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Abstract

In this article, we introduce a new mapping generated by an infinite family of -
strict pseudo-contractions and a sequence of positive real numbers. By using this
mapping, we consider an iterative method for finding a common element of the set
of a generalized equilibrium problem of the set of solution to a system of variational
inequalities, and of the set of fixed points of an infinite family of strict pseudo-
contractions. Strong convergence theorem of the purposed iteration is established in
the framework of Hilbert spaces.
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1 Introduction

Let C be a closed convex subset of a real Hilbert space H, and let G : C x C — R be a
bifunction. We know that the equilibrium problem for a bifunction G is to find x € C
such that

G(x,y) =0 VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(G). Given a mapping 7: C — H, let G
(¢, y) = (Tx, y - x) for all x, y €. Then, z € EP(G) if and only if (Tz, y - z) > 0 for all y
e C, i.e, z is a solution of the variational inequality. Let A : C — H be a nonlinear

mapping. The variational inequality problem is to find a # € C such that
(v—u,Au) >0 (1.2)

for all ve C. The set of solutions of the variational inequality is denoted by V I(C,
A). Now, we consider the following generalized equilibrium problem:

Find z € C such that G(z,y) + (Az,y —z) >0, VyecC. (1.3)
The set of such z € C is denoted by EP(G, A), i.e.,
EP(G,A)={ze€ C:G(z,y) + (Az,y —2) >0, VyeC.
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In the case of A =0, EP(G, A) is denoted by EP(G). In the case of G =0, EP(G, A) is
also denoted by V I(C, A). Numerous problems in physics, optimization, variational
inequalities, minimax problems, the Nash equilibrium problem in noncooperative
games, and economics reduce to find a solution of (1.3) (see, for instance, [1]-[3]).

A mapping A of C into H is called inverse-strongly monotone (see [4]), if there exists

a positive real number o such that
(x =y, Ax — Ay) = a||Ax — Ay|]?

for all x, ye C.
A mapping T with domain D(T) and range R(7) is called nonexpansive if

Tx =Tyl < llx =Vl (1.4)

for all x, y € D(T) and T is said to be k-strict pseudo-contration if there exist k € [0,
1) such that

Tx = TI* < llx =yl + «ll(I = T)x = (I=T)yII>, Vx,y € D(T). (1.5)

We know that the class of k-strict pseudo-contractions includes class of nonexpan-
sive mappings. If x = 1, then T is said to be pseudo-contractive. T is strong pseudo-con-
traction if there exists a positive constant A € (0, 1) such that 7 + Al is pseudo-
contractive. In a real Hilbert space H (1.5) is equivalent to

1—«
(Tx — Ty, x —y) < llx—ylI> — 5 (I —T)x— (I —TylI> Vx,yeD(T). (16)

T is pseudo-contractive if and only if
(Tx — Ty, x—y) < |lx—yII* VxyeD(T).

Then, T is strongly pseudo-contractive, if there exists a positive constant A € (0, 1)
such that

(Tx = Ty,x—y) < (1= A)llx—yl*, V¥x,yeD(T).

The class of k-strict pseudo-contractions fall into the one between classes of nonex-
pansive mappings and pseudo-contractions, and the class of strong pseudo-contrac-
tions is independent of the class of k-strict pseudo-contractions.

We denote by F(T) the set of fixed points of T. If C € H is bounded, closed and con-
vex and 7T is a nonexpansive mapping of C into itself, then F(T) is nonempty; for
instance, see [5]. Recently, Tada and Takahashi [6] and Takahashi and Takahashi [7]
considered iterative methods for finding an element of EP(G) n F(T). Browder and Pet-
ryshyn [8] showed that if a x-strict pseudo-contraction T has a fixed point in C, then
starting with an initial xy € C, the sequence {x,} generated by the recursive formula:

Xpe1 =Xy + (1 — )Ty, (1.7)

where o is a constant such that 0 < o <1, converges weakly to a fixed point of T.
Marino and Xu [9] extended Browder and Petryshyn’s above mentioned result by prov-
ing that the sequence {x,} generated by the following Manns algorithm [10]:

Xna1 = Qnkn + (1 — o) Ty (1.8)
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converges weakly to a fixed point of T provided the control sequence {a,},c, satisfies
the conditions that < o, <1 for all # and Y o) (atn — k) (1 — &) = 00.

Recently, in 2009, Qin et al. [11] introduced a general iterative method for finding a
common element of EP(F, T), F(S), and F(D). They defined {x,} as follows:

x1, uecC,

1
Flup, y) + (Txp, y — uy) + r(y—un, Un —xn), Yy eC,

Yn = Pc(xn — nBxy), (1.9)

Up = PC()/n — )"AYn)r
Xne1 = Ol + By + )/n(llvlskxn + UoUp + ,U«3Vn)/ vn e N,

where the mapping D : C — C is defined by D(x) = Pc(Pc(x - NBx) - AAPc(x - Bx)),
Sy is the mapping defined by Sx = kx + (1 - k)Sx, Ve e C, S: C — C is a k-strict
pseudo-contraction, and A, B : C € H are a-inverse-strongly monotone mapping and
b-inverse-strongly monotone mappings, respectively. Under suitable conditions, they
proved strong convergence of {x,} defined by (1.9) to z = Pepr, 1nr(s) nED)Y-

Let C be a nonempty convex subset of a real Hilbert space. Let T}, i = 1, 2, ... be map-

pings of C into itself. For eachj =1, 2, ..., let o = (ajl,ajZ,océ) el x1IxIwherel=][0,1]

and ajl + o/é + (x]3 = 1. For every n € N, we define the mapping S,, : C — C as follows:

Un,n+1 =1
n n n
Upn = OllTnUn,nJrl + o) Uyt + Ol3I

n—1 n—1 n—1
Un,n—1=051 Tn—lun,n"'az Un,n+a3 I

k+1 k+1 k+1
Upper = Ol1+ Tres1 Uy s +Ol2+ Uy s "'Olg+ I

k k k
Upni = OllTkUn,er + c(zun,krﬂ + C(3I

Uy = Ol%TZUn,l + OéUn,l + ot§I

Sp=Up1 =i T1Upnp + ayUp, + a3l

This mapping is called S-mapping generated by T, .., T; and «,,, ¢4, ..., 0.

