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Abstract

In this paper, the common solution problem (P1) of generalized equilibrium
problems for a system of inverse-strongly monotone mappings {Ak}{j=1 and a system
of bifunctions {fi}&., satisfying certain conditions, and the common fixed-point
problem (P2) for a family of uniformly quasi-g-asymptotically nonexpansive and
locally uniformly Lipschitz continuous or uniformly Holder continuous mappings
{Si}7°, are proposed. A new iterative sequence is constructed by using the
generalized projection and hybrid method, and a strong convergence theorem is
proved on approximating a common solution of (P1) and (P2) in Banach space.
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1. Introduction

Recently, common solution problems (i.e., to find a common element of the set of
solutions of equilibrium problems and/or the set of fixed points of mappings and/or
the set of solutions of variational inequalities) with their applications have been dis-
cussed. Some authors such as in references [1-7] presented various iterative schemes
and showed some strong or weak convergence theorems on common solution pro-
blems in Hilbert spaces. In 2008-2009, Takahashi and Zembayashi [8,9] introduced
several iterative sequences on finding a common solution of an equilibrium problem
and a fixed-point problem for a relatively nonexpansive mapping, and established some
strong or weak convergence theorems. In 2010, Chang et al. [10] discussed the com-
mon solution of a generalized equilibrium problem and a common fixed-point problem
for two relatively nonexpansive mappings, and established a strong convergence theo-
rem on the common solution problem. The frameworks of spaces in [8-10] are the
uniformly smooth and uniformly convex Banach spaces. Chang et al. [11] established a
strong convergence theorem on solving the common fixed-point problem for a family
of uniformly quasi-¢@-asymptotically nonexpansive and uniformly Lipschitz continuous
mappings in a uniformly smooth and strictly convex Banach space with the Kadec-
Klee property. Some other problems such as optimization problems (e.g. see [1,4,6])
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and common zero-point problems (e.g. see [10]) are closely related to common solu-
tion problems.

Throughout this paper, unless other stated, R and J are denoted by the set of the
real numbers and the set {1, 2,..., N}, respectively, where N is any given positive integer.
Let E be a real Banach space with the norm || - ||, E* be the dual of E, and (-,-) be the
pairing between E and E*. Suppose that C is a nonempty closed convex subset of E.

Let {Ak}fj=1 : C — E* be N mappings and {fk}ﬂil : C x C — R be N bifunctions. For
each k € J, the generalized equilibrium problem for f; and Ay is to seek 51 € C such
that

fe(@i, y) + (y — 1, At} =0, VyeC. (1.1)

The common solution problem (P1) of generalized equilibrium problems for {Ak}fj: 1
and {fk}i\; | is to seek an element in G, where G = ﬂsz 1 G(k) and G(k) is the set of solu-
tions of (1.1). We write G instead of G in the case of N = 1.

Let {Si}{5; : C — C be a family of mappings. The common fixed-point problem (P2)
for {Si}35; is to seek an element in [, where F = (2, F(S;) and F (S,) is the set of fixed
points of S;.

Motivated by the works in [8-11], in this paper we will produce a new iterative
sequence approximating a common solution of (P1) and (P2) (i.e., some point belong-
ing to F N G), and show a strong convergence theorem in a uniformly smooth and
strictly convex Banach space with the Kadec-Klee property, where {S;}72, in (P2) is a
family of uniformly quasi-@-asymptotically nonexpansive mappings and for each i > 1,
S; is locally uniformly Lipschitz continuous or uniformly Hélder continuous with order
Q.

2. Preliminaries

Let E be a real Banach space, and {x,} be a sequence in E. We denote by x, — x and
x, — x the strong convergence and weak convergence of {x,}, respectively. The normal-
ized duality mapping | : E — 2 is defined by

Jx={f e E*: (x, f) = lIxlI> = IIflI’}, VxeE.

By the Hahn-Banach theorem, Jx = & for each x € E.

