where k = max{k; : 1 <i < N}.
First, we show that the mapping I — r,A is nonexpansive. Indeed, for each x,y € K, we

have
| (= rud) = (1 = r, Ay |* = Il = 3112 = 21— 3, Ax — Ay) + 72| Ax = Ay
<l = yI* = 207, | Ax = Ay||* + ryllAx — Ay||?
= |lx =yl = (2o — 1) [ Ax — Ay||>.
It follows from the condition r, € (0, 2«) that the mapping I — r,A is nonexpansive. From
Lemma 2.1, we see that EP(F,A) = F(T,, (I — r,A)). Note that i, can be rewritten as u, =
T, I-rAx,andp =T, (I-r,A)p foreachn>1laspe F.
From (1.4), condition (ii) and Lemma 2.2, we have
1 =21 = || Bulatn = 2) + (1= B) (Wit - p)|*
= Bullttw = pII* + A= B | Wtk = pII* = Bu (1 = Bi) | ttrs — Wite ||
< Bullun = pII* + U= )t = pI* + Kll 1t = Wit ]|*]
= B = Bl — Wiy ||?
= Nty =pI* = (1= Bu)(Bn = ) |2t ~ Wiyt
< llun = pl*. 3.1)

By u, = T,,(I — r,A)x,, we obtain
llun = pll = | T, (I = 2% = p|| < llxn = plI-
This together with (3.1), we see that
lyn —pll = llun - pll < 2. - pIl. 3.2)

Furthermore, by Lemma 2.3, we have

l%ns1 = pll = ”an[yf(xn) —BP] + (I = o, B)(yn —P)”
<A -aw¥)yn —pll + oy “Vf(xn) _Bp”
< U=, P)llyn —pll + e[| vf @) - vf @) + | vf(p) - Bp|]

< [1- @ - yo)au]l%s — pll + | v (p) - Bp|.-

It follows from induction that

lvf () - Bp| } n>1, (3.3)

1
ll%n = pll < maX{llxo -pl, =
y-vp

which gives that sequence {x,} is bounded, and so are {u,} and {y,}.

Page 6 of 15
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Define a mapping S,x := B,x + (1 — B,) Wy« for each x € K. Then S, : K — H is non-
expansive. Indeed, by using (1.3), Lemma 2.2 and condition (ii), we have for all x,y € K
that

1S = Suyl® = [ Bulx =) + (1 = B) (Wit = W,9) |
= Bullx =11 + (L= B) Wy — Wiy |)?
— Bull = Ba) % = Wox — (y = W)
< Bullx =312 + (1= B[l =311 + k|2 = Wix — (v - W) ]
~ Bl = B |x = Wox = (y - W)
= b=y = (1= BB — K5 = Wix — (v = Wiy) |
< llx-yl%

which shows that S, : K — H is nonexpansive.

Next, we show that lim,,_, o, ||%,+1 — %, || = 0. From (1.4) and Lemma 2.3, we have
%6041 = %41l = ”anyf(xn) + (I — oy B)y, - [anfl)/f(xn—l) + (- Oln—lB)yn—l] ”
<y |[f®n) = f @) | + letn — ua [ || @n1) | + 1By ll]

+ ”(I - anB)(yn _yn—l)H

< Oln)/,OHxn _xn—IH + |an — 01 |M1 + (1 - an?)”)’n _yn—IH: (34')
where M = sup,.{y [f (x|l + |Byxll} < 00. Moreover, we note that y, = S,u, and

lyn = yn-all < NSnttn — Suttna |l + 11Suthn1 — Su-attn1 |l
< Nty = thya || + || Buthns + (1 = Br) Wtk
— [Butttns + (1= Buct) Woattn ) |
< Nttw = thuall + 1B = Bual b1 — Wity ||

+ (1 - ,Bn)” Wnun—l - Wn—lun—l ”

N
< Nt =t | + 1B = BucalMa + (1= B) Y[ = 0" VI Tta |, (3.5)

i=1

where M = sup,.; { |1 — Wy_114,1]1}. On the other hand, we note that

F(Mm)’) + (Axmy_ Uy) + i()’— Upy Uy — %) > 0,

. (3.6)
F(ttn-1,9) + (A%p-1,y = ) + 5= (¥ = Uty U1 = Xp1) Z 0.
Putting y = u,_; and y = u, in (3.6) respectively, we have
F Up, Up-1) + Axnr Up_1 — Uy) + L Up-1— Up, Uy — Xp > 0;
( 1)+ 1 )+ oot ) (3.7)

F(un—b un) + (Axn—l: Uy — un—l) + ﬁ(un —Up-1,Up-1 _xn—1> > 0.