Question. How can we define an iterative method for finding an element in
§ = N F(T) NN EF(Fy A) NN F(G?

In this article, motivated by Qin et al. [11], by using S-mapping, we introduce a new
iteration method for finding a common element of the set of a generalized equilibrium
problem of the set of solution to a system of variational inequalities, and of the set of
fixed points of an infinite family of strict pseudo-contractions. Our iteration scheme is
define as follows.

For u, x; € C, let {x,} be generated by

. . 1 . .
Fi(v,, v) + (Aixp, v—1) + 4(U—Uln, v, —xn), YveC,i=12,...,N.

Ti
_ N ¢ i
Yn = X1, 6y,

Xn+e1 = Ol + BuXn + Yn(anSnXn + bnBxn + cnyn), Vn € N.

Fori=1,2,..,N,let F;: C x C - R be bifunction, A4, : C - H be q;-inverse
strongly monotone and let G; : C — C be defined by Gi(y) = Pc(I - L;A,)y, Vy € C with
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(0,11 € (0, 2 0 ) such that § = (X, F(T;) N, EF(Fi A) N, F(Gi) # 8, where B
is the K-mapping generated by Gy, G,, .., Gy and By, Bs, ..., By -

We prove a strong convergence theorem of purposed iterative sequence {x,} to a
point z € F and z is a solution of (1.10)

(1.10)

(x—2z, Anz) >0, VxeCand A;€ (0, 1]i=1,2,...,N.

2 Preliminaries
In this section, we collect and provide some useful lemmas that will be used for our
main result in the next section.

Let C be a closed convex subset of a real Hilbert space H, and let Pc be the metric
projection of H onto C i.e., so that for x € H, Pcx satisfies the property:

Jx — Pcx|| = min [|x — y|I.
yeC

The following characterizes the projection Pc.
Lemma 2.1 [5]. Given x € H and y € C. Then, Pcx = y if and only if there holds the
inequality
(x—y,y—2)>0 VzeC.

Lemma 2.2 [12]. Let {s,} be a sequence of nonnegative real number satisfying

S = (1 —ap)sp + oy, Yn>=0

where {a,,}, {B,} satisfy the conditions

(1) fan) € [0,1], Y = o;

n=1

o0
(2) limsup B, < 0 or Z loen Bl < o0.
n—0oo n=1

Then lim,,_,., s,, = 0.

Lemma 2.3 [13]. Let C be a closed convex subset of a strictly convex Banach space E.
Let {T, : n € N} be a sequence of nonexpansive mappings on C. Suppose (o F(Ty)is
nonempty. Let {A,;} be a sequence of positive numbers with 0, y = 1. Then, a mapping
S on C defined by

S(x) = X2 AnTnxn

Jor x € C is well defined, nonexpansive and F(S) = (-, F(Tp)hold.

Lemma 2.4 [14]. Let E be a uniformly convex Banach space, C be a nonempty closed
convex subset of E and S : C — C be a nonexpansive mapping. Then, I - S is demi-
closed at zero.

Lemma 2.5 [15]. Let {x,} and {z,} be bounded sequences in a Banach space X and let
{B,} be a sequence in O[1lwith 0 <lim inf,_,.. B, < lim sup,_.. B, <1.
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Suppose
Xne1 = BnXn + (1 — Bn)zn
for all integer n > 0 and

lim sup (||Zn+1 = Zpl| = [|%n41 _xn“) <0.
n—00

Then lim,, .. ||x, - z,4|| = 0.
For solving the equilibrium problem for a bifunction F: C x C — R, let us assume

that F satisfies the following conditions:

(A1) F(x, x) =0 Vx e C;
(A2) F is monotone, i.e. F(x, y) + F(y, x) <0, Vx, y € C;
(A3) Vx,y,z€ C,

lirgF(tz +(1—0)xy) <F(xp);
t—0*
(A4) Vx e C, y » F(x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [1].

Lemma 2.6 [1]. Let C be a nonempty closed convex subset of H, and let F be a
bifunction of C x C into R satisfying (A1) - (A4). Let r >0 and x € H. Then, there exists
z e C such that

F(z,y) + i(y—z,z—x) (2.1)

forall x e C.
Lemma 2.7 [16]. Assume that F : C x C — R satisfies (A1) - (A4). For r >0 and x €
H, define a mapping T, : H— C as follows.

1
Ty (x)={z€ C: F(z,y) + T(y—z,z—x) >0, Vy e C}.

for all z e H. Then, the following hold.
(1) T, is single-valued,
(2) T, is firmly nonexpansive i.e

T (x) — Tr()’)”z <(Ty(x) = T:(y), x—y) Vx,y€H;

(3) K(T;) = EP (F);

(4) EP(F) is closed and convex.

Definition 2.1 [17]. Let C be a nonempty convex subset of real Banach space. Let {T;}Y,
be a finite family of nonexpanxive mappings of C into itself, and let Ay, ..., Ay be real num-
bers such that 0 < A; < 1 forevery i = 1, ..., N. We define a mapping K : C — C as follows.