A Banach space E is said to be strictly convex if Ix ; Y 1 for all x,ye U={ue E

: ||lu|| = 1} with x = y; to be uniformly convex if for each ¢ € (0, 2], there exists y> 0

such that [+l <1 —yforallx, ye Uwith ||x - y|| = & to be smooth if the limit
lim [+ eyl — [1x]] @2.1)
t—0 t

exists for every x, y € U; to be uniformly smooth if the limit (2.1) exists uniformly for
all x, ye U.

Remark 2.1. The basic properties below hold (see [12]).

(i) If E is a real uniformly smooth Banach space, then J is uniformly continuous on
each bounded subset of E.

(i) If E is a strictly convex reflexive Banach space, then J'' is hemicontinuous, that is,

1. 2 .
J is norm-to-weak*-continuous.
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(iii) If E is a smooth and strictly convex reflexive Banach space, then J is single-
valued, one-to-one and onto.

(iv) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for
any sequence {x,} € E, ifx, ~ x € E and ||x,|| — ||x||, then x, —> «.

(v) A Banach space E is uniformly smooth if and only if E* is uniformly convex.

(vi) A Banach space E is strictly convex if and only if / is strictly monotone, that is,

(x—y, x* —y*) >0 wheneverx, ye E, x+yandx* €Jx, y* €Jy.

(vii) Both uniformly smooth Banach spaces and uniformly convex Banach spaces are
reflexive.

Now let E be a smooth and strictly convex reflexive Banach space. As Alber [13] and
Kamimura and Takahashi [14] did, the Lyapunov functional ¢ : E x E — R is defined
by

o(x, y) = lIxl1* — 2(x, Jy) +|lyll>, Vx yeE.
It follows from [15] that ¢(x, y) = 0 if and only if x = y, and that
(Il = [YID? < é(x y) < (Il + [Iy1D)>. (2.2)

Further suppose that C is a nonempty closed convex subset of E. The generalized
projection (see [13]) Ilc: E—C is defined by for each x € E,

[¢c(x) = argmin¢(y, x).
yeC

A mapping A : C — E* is said to be d-inverse-strongly monotone, if there exists a
constant ¢ > 0 such that

(x—y, Ax—Ay) > 8||Ax—Ay|]>, Vx, yeC.

A mapping S : C — C is said to be closed if for each {x,} < C, x, > x and Sx, > y
imply Sx = y; to be quasi-@-asymptotically nonexpansive (see [16]) if F(S) = &, and
there exists a sequence {/,} € [1, o) with /,, —> 1 such that

o(u, S"x) <l,p(u, x), VxeC, ueF(S), Vn>1.

It is easy to see that if A : C — E* is J-inverse-strongly monotone, then A is
;-Lipschitz continuous. The class of quasi-p-asymptotically nonexpansive mappings
contains properly the class of relatively nonexpansive mappings (see [17]) as a subclass.

Definition 2.1 (see [11]). Let {S;}{5 : C — C be a sequence of mappings. {Si}3 is
said to be a family of uniformly quasi-@-asymptotically nonexpansive mappings, if
[ # @ and there exists a sequence {/,} € [1, «) with [, — 1 such that for each i > 1,

o(u, Six) <lyp(u, x), Yuel,xeC, Vn=>1.
Now we introduce the following concepts.
Definition 2.2. A mapping S : C — C is said

(1) to be locally uniformly Lipschitz continuous if for any bounded subset D in C,
there exists a constant Ly > 0 such that

[1S"x — S"y|| < Lpllx—yll, Vx, yeD, Vn=>1;
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(2) to be uniformly Holder continuous with order ® (® > 0) if there exists a constant
L > 0 such that

[1S"x — S"y|| < Lllx—y]|®, Vx, yeC, Vn=>1.