http://www.fixedpointtheoryandapplications.com/content/2012/1/125

Wen and Chen Fixed Point Theory and Applications 2012,2012:125
http://www.fixedpointtheoryandapplications.com/content/2012/1/125

It follows from (A2) that

Up-1— (1 - rn—lA)xn—l Uy — (1 - rnA)xn
Uy — Un-1, - - ’ > 07
n-1 n

and hence

-1

<un —Up-1,Up-1— Uy + Uy — (1 - rn—lA)xn—l - [un - (I - rnA)xn]> > 0.

n

Since lim,,_, o, 7, > 0, we assume that there exists a real number u such that r, > u > 0 for
all n € N. Consequently, we have

Il2t, — un—1||2 = <un — 1, I = 1, A)%0 — (I = 11 A%

¥ (1 D ) [, — (I - rnA)x,,]>

T'n
< ety =ty l [len = X1l + 17 = rua [ 1A% |l

Iy = (1 = ryA)x, H]’

Ty
and hence

Tn —Tp
llotn — pa |l < Nn — Xl + 11 = Puca | l[Ax, || + . “un - (I = r,A)x, ”
n

1
= ”xn _xn—ln + |rn _rn—1||:”Axn—l|| + ;Hun - (I_ rnA)xn ||i|
= ”xn _xn—ln + |rn - rn—1|M3’ (38)

where M3 = sup{||Ax,1] + /%Hun - (I = ryA)xy,|l,n € N}. Combining (3.4), (3.5) and (3.8),

we have

”xn+1 _xn” =< Oln)/,0||xn _xn—IH + |an —Oy-1 |M1 + (1 - an?) |:||xr1 - xn—l”

N
1B = Buct Mo + |1 = 1 [Mz + (1= B) > [0t = "] ||nun_1||]
i=1

= [1 -V - V:O)an] l%cn = 211l + |ty — @y a [My + | By — Buoa | Mo

N
-1
= raa Mz + [0 ="V Tt |
i=1

It follows from 0 < y < % and Lemma 2.6 that
lim %1 — x4 = 0. (3.9)
n—00

Moreover, we observe that

96 = yull < 1% = Xl + (6041 = Yull < 1% = K || + 0t || f (60) — By .

Page 8 of 15
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It follows from lim,,_, o, ¢t = 0 and (3.9) that
Tim Jl, ~ yull = 0. (3.10)
For p € F(S,) N EP(F,A), we note that u,, = T,, (I — r,A)x, and
ity =PI = | T5, (I = 14 A), = Ty, (I =1, A)p|* < (= P14 = p)
= 2 (1= + Nt = PP = = 1),
which implies that
lltn = pII* < %0 = PI? = I — ]l (3.11)

From (1.4), (3.2) and (3.11), we have

i1 = pI% = [otu[yf () ~ Bp] + (I ~ 0uB) 3 — )|
< (=07 llyn - pI? + 02| vf (xs) - Bp|?
+2a,(1 = 0, ¥) | vf (%) = Bp | llys - p
< lltn —pI* + 2|y G6n) = Bp || + 20 | £ () = Bp |17 ~ I
< 1% =PI = l6n = ]l + 02| yf () - Bp |

+ 20, || vf () = Bp|| 17 = pI.
Using lim,,_, » @, = 0 and (3.9) again, we obtain
lim ||, — |l = lim |x, = T}, (I = r,A)x,| = 0. (3.12)
n—00 n—00
By the nonexpansion of S,;, we have

196 = Sl < 112 = Xnsa | + [1%ns1 = Syl
< lon = %l + ”anyf(xn) + (I = apB)yy, — Suxn ”
< loen = %paall + an[” vf (xn) ” + ”Byn”] + [|Suttn = Spxnl

< %0 = xa | + cul | @) || + 1Byull] + Nt — -
This together with (3.9) and (3.12), we obtain
lim ||x, — S,x,| = 0. (3.13)
n—00
Furthermore, we note that
1% = S |l = (1- ﬂn)”xn - Wl
It follows from condition (ii) that

lim ||x, — W,x,|| = 0. (3.14)
n— 00
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On the other hand, by condition (iii), we may assume that 175") — 1n; as n — oo for ev-
ery 1 <i < N. It is easily seen that each n; > 0 and Zi\:{l n; = 1. Define W = Zﬁl n; T,
then W : K — H is a k-strict pseudo-contraction such that F(W) = F(W,)) = ﬂf\il F(T;) by
Proposition 2.1 and 2.2. Consequently,

len = W ll < Nl = W |l + | Wi, — Wiy, |

N
< 11w = Wl + > |0 = i I T,
i=1

which implies that
lim ||x, — Wx,| = 0. (3.15)
n—00

Combining (3.14) and (3.15), we obtain
lim |W,x, — Wx,|| = 0. (3.16)