U] = A,]T] + (1 — )\,1)[,
U2 = A,QTQU] + (1 — )\,z)Ul,

Us = A3TsUs + (1 — A3)U>,
(2.3)

Un-—1 = AN—1Tn-1Un-2 + (1 — An—1)UN=-2,
K= UN = )VNTNUNfl + (1 - )VN)UNfl-
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Such a mapping K is called the K-mapping generated by T4, .., Ty and A4, ..., Ay .

Lemma 2.8 [17]. Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;}Y be a finite family of nonexpanxive mappings of C into itself
with ﬂf\:’l F(T;) # Yand let Ay, .., Ay be real numbers such that 0 < A; <1 for every i =
1, .. N-1and 0 < Ay < 1. Let K be the K-mapping generated by Ty, ..., Ty and Ay, ...,
An . Then F(K) = Y, E(Ty).

Lemma 2.9 [9]. Let C be a nonempty closed convex subset of a real Hilbert space H
and S : C — C be a self-mapping of C. If S is a k-strict pseudo-contraction mapping,
then S satisfies the Lipschitz condition.

1+«
ISx =Syl = | _ llk=yll. VxyeC.

Lemma 2.10. Let C be a nonempty closed convex subset of a real Hilbert space. Let
(T} \be r-strict pseudo-contraction mappings of C into itself with (i) F(T;) # and x

= sup; K; and let aj=(aj1,aj2,aj3)e]><1><1, where I = [0, 1],

o/] +ozj2 <b< Loz]; +a£ <b<1 and ajl,ajz,aé € (k,1)orallj=1,2, .. Forevery n e
N, let S,, be S-mapping generated by T,, .., T, and &, 0,1, ..., ;. Then, for every x €
Cand ke N, lim,_,., U,,x exists.

Proof. Let x € Cand y € (=, F(Ti). Fix ke N, then for every n e N with n > &,

we have

IUnirjex — Ungexll? = 1@k TeUnir o1 X + 0 Uy 1 X + 0sx — @k TeUn 1%
—akUp jer1x — ox]?
= ||a;f(TkUn+1,k+1x — T Uppr1x) + a’é(Unn,knx — Unn®)l1?
< ¥ T U 1 — Tel g X1 + & [ Uy 1 X — Up 1 x]12
— ok | Tl 1% — TeUnper1X — Uit 1 X + Uy g1 %]
< a;f(||un+1,k+1x — Unjer1Xl> + & |(I = Tie)Uns1 a1 x
—(I = Te)Unjer1xlI?) + @ [ Unit s 1% — Up a1
—a® X |I(I = T)Upjesrx — (I = Te) Upar e 611
< (1 — &)1 Up1 1 — Up 1 x|

< I (1 = &)1 Uns1,nin X — Uy x1?
- (1—0{1)” mlp oy nelqp n+l,, 2
=g 3 )10 n+l1Unsl,ne2X + 0y n+l,n+2X + 03X x||
j 1 1 2
= M (1 = &)l Tprx + (1 — o1 )x — x|
j 1 2
= I, (1 = &)l (Tax — %)l

I (1 = ) (I T — 71 + lly — 2112

IA

i 1+k 2
<71 —oﬂs)(1 IR ||y—x||)

) 2 2
< ML, (1 —d}) (1 e yll)
2 2
< p=D ( ||x—y||) .
1—«

n—(k—1) 5
||Un+1/kx_ Un,kx“ = b 2 <1 _K“x_)/“)

It follows that
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n

v ( 2 ||)

= xX—y

k—1 _

pa K (2.4)
an

zakflM’

1 2
wherea=b2e(oll)andM=l_K|lx—y||

Forany k, n, p e N, p >0, n = k, we have

||Un+p,kx — Uppx|l < ||Un+p,kx - Un+p71,kx|| + ||Un+p71,kx - Un+p72,kx|| + ...
| Uns1,ex — Up x|
z:n+p—1

‘j=n

1Uji1,0x — Uj x|
i 2.5
<Zn+p71 @ M ( )
= T k-1
an

<
= (1 — a)ak-?

Since a € (0, 1), we have lim,,_,.. a” = 0. From (2.5), we have that {U,,,x} is a Cau-
chy sequence. Hence lim ,,_,.. U, x exists. O
For every k€ N and x € C, we define mapping U.., and S: C € C as follows:

lim Uy, px = Usg px (2.6)
n—oo

and
lim Spx = lim U, 1x = Sx (2.7)
n—oo n—oo

Such a mapping S is called S-mapping generated by T}, T,.1, ... and @, Q.15 ...
Remark 2.11. For each n € N, S, is nonexpansive and lim,, ., sup,c p||S,x - Sx|| = 0
for every bounded subset D of C. To show this, let x, y € C and D be a bounded
subset of C. Then, we have
[1Snx — Suyll* = llf (TyUn2x — TyUp,2p) + oy (U 2x — Uy0p) + a3 (x — y)II?
< & [T Unx = TaUpy|1* + &3 | Unox = Upoyll* + a5 lx — y1?
—aja; | Ty Upax — Ty Uy ay — Uy ax + Uy 27|
< a1 (I1Un2% = Upoyl1* + s ll(I = T1)Up,ox — (I = T1)Un2ylI*)
+0, [|Un 2% = Unayl* + a3 lx = 11> = ef g (I = T1)Uny — (I = T1)Up, o)1
< (1= a3)1Un2x — Unayl® + a3 llx — yII?
< (1= a3)((1 = a3) |Upsx — Up syl + 3 llx — ylI*) + 5 llx — p)II?
= (1= a3)(1 — a3)[Un3x = Upsyll? + a3(1 — a3)llx =yl + a5l = )|

= Hj2=1(1 - O‘]3)||Un,3x_ Un,SY”z +(1 - 1_[;‘2=1(1 - O‘]3))||x _Y“z

=< H}Ll(l - a]g,)“Un,rHlx - Un,n+1y||2 + (1 - H?:l(l - Olé))”x - Y||2
= =yl
Then, we have that S : C — C is also nonexpansive indeed, observe that for each x, ye C

1S = Syll = lim [|Syx — Syl < [lx = ylI.