Remark 2.2. It is easy to see that any uniformly Lipschitz continuous mapping (see
[11]) is locally uniformly Lipschitz continuous, and is also uniformly Hoélder continu-
ous with order ® = 1. However, the converse is not true.

Example 2.1. Suppose that S : R — R is defined by

X2, ifx <0,
S(x) = { 0, ifx>0.

Then S is locally uniformly Lipschitz continuous. In fact, for any bounded subset D
in R, setting M = 1 + sup{|x| : x € D}, we have |S"x - §"y| < 2M |x - y|, x, y € D, Vn
> 1. But S fails to be uniformly Lipschitz continuous.

Example 2.2. Suppose that S: R - R is defined by

J—x,ifx <0,
S(x) = { 0, ifx>0.

S is uniformly Hélder continuous with order ® = }, since IS"x — S"y| < 2]x — ]| 5 Va,

y e R, Vn > 1. But S fails to be uniformly Lipschitz continuous.

Lemma 2.1 (see [13,14]). If C is a nonempty closed convex subset of a smooth and
strictly convex reflexive Banach space E, then

(D) o, Hc)) + oIlc(y), ¥) = @, y), Vx e C,y e E

(2) for x € E and u € C, one has

u=TIlc(x) © (u—y Jx—Ju) >0, VyeC.

o

Lemma 2.2. Let E be a uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, {x,} and{y,} be two sequences of E, and ui € E. If x, — 1 and ¢(x,,
V) = 0, then y, — u.

Proof. We complete this proof by two steps.

Step 1. Show that there exists a subsequence {yy,} of {y,} such that y,, — u.

In fact, since @(x,, y,) = 0, by (2.2) we have ||x,|| - ||y.|| = 0. It follows from
X, — u that
llyall — [lull (as n — o00), (2.3)
and so
Wyl — [Jull (asn — o0). (2.4)

Then {Jy,} is bounded in E*. It follows from Remark 2.1(v) and (vii) that E* is reflex-
ive. Hence there exist a point fy € E* and a subsequence {Jyy,} of {Jy,} such that

Jyn, — fo(as k — o0). (2.5)

It follows from Remark 2.1(vii) and (iii) that there exists a point x € E such that Jx =
fo- By the definition of ¢, we obtain

Page 4 of 13
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¢(xnk, }’nk) = ||xnk||2 - 2(xnkr ]}’nk> + ||}’nk||2
= x> = 20, Jyn) + yn, 1%
By weak lower semicontinuity of norm || - ||, we have
0 = lim inf ¢ (xn,, ¥n,)
k— 00
> |[all> = 2@, fo) +Ilfoll
= &l — 2(@, Jx) + x|
= lall® = 2(@, Jx) +IIxl1* = ¢(@, x),
which implies that i1 = x and fy = Ju. It follows from Remark 2.1(iv) and (v) that E*
has the Kadec-Klee property, and so Jyn, — Ji by (2.4) and (2.5). By Remark 2.1(vii)
and (ii), we have yn, — 4, which implies that yn,, — u by (2.3) and the Kadec-Klee
property of E.
Step 2. Show that y, — u.

In fact, suppose that y, /4 u. For some given number &, > 0, there exists a positive

integer sequence {rn;} with n; <n, < - - < < - -, such that
[y, — ull = eo. (2.6)

Replacing {y,} by {yn,} in Step 1, there exists a subsequence {Ynki} of {yn,} such that
Ym, = #, which contradicts (2.6). 0

Lemma 2.3. Let C be a nonempty closed convex subset of a smooth and strictly con-
vex reflexive Banach space E, and let A : C — E* be a d-inverse-strongly monotone
mapping and f: C x C — R be a bifunction satisfying the following conditions

(By) fiz, 2) =0,Vze C;

(B,) lirrtlizupf(z +t(x—z2),y) <f(zy), Vxy ze€ C

(B3) for any z € C, the function y o flz, y) is convex and lower semicontinuous;
(By) for some B > 0 with < 0,

f(z v)+f(y. 2) < BllAz—AYII>, Vz yeC.