Define S: K — H by Sx = Ax + (1 - ») Wx. By condition (ii) again, we have lim,_, o 8, = A €
[k,1). Then, S is nonexpansive with F(S) = F(W) by Lemma 2.5. Notice that

1% = S|l < 10 = Suull + [|Snxn — Skl
= |y — Suull + ”ﬂnxn + (1= B) Wiy — Axy, — (1= 1) Wiy, ”

< N = Suxnll + 1Bn = Mllxn — Waull + (1= B) | Wiy, — Wy
It follows from (3.13), (3.15) and (3.16) that
lim |x, — Sx,|| = 0. (3.17)
n—oQ

Now we claim that limsup,,_, .. ((B—yf)q,q —x.) < 0, where g = lim,_, o x; with x, being
the fixed point of the contraction W, on H defined by

V,x =tyf(x)+ (I -tB)S,T,,(I-r,A)x, VxeH,nmeN,
where ¢ € (0,1). Indeed, by Lemma 2.1 and 2.3, we have

1Wx = Wyl <ty |[f@®) D) + A= )| Su T, (I = 10 A)x = S, T, (1 = 12 A)y|
<typlx-yl+A-Y)| T, - ruA)x - T, (I - r,A)y|
<typlx-yl+ 0 -ty)lx -yl
=[1-F -yo)]lx-yl,

forallx,y € H. Since 0 < 1— (¥ — yp)t < 1, it follows that W, is a contraction. Therefore, by
the Banach contraction principle, ¥, has a unique fixed point x; € H such that

x¢ =tyf(xe) + ([ = tB)S, Ty, (I — ruA)xs.
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By Lemma 2.2 and (3.10), we have

e = a1 = [ = EB)[S T, (I = ruA)ae — 2] + [y () — By |
< W=7 SuT;, (I = rnA)e = 5| + 26 f () — Bty 0, — %)
= (L= T[S Ty, (I = 1WAkt = S Ty (I = 1A% + S, Ty, (1 = 13 A) — 3|
+ 28(yf (%) — By %, — %)
< (W=7 [le = ull + Ny = 25all]* + 26{f () — By 3, — )
< =T Mlxe = 2al® + () + 26(yf (62) = By, %, — %)
+ 2t(Bx; — Bxp, %, — %), (3.18)

where ¥,() = (1 — ¥£)22l%: — x|l + ¥ — %.1)11¥n — %]l = 0 as n — oo. Observe B is
strongly positive, we obtain

(Baxy — By, % — ) = (B, — %), 56 — %) = ¥ [126¢ — 2| (3.19)
Combining (3.18) and (3.19), we have
26(Box; — yf (60), ¢ = 2] < (V26" = 27) |0 = 2 |” + Yru(8) + 26(Baxy — Bity, ¢ = )
< (y£* = 26) (B = %), %0 — %) + Y1 (0)

+ 2t(Bxy; — Bxy, %t — %)

= 7t2 (Bx; — By, % — %) + Yu(t).

It follows that

v 1
(Bxy — yf (), %0 — %) < %t (B = Bxns 6y = %) + o n0). (3.20)

Let n — oo in (3.20) and note that v, (t) — 0 as n — oo yields

t
lim sup(th —yf(x), % — x,,) < §M4, (3.21)

n—o0

where M, is an appropriate positive constant such that My > y(Bx; — Bx,, x; — x,,) for all
t €(0,1) and #n > 1. Taking £ — 0 from (3.21), we have

lim sup lim sup(th —vf(xe), % — xn) <0. (3.22)

t—0 n—00

On the other hand, we have

(vf(q) - Bq,x, — q) = (vf(@) — Bg,%u — q) - (vf(q) — Bq, %, — %) + (v (q) — Bg, % — x1)
—(¥f(@) — Bxys % — &) + (V£ (q) — Bx, %y — X1

— (v (1) = Bty otn — &) + (v (%) — By, o0 — X2).
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It follows that

limsup(yf(q) - Bq, %, - q)

n—00

< |lvf@ - Ba| lIlx: - qll + | Bllllx. - gl im [l — 2|

+yplls = qll lim [}, -] +1im sup(yf () — B, %, — ).
n—00

Therefore, from (3.22) and lim;_, ¢ x; = g, we have

lim sup<yf(q) —Bg,x, — q) = limsuplim sup(yf(q) —Bg,x, — q)

n—0o0 t—0 n—0o00

< limsup]y/(q) ~ Bq | lx: ~ ql

+limsup ||B|||lx; — || lim ||x, — x|
t—0 n—>00

+limsup ypllx: — gl lim [, — x|
t_)o n— 00

+limsup lim sup(yf(xt) — Bxy, %y — xt>

t—0 n—00

<0. (3.23)
Finally, we prove that x, — g as n — oo. From (1.4) and (3.2) again, we have