By (2.8), we have
USne1x — Spxl| = [[Ups1,1x — Up1x||

<  a'M.



Kangtunyakarn Fixed Point Theory and Applications 2011, 2011:23
http://www.fixedpointtheoryandapplications.com/content/2011/1/23

This implies that for m > n and x € D,
[1Smx = Spal| < T 1801 — S|
< E].'L‘;laM
a
1—a

By letting m — o, for any x € D, we have
n

ISx—Suxll < © M. 2.8)
1—a
It follows that
nli_)rgosupxeDHSnx — Sx|| = 0. (2.9)

Lemma 2.12. Let C be a nonempty closed convex subset of a real Hilbert space. Let
{Ti}2\be k;-strict pseudo-contraction mappings of C into itself with (2, F(T;) # and
K = supe k; and let o = (ai,a’é,ag) eI xIxI where I = [0, 1], oejl +oc£ +a]$ =
0‘1'0‘] a% € (x, 1)and 0‘1'0‘] oz% € (k,VYorallj=1, .. Forevery ne N, let S, and S
be S-mappings generated by T,, .., Ty and o, &1, ..., 01 and T,, T,1, ..., and Q,, O,
1 - respectively. Then F(S) = (N, F(T:).

Proof. 1t is evident that (5, F(Ti) € F(S). For every n, ke N, with n > k, let xo € F
(S) and x* € (X, F(T;), we have

ISwxo =217 = floty (T Un o — x°) + a3 (Un,2%0 = x7) + 3 (x0 — x)

< a|TiUpoxo — x*|I* + o} [ Un2%0 — x*[|? + a3 lxo — x*|?

1.1 2 11 2
=10, [Ty Un2x0 — Un2%0ll” — ey [[Un2x0 — Xoll

IA

1 2 2 1 2
oy ([1Un2%0 — & [|* + e ||(I = T1)Up,2%0(17) + 05 [| U260 — X*|

1 2 1.1 2 1.1 2
+o3 flxo — &1 — ety oy [ Ty U 2x0 — Un2Xoll” — gz [[Up2%0 — Xoll

1 2, 1 2
(1 — &3)l1Un2%0 — x| + a5 llxo — x*||

1 1 2 1.1 2
—ay (@) — 1) [IT1Un2%0 — Up2Xo0||” — ay03 (| Un2%0 — Xoll

IA

1 2 2, 2 2
(1 —a3)((1 = a3)llUnsz%0 — x*|I7 + a3 llxo — x™||

2.2 2 29 2 1 2
—ag(a; — «)IToUp3x0 — Up3x0 1= — azes||Unzxo — x0ll7) + a5 llxo — x|

101 2 11 2
—ay (0 — k) IT1Up2%0 — UppX0 |1~ — ayo3[[Un,2%0 — %ol

(1 = 3)(1 = a3) I Un3x0 — 5 [1% + @3 (1 — o3) o — x[1* + a3 lxo — x>
—011(042 —k)(1 = 03) [ TaUn3%0 — Upsxo > — a3e3(1 — 3)[|Un3%0 — Xol|*
—af (0 — k) Ty Un2x0 — U pxol|* — eyt | Up 250 — xo 12

= T2, (1 — o}) [ U0 — 2*11% + (1 = T2, (1 — o) [lxo — a2

—ai(e3 — ) (1 — 31 ToUp3x0 — Un3xoll* — e303 (1 — o) | Un3x0 — xol>

1 1 2 1
—aj (o — &) T Un2%0 — Upoxo 1> — cger} | Uy, %0 — xol?

IA

M2, (1 - 4)((1 — o) 1Unaxo — &2 + 03 [lxo — 2|2 (2.10)
—a3 (03 — &) TsUpaxo — Upaxo||* — o303 ||Unaxo — xo1%)

+(1= T2, (1 = &)llxo — ¥ 117 = e (@F — k) (1 = e3) I TaUn 3% — Un3%o 2

—a302 (1 — a3) Uy 3x0 — X0l1* — o (03 — &) I T1 Uy 220 — Unaxoll?

—ajar} || Uy,2%0 — ol

=%, (1 —Oli)(l — @3)1Unaxo — x*[1> + 03117, (1 —ot])\lxo —x*)?

—a} (03 — k)12, (1 — &4) [ T3Unp,axo — Upaxo)®

—a3e3T%, (1 —05})||Un4x0 —xol? + (1 - T, (1 —ui)l\xo —x*?
*0‘1(0‘2 —k)(1 = ad) I T2Up3x0 — Upsxoll® — o33 (1 — o3 )| Un3x0 — X0
—af (0 — k) Ty Un 220 — Uppxoll* — eyt | Up 250 — xo 12

= I, (1 = o)1 Unaxo — X7 + (1 = T2, (1 — &) xo — ¥

—ap (@3 — k)%, (1 = o) T Unaxo — Un,axol®
—a3 03 T, (1 — &) | Unaxo — xoll> — af (03 — «)(1 — @3) I ToUn3%0 — Un 3%l
_0‘20‘3 1 — a3)|Un3x0 — XolI> — ef (@3 — ) I T1Un2%0 — Un 0]l

—ay05[|Un2%0 — xol1
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< (1 = ) [Ungeavo — 21+ (1= T (1 = 04) o — x° P
o (@ — )T (1= @) 1Tt Unerao — Unaol I
o+l k+1nk (1 _a3)||Unk+2xO P (2.11)
— af(of — IS (1 = ) IITil 10 = Unjsa ol 2

k—1
_0‘20‘31_[ (1 —“3)||Unk+1x0 — xol|?