Then the following conclusions hold:
(1) For any r > 0 and u € E, there exists a unique point z € C such that

flz, y)+{y—=z Az)+1(y—z, Jz—Ju)y >0, VyeC. (2.7)
(2) For any given r > 0, define a mapping K, : E — C as follows: Yu € E,

Kyu = z such that f(z, y) + (y — z, Az) + 1(y—z, Jz—Ju) >0, VyeC.
We have (i) F(K,) = G and G is closed convex in C, where

G={zeC:f(z y)+{y—=z Az) =0, VyeC}

(ii) oz, Ku) + o(Ku, u) < ¢z, u), Vz € F(K,).
(3) For each n > 1, r, >a > 0 and u, € C with lim,_, oy = lim,_, oKy, up = 1, we
have

f(@, y)+{y—1u, Au) >0, VyeC.
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Proof. (1) We consider the bifunction f (z V) flz y)+{y—2z Az) instead of f. It
follows from the proof of Lemma 2.5 in [10] that f satisfies (By)-(Bs). Since A is ¢-

inverse-strongly monotone, by (B,), we have

(f(z y)+{y—z A=)+ (f(y, 2) + (= —y, Ap))
=f(z y)+f(y, 2) — (2 —y, Az— Ay) (2.8)
<(B-8)llAz—Ay|I*> <0,Vy, z€C,

which implies f is monotone. By Blum amd Oettli [18], for any r > 0 and u € E,
there exists z € C such that (2.7) holds. Next we show that (2.7) has a unique solution.
If for any given r > 0 and u € E, z; and z, are two solutions of (2.7), then

1
f(Zl, Zz) + (Zy_ — 21, A.Zl> + . (Zz —2z1, J71 —]ll) >0,
and
1
f(z2, z1) + (=1 — 22, Az) + - (z1 — 22, Jzo — Ju) > 0.
Adding these two inequalities, we have
1
f(z1, 22) +f(z2, z1) — (22 — 21, Azy — Azy) — . (z20 —z1, Jzo —Jz1) = 0.

It follows from (2.8) that
(z0 —z1, Jzo — Jz1) <0,

which implies that z; = z, by Remark 2.1(vi).

(2) Since f satisfies (B;)-(B3) and is monotone, the conclusion (2) follows from Lem-
mas 2.8 and 2.9 in [9].

(3) Since

1
f(KTnuﬂ/ }/) +{y— K, un, AKTn”‘ﬂ) + r {y— Ky, un, JK;,up —Juy) >0, VyeC,

n

we have
1
(y — Ky,un, JKyup —Jup) > _(f(Krnun/ Y) +(y — K, un, AKrnun))
Tn (2.9)
> [y, Krun) + (Kun —y, Ay), VyeC,

by the monotonicity of f It follows from limy_ ootty = limp— oKy Uy = 4. 1, >a > 0
and Remark 2.1(i) that

li [Juy, _]Kr,,un“
m =

n— 00 Tn

0.

Since y > f(z, y) is convex and lower semicontinuous, it is also weakly lower semi-
continuous. Letting #n — o in (2.9), we have f(y, ut) + (u —y, Ay) <0, Vy € C. For any
t € (0, 1] and y € C, setting y,=ty+(1—¢t)u, we have y, € C and
f(y, ) + (it — y1, Ay) < 0, which together with (B;) implies that

Page 6 of 13
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0 =1y yo)+ e — v Aye)
=f(ye ty+ (1 =) + (ty+ (1 — t)it — y, Ayr)
=tlf (v V) + v —ve Ayd]+ (1 = Of (v ) + (@ — yi, Ayr)]
<tlfye ¥)+ =y Ayl

Thus fly, y) + ¥ - ¥ Ay 20, Vy e C, Vte (0, 1]. Letting ¢ | 0, since z o flz, y) + (y
- z, Az) satisfies (B,), we have f(i, y) + (y — 1, Au) >0, Vye C.