%01 = gl* = {@nyf () + (I = @uB)yy — @, %01 — q)
= au(yf (%n) = Bg,%ni1 — q) + (I = 2uB) Y — @), X1 — q)
< auy{f () = f (@) X1 — q) + 2u(yf(q) — Bg %1 — q)
+ (1 = V) lyn = qllll%n1 — gl
< auyp 1% = g% — qll + @l f (@) = Bg %ni1 - q)
+ (1= ax¥) %0 — gl 1% — 4l

[1- & - vo)n]Il%n — qll1%ne1 — qll + otu{yf (@) = Bgs %1 — q)

< M(llxn ~ql” + 101~ q1*) + et (q) = Bg %11 ~ )
< Mnxn —ql* + %uxm =4l + v/ (@) - B %nn ~ ).
It follows that
a1 = > < [1 = 7 = yp)ewn] I — Il + 20a(yf (q) — By %1 — q). (3:24)

From 0 < y < %, condition (i) and (3.23), we can arrive at the desired conclusion

lim,—, o [|%, — gl = 0 by Lemma 2.6. This completes the proof. O

Theorem 3.2 Let K be a nonempty closed convex subset of the Hilbert space H and
F:K x K — R be a bi-function satisfying (Al)-(A4). Let A be an a-inverse strongly mono-
tone mapping, f € T with a coefficient p € (0,1) and B be a strongly positive bounded lin-
ear operatoron Hwithy >0and0 <y < %. Let T : K — H be a k-strict pseudo-contraction
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such that ¥ = F(T) N EP(F,A) # ¢. Let {x,} be a sequence generated by x, € K in the fol-

lowing manner:

F(Mn)y) + (Axn:y_ Uy) + %(}’ —Up Uy —%y) >0, Vyek,
Yn = Butkn + (1= ) Tuty,
X1 = gV f (x0) + [ — @ B)y,, n>1,

where {a,} and {B,} are two sequences in (0,1), constant r € (0, 2«). If the following control
conditions are satisfied:

() lim, 0oy =0, 2 ay =00 and Yy oo |0y — oty1| < 00;

(ii)) k<PBy <A<l limyooBu=randy i |Bu—Buil < o00.
Then the sequence {x,} converges strongly to g € ¥, which solves the variational inequality

(B-vNa,q-p)<0, VpeF.

Proof Putting r, =r and N =1, i.e., W, = T, the desired conclusion follows immediately
from Theorem 3.1. This completes the proof. d

Theorem 3.3 Let K be a nonempty closed convex subset of the Hilbert space H and F :
K x K — R be a bi-function satisfying (Al1)-(A4). Let f € Tg with a coefficient p € (0,1)

and B be a strongly positive bounded linear operator on H withy >0 and 0 < y < %. Let

T : K — H be a k-strict pseudo-contraction such that ¥ = F(T) NEP(F) # ¢. Let {x,} be a
sequence generated by xo € K in the following manner:

F(Mn)y)"' i(y_umun_xn) ZO: Vy61<’
Vn = Buttn + (1= Bu) Tty
Xpil = anyf(xn) +( - OlnB)ym n>1,

where {a,} and {B,} are two sequences in (0,1), sequence {r,} C (0,2«). If the following
control conditions are satisfied:
(1) limy 0oy =0, > 2 ay=00and Yy o) oy — oty 1| < 00;
(ii)) k<PBp <A<l limyooBy=randy o) 1Bu— Buil <00
(iit) iminf, o7, >0 and Y o2y |1y — ry-1| < 00.
Then the sequence {x,} converges strongly to q € ¥, which solves the variational inequality

(B-yfaq-p)<0, VpeF.

Proof Putting N =1 and A =0, i.e., the generalized equilibrium problem (1.1) reduces to
the normal equilibrium problem (1.2), the desired conclusion follows immediately from
Theorem 3.1. This completes the proof. g

Remark 3.1 Theorem 3.1 and 3.2 improve and extend the main results of Takahashi and
Takahashi [18] and Qin et al. [21] in different directions.

Remark 3.2 Theorem 3.3 is mainly due to Liu [16], which improves and extends the main
results of Takahashi and Takahashi [12].
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Remark 3.3 If F = A = 0 and u,, = x,,, then the algorithm (1.4) reduces to approximate the
fixed point of k-strict pseudo-contractions, which includes the general iterative method
of Marino and Xu [8] and the parallel algorithm of Acedo and Xu [20] as special cases.
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