—ai(a3 — /c)l'l (1 —043)||T3Un4xo — Upaxol®> — 030311 1(1 —oz3)||U,,4x0 —xol?
—ai (03 — k) (1 — o3) I ToUp3%0 — Upsxoll> — ades (1 — a3)||u 3%0 — Xol|?

1 1 2 1.1
—0 (az - K)”Tl Un,ZxO - Un,2x0|| — 003 ||Un,2x0 - X()”

< 1‘["1(1 - a3)||U,,n+1x0 — X2+ (1 - ]?‘=1(1 — 01]3)||x0 —x|?
ay (Olg - K)Hi‘i—zl(l - O‘3)||T Un,n+1x0 - Un,n+1xo||2

1
(1;1(131_[” 1- 053)”Un n+1X0 — xO”

(2.12)
—af* 1 (@5 — )T (1 — o)1 Tieer UnjesaXo — Un ool
a1 ab TR (1 — ) [ Un ko — o1
— o (of — )T (1 = o)) 1 Tl 1o — Uner o>
—abok T (1 — &) [ Ut 0 — o2
—of (@A™ — k)T (1 — )1 Tt Un ko — Un o2
—os 1T 2 (1 — &) Uik — xo 2
—a3 (03 — k)12, (1 — &}) | T3 Upaxo — Upaxoll® — 33 T12, (1 — )| Up,axo — xol?
—ai (03 — k)(1 — @3)ITaUnsx0 — Upnsxoll* — a3l (1 — ad) U 3x0 — X012
—aj(ay = k) TyUn2%0 — Unxoll® — aja3l|Up, %0 — %ol
= [lxo — x*||?
—a (e — €)' (1 = o) | Tl i1 X0 — Unner ol
a1 (oh — )L (1 — &) Tt Un paaXo — U ool
—ak T ITE | (1 = &) | Un 2o — o1
o (oh — )T (1 = ) 1Tl 1 Xo — UnjeenXo 2 (2.13)

_alzeagnk 1(1 _0‘3)||Unk+1x0 —xOH
—af M (eh ™t = )2 (1 — @)1 Tt Unaito — Un ko
—ab AT I (1 — o) | U eto — 01

—a (@3 — k)2 (1 — o) I T3 Upaxo — Upaxoll® — 3312, (1 — o) [[Upaxo — ol
—ai(a? —k)(1 — 3)ITaUys%0 — Unsxoll* — e3e3 (1 — a3)||un3xo —xol?

1 1 2 1
—ay (052 - K)”Tl Un,2x0 - Un,2x0|| - azaa ||Un,2x0 - xO” .
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For ke N and (2.12), we have

k=1 _k—1y7k—2 j 2 2 2
ay oz 571 — o) Uppxo — %0l < [lxo — x*[|* — [1Spx0 — x*[|2, (2.14)

as n —> oo. This implies that U...xo = xo, Vk € N.
Again by (2.12), we have

o (o — k)T (1 = &) | Tyl o — Ungera ol 12 < [lxo — 2112 — [ISpxo — x*]1(2.15)

as n —> o, Hence

ok (s — k) (1 — &) Tilso 10 — UsopwrXol|? < 0. (2.16)

From U..;xo = %o, Yk € N, and (2.15), we obtain that Tyxo = xo, Yk € N. This implies
that xo € (N2, F(T3). ©

Lemma 2.13. Let C be a closed convex subset of Hilbert space H. Let A; : C — H be
mappings and let G; : C — C be defined by G,(y) = Pc(I - L;A)y with A; >0, VY, =1, 2,
o N. Then x* € "X, VI(C, A))if and only if x* € N, F(Gi).

Proof. For given x* e ﬂil VI(C, A;), we have x* € VI(C, A;), V; = 1, 2, ..., N. Since
(Ax*, x - x*) 2 0, we have (L;Ax*, x - x*) > 0, VA; >0, i = 1, 2, ..., N. It follows that

(& — (I — MADX", x — x*) = (MAX", x—x") >0, Vxe(Ci=1,2,...,N. (2.17)

Hence, x* = Pc(I - L,A)x* = Gi(x*), Vx e C,i =1, 2, ..., N. Therefore, we have
x* € ﬂﬁl F(G;). For the converse, let x* € ﬂil F(G;) then, we have for every i = 1, ..,
N, x* = G(x*) = Pc(I - LA)x*, YA; >0, i = 1, 2, ..., N. It implies that

(o — (I — MA)x*, 0 — &%) = (MAXS, x—x*) >0, Vi=1,2,...,N, Vxe(d2.18)

Hence, (A;x*, x - x*) 2 0, Yx € C, so x* € VI(C, A;), Vi = 1, 2, ..., N. Hence,
x* e NN, VI(C, Ay)