Remark 2.3. If § = 0 in (B,), that is, f is monotone, then the conclusions (1) and (2)
in Lemma 2.3 reduce to the relating results of Lemmas 2.5 and 2.6 in [10], respectively.

Next we give an example to show that there exist the mapping A and the bifunction
f satistying the conditions of Lemma 2.3. However, f is not monotone.

Example 2.3. Define A : R > Rand f: R x R > Rby Ay = 2x+ /1 +22€ Vxe R

and f(x, y) = (ng)z, V(x, y) € R x R, respectively. It is easy to see that A is ;—inverse—

strongly monotone, f satisfies (B;)-(B3), and f(x, y) +f(y, x) < é|Ax —Ay|3 Y(x, ) : R
3
Lemma 2.4 (see [12]). Let C be a nonempty closed convex subset of a real uniformly

x R with § <

smooth and strictly convex Banach space E with the Kadec-Klee property, S : C — C be
a closed and quasi-@-asymptotically nonexpansive mapping with a sequence {l,} < [1,
), [, = 1. Then F(S) is closed convex in C.

Lemma 2.5 (see [11]). Let E be a uniformly convex Banach space, 1 > 0 be a positive
number and B,(0) be a closed ball of E. Then, for any given sequence
{xn}o2, C By (0)and for any given {A,}02; C (O, 1)with ioj An =1, there exists a continu-

n=1
ous, strictly increasing and convex function g : [0, 21) — [0, «) with g(0) = 0 such that
for any positive integers i, j with i <j,

00
E AnXn
n=1

2 [o.¢]
< D hallxal I = Aidg(llx — xl1).

n=1

3. Strong convergence theorem
In this section, let C be a nonempty closed convex subset of a real uniformly smooth
and strictly convex Banach space E with the Kadec-Klee property.

Theorem 3.1. Suppose that

(Cy) for each k € J, the mapping Ay : C — E* is Oy-inverse-strongly monotone, the
bifunction f; : C x C — R satisfies (B1)-(Bz), and for some B > 0 with B < s,

fi(z y) + fuy, 2) < BrllArz — Awyll, Yz, y € C;

(Cy) {Si}2, : C — Cis a family of closed and uniformly quasi-@-asymptotically nonex-
pansive mappings with a sequence {I,,} < [1, ), [, > 1;

(Cs) for each i 2 1, S; is either locally uniformly Lipschitz continuous or uniformly
Holder continuous with order ©; (®; > 0), and [Fis bounded in C.
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(Co) F NG # 0. Take the sequence {x,}oe generated by

Xo € (; IJO = VVb = (L
o0
Uon = ]71 (an,Oan + Z an,i] S?xn),
i1
uy,, € C such that
filtin v) + &y — i Artig) + 0y = tin, Jurn —Jon) =20, ¥y eC,
un,n € C such that
In(unn, ¥) + (¥ — unn, ANUNR) + er,n (y —unn Junn —Jun—1n) 20, VyeC,
Hy={v e Hy: ¢(V/ uN,n) =< ¢(Ur xn) +&u},
Wi ={z€ Wy : (xn — 2z, Jxo — Jx) > 0},
Xne1 = M, 0w, %0, V1> 0,

where for each k e J, {ninle C la, oo)with some a > 0, {ani};2g,0 C [0, 1], and
§n = sup(ly = 1)o (U %), 1f 575 a = 1, ¥n 2 0 and lim inf,, .. 040 0, ;> 0, Vi > 1,
then x, — TlFncXo.

Proof. We shall complete this proof by seven steps below.

Step 1. Show that [, G, H,, and W,, for all n > 0 are closed convex.

In fact, F = () F(S:) is closed convex since for each i > 1, F(S;) is closed convex by
(Cy) and Lemma 2.4. G is closed convex since for each k € J, G(k) is closed convex by
(Cy) and Lemma 2.3(2)(i). Hy = C is closed convex. Since @(v,uy,) < @(v,x,) + &, is

equivalent to
2 2
2(v, Jxn —Junn) < 11%all” = [lunnll” +&n,

we know that H,(n = 0) are closed convex. Finally, W, is closed convex by its defini-
tion. Thus IFngxg and Ty, Aw,Xo are well defined.
Step 2. Show that {x,} and {S}'xx}{;_; are bounded.

From x, = Iy,nw, %o, Vi > 0 and Lemma 2.1(1), we have
O (xn, x0) < P(u, x0) — d(u, %) < d(u, x0), YueC, Vn=>0, (3.1)

which implies that {¢(x,, xo)} is bounded, and so is {x,} by (2.2). It follows from (C,)
that forally e F,i>1,n > 1,

$(u, Sfxn) < I (u, %) < L(llul] + [1xal)* < sup (11l + 1lxall)?.

Hence for all i > 1, {¢(u, S'x,)}72; is uniformly bounded, and so is {S7x,};2; by (2.2).
Obviously,
& = sup(ly = 1)¢(u, xn) < sup(ly = 1)(1lull + llall)? = 0 (asn — 00).  (3.2)

uelF ue

Step 3. Show that F NG Cc H, N W,, Vn = 0.

Since Banach space E is uniformly smooth, E* is uniformly convex, by Remark 2.1(v).
For any given p € [, any n > 1 and any positive integer j, by (C,) and Lemma 2.5, we
have
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¢(P/ uO,n) = ¢(p/ ]71 (Oln,ijn + Zan,i]S?xn))
i=1
2

o0
op, o)X + Z an,ijs?xn

i=1

o0
lIplI> = 2(p, anoln + ) cniJSI%) +

i=1

IA

IpI1” = 2000p, Jxa) =2 ) " ctnilp, JS}xn) + ol Il

i=1

o0
+ ) anillSPxall = anoenig(1xn — JS/xal])  (By Lemma 2.5)
i=1

= a0 (P X)) + (1= atno)IpI1> = 2D anip, JS}xn)
i=1 (3.3)

o0
2
+ ) anllSPxal 1 = et 0eni8(117xn — JS]xal])

i=1

= n0p (P Xn) + Y i (D S7xn) — ot 00t (11w — IS 1)

i=1

= Ofn,0¢(p/ xn) + Z(xn,iln¢(Pr xn) - Ofn,OOln,jg(”]xn — ]S]nxn“)

i=1
=< ln¢(p/ xn) - (xn,Oan,jg(”]xn - ]S]nxn”)
< ¢(p, xn) + SUE(ZH = 1)¢(p, xn) — ctn,o00tn,;g(Ixn _]S?an)
pe

=o(p, xn) + & — an,Oan,jg(”]xn —]S?an)-

Put ugn = Ky, Up—1,n, k € J, Vn > 0. It follows from (3.3) and Lemma 2.3(2)(ii) that

¢(Pr uk,n) = d)(pr Kn,,nuk—l,n) = ¢(Pr uk—l,n) = d)(p' xn) + &,

(3.4)
VpelFNG, Vked, Vn=>0,

which implies that if p € F NG, then p € H,, Vn > 0. Hence, F NG C H,, VYn > 0. By
induction, now we prove that F NG C W,, Vn > 0. In fact, it follows from W, = C that
F NG c Wy Suppose that F NG C Wy, for some m > 0. By the definition of
Xm = IlH,,nw, X0 and Lemma 2.1(2), we have

(Xm — 2z, Jxo — Jxm) = 0, Vz € Hy N Wy,
and so
(X — 2, JXg — Jxm) =0, VYzelF NG,

which shows ze W,,,1,s0 F NG C W41

Step 4. Show that there exists 41 € C such that x, — L.