O

3 Main results

Theorem 3.1. Let C be a closed convex subset of Hilbert space H. For every i = 1, 2, ..,
N, let F;: C x C — R be a bifunction satisfying (A;) - (A4), let A; : C — H be oy-inverse
strongly monotone and let G, : C — C be defined by Gi(y) = Pc(I - L;A)y, Vy € C with
Aie (0, 1] € (0, 2e;). Let B : C — C be the K-mapping generated by Gy, G, ..., Gy and
B1, By -, By where B; e (0,1),Vi=1,2,3, .., N-1, e (0, 1] and let {Ti}Sbe ki~
strict pseudo-contraction mappings of C into itself with k = sup;k; and let

pi= (o, o,y eI xIx1 where I = [0, 1], o +ol +al =1 o +d), <b< 1, and
ocjl,ajz,océ € (k,1)orallj=1,2,...Foreveryne N, letS, and S are S-mapping gener-
ated by T,, ..., Ty and p,, p,, - 1, -, pr and T,, T, 1, ..., and p,, p,, - 1, .., respectively.
Assume that § = (2, F(T;) N ﬁf\il EF(F;, Ai)N ﬂf\il F(G;) # 9. Foreveryne N, i =1,
2, .. N, let {x,} and {v} be generated by x,, u € C and
. . 1 . .
Fiwl, v) + (Aixp, v—uv,)+ (v—1i, v, —x,) >0, YveC,

n

Ti

i=1,2,...,N. (3.1)
Yn = Efil&-v;

Xne1 = Al + BuXn + Yn(@nSnXn + bpBxy + Chyn), Yn e N,

Page 10 of 16
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where {(xn}r {ﬁn}r {}/n}r {dn}r {bn}; {Cn} < (O; 1)) an + IBH +Vn=dn+ bn +Cp = Ef\ilai =1
and {1}, C (s,7) C (0, 2a;), satisfy the following conditions:

@ n]Lngo n = Oand E2yom = 00,

(i) 0 < liminfB, < limsup 8, < 1
n—oo n—00 ’

(i) im ap = a, im by = b, lim ¢, = ¢, with a, b, c € (0, 1).
Then, the sequence {x,}, {y,}, {vi}, Vi = 1, 2, ..., N, converge strongly to z = Pyuand z is
a solution of (1.10).
Proof. First, we show that (I - 1;4;) is nonexpansive mapping for every i = 1, 2, .., N.
For x, y € C, we have

(1= 2id)x — (1= 2A)Y|* = llx—y = Ai(Aix — Ap)I1?
= llx—yIP = 2hix — y, A — Awy) + A7 [|Aix — Ayyl?

< =yl = 2anillAix — Ayll* + A2 l1Ax — Ayl (3.2)
=l =y + A — 205)|Aix — Ayl
< llx—yl*

Thus, (I - 1;A;) is nonexpansive, and so are B and G, for all i = 1, 2, ..., N.
Now, we shall divide our proof into five steps.
Step 1. We shall show that the sequence {x,} is bounded. Since

. . 1 .
F(v, v) + (Aixp,v—v,)+ (v—1v,v, —x,) >0, WeC i=12,...,N, (33)

1.1 n n
we have
i 1 i ;
F(v,v)+ (w—v,v, —(I—rAi)x,) >0, VYveC i=12,...,N.
T

By Lemma 2.7, we have v, = Ty, (I — 1;A;)xp.
Let z = 3. Then F(z, y) + (y - 2, Az) 2 0 Vy € C, so we have

1
F(z,y)+ (y—zz—z+1iAiz) >0, Vi=1,2,...,N.
N

1
Again by Lemma 2.7, we have z = T;,(I — 1iAi)z, Vi = 1, 2, ..., N. Since B is K-map-
ping generated by G, G,, ..., Gy and f31, B, ..., By and ﬂﬁl F(G;) # . By Lemma 2.8,
we have ﬂﬁl F(G;) = F(B). Since z = 3, we have z € F(B). Setting e, = a,S,x, + b,Bx,

+ ¢,.¥m Y e N, we have

[l2¢n41 — 2|l lan(u — 2) + Bu(xn — 2) + yulen — 2)||

< aullu—2z|| + Bllxn — 2l + yullen — 2|

= apllu —z|| + Bullxn — zl| + Vullan(SpXn — 2) + bu(Bxy — 2) + ca(yn — 2)I|

< anllu—zl| + Bullxn — 2l + vu((1 — ca)llxn — zl| + cullyn — 2l1)

= anllu—zl| + Bullxn — 2l + va((1 = cu)lln — 2l| + cal IR, 8V, — 2)11)  (3.4)
< apllu—2zll+ Bullxa — 2l + va((1 = ca)lln — 2l + a2, 8ill0), — zl])

< anllu =zl + Bullxn — 2l + yu((1 = cu)llxn — 2l| + cullxn — 2l1)

= agllu—zl|+ (1 — an)llxn —2l|,

< max{llu—zll, llx, —zl[}.
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By induction, we

can prove that {x,} is bounded, and so are {v}, {y,,}, {Bx,} {S,x,},

{e.).
. . Xne1 — BnXn
Step 2. We will show that lim,,_,.. ||x,.1 - x,|| = 0. Let d, = 1 gy and then
— Pn
we have
Xne1 = (1 — Bn)dn + Buxn, Vn e N. (3.5)
From definition of d,, we have
X — X, X — X
||dn+1 _dn” _ || n+2 /3n+1 n+1 _ n+1 /311 n||
1- ,Bn+1 1- /311
- One1lU + Yns1€nel  Onl + Ynén I
1- /Sn+1 1-— ,Bn
_ ||an+1u + (1 — Bui1 — O5n+1)en+1 _ apll + (1 — Bn — Oln)enH
1- /Sn+1 1-— ,Bn (36)
On+l Qn
= U—en) — U—ep)+en —e
||1_,3n+1( n+1) 1_,371( n) n+1 n||
Onil an
< llu — ens1 |l + [lu — enll
1- ,3n+1 " 1- ,371 "

+[lens1 — enll.