Without loss of generalization, we can assume that x, — u, since {x,} is bounded and
E is reflexive. Moreover, it follows that # € H,NW,, Yn > 0 from H,,, n W,,, € H, n
W, and the closeness and convexity of H,, N W,,. Noting that

lim infé(x,, x0) = lim inf(||x,||> — 2(xn, Jxo) + ||x0][%)
n— oo nh—00

> [[ull® — 2(@, Jxo) + |lxoll* = ¢(it, x0),

Page 9 of 13
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we have

¢(#, x0) < lim inf¢(xy, Xo) < lim sup ¢(xn, x0) < ¢ (i, Xo)-

by (3.1). It follows that

Jim ¢ (xn, x0) = (& x0), (3.5)
and so ||x,|| — |lu|| by x, — u. Hence,

X, — U (asn — 00) (3.6)
by the Kadec-Klee property of E, and so

Jxn — Ju(asn — o0) (3.7)

by Remark 2.1(i).
Step 5. Show that i € F.
Since x,,,, € C, setting u = x,,,; in (3.1), we have

¢ (Xni1, Xn) < ¢(Xni1, Xo0) — @ (xn, Xo0).
By (3.5),

¢ (X1, Xn) = 0 (asn — 00). (3.8)
By x,,,1 € H,.1, (3.2) and (3.8), we have

¢ (Xne1, UNn) < B(Xne1, Xn) +&n — 0 (asn — 00),
which together with (3.6) and Lemma 2.2 implies that

lim uy,, = u. (3.9)

For any j > 1 and any given p € F N G, it follows from (3.2)-(3.4) and (3.9) that
an,Oan,jg(H]xn - ]S]T’an) <o xn) + & — &(p, uon)

(3.10)
< @(p, xn) +&n— (P, unn) = 0 (asn — 00),
which implies that
8(IJxn —JS;xnll) = 0 (asn — o0),
since li{lri)ionfan,oa,,li >0, Vi > 1. We obtain
[xn —JS}xnl] — 0 (asn — 00), (3.11)

since g(0) = 0 and g is strictly increasing and continuous. By (3.7) and (3.11), we have
JSixn — Jii and [1S}'xnll — [lull for all j > 1. It follows from Remark 2.1(ii) that

S}'xn — iU, which implies
Sixn >t (asn — o0), Vji=1, (3.12)
by the uniform boundedness of {S;'Xn}52; and the Kadec-Klee property of E. Thus

1S/ X1 — SPal| — 0 (asn — 00), Vj=>1.
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By (Cs) and (3.6), we have
||S;”1xn - S;‘*lxml” -0 (as n — OO), V] > 1.

Hence, for each j > 1,

1S/(S %) = Sl = 1181, — I
= ||S]‘n+1xn - S}HIan || + ||S]‘n+1xn+1 - S}'an -0 (as n — OO)
By (3.12) and the closeness of S;, we have Sjit = i for all j > 1 and so i € [.
Step 6. Show that i € G.
In fact, it is easy to see that for each k € {0} U J, and p € F N G, the sequence {¢(p,

ur,,)} is bounded by (3.2), (3.4) and the boundedness of {x,} and [, which implies that
{u4r.,.; is bounded in C by (2.2). Since # € F, by (3.2), (3.3), (3.5) and (3.10), we have

@i, uon) < @il Xn) +&n — otn,00tn;(IVxn — JS}'xn)I)
<¢(U, x4)+& — 0 (asn — o0).
It follows from Lemma 2.2 that
Uy — t (asn — 00). (3.13)
Furthermore, it follows from (3.4) and Lemma 2.3(2)(ii) that for any given p € F N G,
G(p, unn) + G (usn, tion) < G(p trn) + P(Ur,n, tion) < (P, tion),
which implies

¢(”1,nr uO,n) =< ¢(Pr uO,n) - d’(Pr ”N,n)

= |luonll® = lunnall* = 2(p, Juon — Jun,a) — 0 (as n — o0),

by Remark 2.1(i), (3.9) and (3.13). Then u;,, — u by (3.13) and Lemma 2.2. Similarly,
we also obtain uy, — ##(k=2,3, ..., N—1). Hence, together with (3.9) and (3.13),
for each k € {0} U J,

Upy — U (as n — 00). (3.14)

For each k € J, since Up,n = Ky, k1,1, we have

1
Jre(Uins ¥) + (¥ — tgn, Arign) + - (y — tppn, Jupgn —Jup—1,0) =0, VyeC,
N

which together with (3.14) and Lemma 2.3(3) implies that fi.(i1, ) + (y — #, Apit) > 0,
Vy e C. Therefore 1 e Gand so 1 e F N G.

Step 7. Show that u# = TTFngXo.

In fact, letting w = IfngXo, by w € F NG € H, N W, and X, = Iy, nw, X0, we have

& (xn, x0) < p(w, x0), Vn=>0.
It follows from (3.6) that

(i1, x0) = |[@l1* = 2(8, Jxo} + |Ixo] |

lim {|[xa]1* = 2(x, Jx0} + |I%011%}
n—oo

lim ¢ (xn, x0) < ¢(w, %0).
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Hence, i1 = w, and so x,;, — 1 = [TFngXg. O

Setting N = 1, ug,, = ¥, and un,, = u,, in Theorem 3.1, we can obtain the following
result.

Corollary 3.1 Suppose that

(Dy) the mapping A : C — E* is a mapping with J -inverse-strongly monotone, the
bifunction f: C x C — R satisfies (B1)-(Bz) and for some § > 0 with 3 < 6,

f@y) +f(r2) < BllAz—AylI>, ¥z, yeC;
(D,) both (Cy) and (C3) hold, and F N G # WTake the sequence {x,}e generated by
x0€ C, Hy=Wy=C,
VY =T (otn,0J%n + % an,iJST%xn),

i=1
u, € C such that l
f(unl Y) +{y— Up, Ally) + :y[(y_ Un, Jup _])/n} >0, Vye C,
Hp ={veHy: p(v,un) < (v, x0) + &},
Wi ={z € Wy @ {xn — 2,Jx0 — Jxn) > 0},
Xne1 = IH,,w,, %0, YN =0,

where  {dnilneoio C 10, 1], {ru}, € [a,0)for  some a > 0 and
& =sup,er(ln — 1)o(u, xn). If Y ispotni = 1, V), 2 0 and lim inf, .. @,00,,; > 0, Vi > 1,
then x, — TFngxo. O

Furthermore, if S; = S, i > 1 in Corollary 3.1, the following corollary can be obtained
immediately.

Corollary 3.2. Suppose that, besides (D1),

(E1) S: C — Cis closed and quasi-@-asymptotically nonexpansive with {l,,} € [1, ),
L, > 1

(Eo) S is either locally uniformly Lipschitz continuous or uniformly Hélder continuous
with order ® (® > 0), F(S) is bounded in C and F(S) N G = &. Take the sequence
{xn )2 generated by

XOGC, H()=W0=C/
Yn = ]_1(Ofn]xn + (1 - Ofn)]snxn)r
u, € C such that
f(un, y) + (y — tn, Auy) + rl,, (y = tn, Juy —Jyu} =0, VyeC,
Hys1 ={v € Hy: ¢(v,un) < d(v, xn) +8n},
Wi ={ze Wy (xp — 2, Jxo — Jxn) > 0},
Xne1 = Op,,nw,, X0, VR 20,

where {an )0y C (0, 1), {ra}i2y € [a, 00 )for some a > 0 and & = sup,.c ps)(L, -1)(u, x,)
Iflim inf,_,.. o,(1- o) > 0, then Xy — Ilp(s)ncXo. O
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