By definition of e,, we have

llens1 —enll =

By (3.6) and (3.7),

||dn+1 - dn”

lan1Sne1Xne1 + b1 BXne1 + Cus1 Vet — @nSnXn — bnBxy — cpynll
lane1Sne1Xne1 — anSne1Xne1 + AnSne1Xne1 + b1 Bxne1 — buBxnia
+anxn+1 + Cn+1Yn+1 — CnYn+l + CnYn+e1 — AnSnxn — anxn - Cnyn”
||(an+1 - an)sn+1xn+l + an(sn+1xn+1 - Snxn) + (bn+1 - bn)erHl

+bn (Bxns1 — Bxn) + (Cus1 — Cn)Yns1 + Cn(Yner — vl

[ana1 — anlllSnc1Xne1 | + anllSne1Xne1 — Sudnll + 1bpar — bul By |l
+bn||an+1 - an” + |Cn+1 - Cn|||)’n+l ” + Cn||)/n+1 - Yn”

[ns1 — anlISne1Xnsn || + an(||sn+1xn+l = Spa1Xnll + ISne1%n — Snxn”)

+|bpe1 — bullIBxpsr || + bnlIBxnsr — Bxyll + |cpe1 — cal lyne1ll

+en 2y 8ill Ty, (I — 1iAD)Xna1 — T, (I — 1A x| (37
lans1 — anlllSns1Xns1 |l + an(||xn+l — Xl + [ISn+1%n — Spxall)
+|bnsr = bl Bxper || + bullXnsr — Xull + |cne1 — cal lYne1l
+Cn||Xne1 — Xnll
lani1 — anlllSna1Xne1 | + anllXner — Xnll + [Sns1Xn — Snul
+|bue1r — bullIBxner | + bullXner — Xnll + lener — calllynen |l
+Cn || X1 — Xl
IXns1 = Xnll + laner — anllISns1Xns1 | + (1Sne1Xn — Spxnll
+|bne1 — ballIBxnsr |l + lcne1 — calllynar |l
we have
< U qu—enall+ Tl eall
1- ,Bn+1 1- ,Bn (3.8)

+|lens1 — enl|
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Unvl Up
< [lu — ens1ll + llu — enll
1- ﬂn+1 " 1-— ﬂn " (3 9)
+ X041 — Xull + |dne1 — anl lISne1Xne1 || + [1Sne1%n — Spxnl| ’
+ |bn+1 - bn| [IBxps1ll + lcns1 — caul ||)/n+1||-
It follows that
Opnsl (07
lner = dull = Wmr = 2all < _”;M lu—enll+ _"ﬁn lu = exl
+lane1 — anll1Sne1Xne1 | + ISne1%0 — Snxnl) (3.10)
+|bncr = ball1Bxncr || + [Cne1 = Calllyne | '
U = enall+ " = el
=< — ens1 -
1-— ﬂn+l " 1- ,3” !
+Hane1 — anl ISne1Xne1 1l + ISns1xn — Sxnl| + [1SXn — Snxnll (3.11)
+bps1 = bl |I1Bxpar || + [ene1 — Cal [[Yner |l .
From Remark 2.11 and conditions (i)-(iii), we have
limSUP(Hdml — dull = %pe1 _xn”) <0. (3.12)
n—00
From (3.5), (3.12) and Lemma 2.5, we have
lim ||d, — xq|| = 0. (3.13)
n—o0
We can rewrite (3.5) as
Xne1 — Xn = (1 — By)(dy — x4), VYnelN. (3.14)
By (3.13) and (3.14), we have
lim ||x;.1 — xq] = 0. (3.15)
n—oo
Step. 3. Show that lim,, ,.. ||x,, - e,|| = 0. From (3.1), we have
Xpe1 — Xp + Xy — u) = yn(en — xn).
It implies that
Vn”en _xn” =< ||xn+1 _xn” +an||xn - u”
By conditions (i), (ii), and (3.15), we have
lim [le; — xu|| = 0. (3.16)
n—o00

Step. 4. We show that lim sup, ,..(¢ - 2z, %, - z) < 0, where z = Psu. Let {x;} be a

subsequence of {x,} such that

limsup{u —z, x, —z) = limsup(u —z, x, —z
néQQP( n— Z) ]QOOP( n ) (3.17)

Without loss of generality, we may assume that {Xn,} converges weakly to some ¢ in
H. Next, we will show that

00 N N
qeF = VET) ([ \EF(F, A)[ [ F(G). (3.18)
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First, we define a mapping A : C — C by
Ax = EN &T, (I —riA))x, VxeC.

Since F(T,,(I — riA;i)) = EF(F;, A;), Yi=1,2, ... N, we
NN, F(T, (I - 1:A)) = N~ EF(F;, A))#9. By  Lemma 2.3, we
F(A) = N F(T; (I = A7)

Next, we define Q : C — C by

Qx = aSx + bBx + cAx Vx € C.

Again, by Lemma 2.3, we have

o N N
F(Q) = F(S)[ F(B) [ F(A) = [\ F(T) ([ F(G) [ [ )EF(F: Ay).
i=1 i=1 i=1

By (3.19), we have

1Qx, — enll = llaSxy + bBx, + cAxy, — apSpxy — bpBxy — cpyull
= ||aSx, — aS,x, + aSyx, + bBx, + cEf\:’ISiTﬁ(I — 1iAi)Xn — nSnXn
—byBxy — cn TN, 8Ty (I — 1:A;)% |

= |la(Sxy — Snxy) + (a — an)SnXn + (b — by)Bxy, + (c — cn)Efjlé,-T,‘. (I — 1iAi)xnl

< al|Sxp — Spxull + |a — an|ISpXu |l + |b — by ||| Bxy |l
+le = cal B il T, (1 — 1iAi)xa -

By condition (iii), (3.20), and (2.11), we have

lim |[Qxy —ey|| = 0.

n—o0o
Since

1Qxn — xnll < [|Qxn — enll + llen — xull.
by (3.16) and (3.21), we have

lim ||Qx, — xn|| = 0.

n—o0
From, (3.22), we have

lim ||ani - xn,“ =0.

]*)OO
By Lemma 2.4, we obtain that

q € F(Q) = 3.
From (3.17)

limsup(u —z, x, —z) = limsup(u —z, x,, —2) = (u—z, q—2z) <0.
n—00 j—o00

Step. 5. Finally, we show that lim,, ,.. x,, = z, where z = Pyu.

have

have

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

By nonexpansiveness of S,, and B, we can show that ||e, - z|| < ||x, - z||. Then,

[lns1 — Z”z = |lon (1 — 2) + Bn(xn — 2) + yn(en — Z)Hz
= (U —2, Xpo1 —2

SopU—2Z Xpy1 — 2

= = = -

(
Sap(U—2, Xpe1 — 2
( + (1 — o) llxn — zll |1 — 2|l

(1 —ay)
2

SopU—2, Xpy1 —2Z

2 2
<ap{u—2, Xp1 —2) + (Nl = 2l1= + N1 — 2[17)-

+ Bn(Xn — 2, Xpe1 — 2) + Ynlen — 2, Xne1 — 2)
+ Bullxn — zll1xns1 — 2l + vnllen — zll X1 — 2|

+ BullXn — zllxne1 — 2l + yallxn — 2]|[1Xne1 — 2|
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It follows that
l%pe1 — Z”2 < 20p(u—2z, Xpo1 —2) + (1 - an)”xn - Z”z- (3.26)

From Step 4, (3.26), and Lemma 2.2, we have lim,,_,.. x, = z, where z = Pyu. The

proof is complete. O

4 Applications
From Theorem 3.1, we obtain the following strong convergence theorems in a real

Hilbert space:

Theorem 4.1. Let C be a closed convex subset of Hilbert space H. For every i = 1, 2,
o N, let F;: C x C — R be a bifunction satisfying (A;) - (Ay) and let {T;}Z\be r;-strict
pseudo-contraction mappings of C into itself with x = sup,k; and let
pi= (o, &), ah) eI xIx1, where I = [0, 1], o+l +o, =1, o +o), <b < 1, and
a"l,a]é,aé €k, Vorallj=2, ... For every n € N, let S,, and S are S-mappings gener-
ated by T,, ..., Ty and p,, p, - 1, -, p1 and Ty, T,.1, ..., and p,, p,.1, ..., respectively.
Assume that § = ﬂf:l F(T)N ﬂf\zll EF(F;)) # . For everyne N,i=1,2, .., N, let {x,}
and {vi}be generated by x,, u € C and

. 1 . .
Fiv;, v+ (v—v,, v\, —x,) >0, YveC, i=1,2, ..., N.
Ti
i 4.1
Vn = E{L‘Si”i: (*-1)
Xpe1 = Qplh + BuXy + Vn(AnSnXy + bpXy + Cyn), vn e N,

where {a,}, {ﬁn}7 {}/n}’ {a.}, b}, {ca} © (0, 1), an + B + Yn=an+by+cy = Efilai =1,
and {1}, C (s,7) C (0, 20;), satisfy the following conditions:

(i) n]LHJO o = Oand T2 0y = 00,

(ii) 0 < liminfB, < limsup 8, < 1
n—00 n—00 ’

(iii) im an =a, lim by =b, lim ¢x = ¢, with a, b, c € (0, 1),

Then, the sequence {x,}, {y,.}, {v\}, Vi = 1, 2, ..., N, converge strongly to z = Pyu, and z
is solution of (1.10)

Proof. From Theorem 3.1, let A; = 0; then we have G,(y) = P, = y Vy € C. Then, we
get Bx,, = x,, Vn € N. Then, from Theorem 3.1, we obtain the desired conclusion. D

Next theorem is derived from Theorem 3.1, and we modify the result of [11] as
follows:

Theorem 4.2. Let C be a closed convex subset of Hilbert space H and let F: C x C
— R be a bifunction satisfying (A1)-(A4), let A : C — H be a-inverse strongly monotone
mapping, and let T be k-strict pseudo-contraction mappings of C into itself. Define a
mapping T, by T.x = rkx + (1 - kr)Tx, Vx e C. Assume that
§=F() ﬂ EF(F, A) ﬂ VI(C,A) # 0. For every n € N, let {x,} and {v,} be generated by
x, ue Cand

1
Flog, v) + {(Ax,, v—vp)+ UV —1vy, v, —Xy) >0, VveC
T (4.2)

Xne1 = Al + Bnxn + Yn(aTexy + DPc(I — XA)xp + cvp), Vn e N,
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Where {an}’ {ﬁn}’ {’J/n}7 {dy h: C} = (01 1), an + ﬂVl + ’yn =a + b + C = 1, ﬂnd {V, A} c

(¢, ©) € (0, 2ax) satisfy the following conditions:

(i) 325, & = Oand iZpa = 00,
n—oo ’

n— 00

Then, the sequence {x,} and {v,} converge strongly to z = Pxu.
Proof. From Theorem 3.1, choose N = 1 and let A; = A, A; = A. Then, we have B(y)

= G1(y) = PcI - 2A)y, Vy € C. Choose v} =vy, a = a,, b =b,, c = ¢, for all n e N, and
let T, = S; : C > C be S-mapping generated by 7; and p; with 7 = T and &} = «, and

then we obtain the desired result from Theorem 3.1 O
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