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Abstract

The shape of metallic nanoparticles used to enhance the performance of thin-film solar cells is described by Gielis'
superformula and optimized by an evolutionary algorithm. As a result, we have found a lens-like nanoparticle cap-
able of improving the short circuit current density to 19.93 mA/cm2. Compared with a two-scale nanospherical con-
figuration recently reported to synthesize the merits of large and small spheres into a single structure, the
optimized nanoparticle enables the solar cell to achieve a further 7.75% improvement in the current density and is
much more fabrication friendly due to its simple shape and tolerance to geometrical distortions.
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Background
For some years, the high costs of silicon materials and
fabrication make photovoltaics less competitive with
electricity generation from fossil fuels even though it has
potential to meet the soaring energy demands nowadays.
Recently, many advanced light trapping techniques such
as dye sensitization [1], plasmonic nanostructures [2-8],
and nanodent plasmonic substrates [9-11] allow sunlight
to be well absorbed within a very thin active absorber
layer (just a few hundred nanometers). Therefore, the
consumption of the absorber material was considerably
reduced [2,3,7,12,13]. Remarkable outcomes have been
achieved by depositing metallic nanoparticles into the
dielectric layer between the Si layer and metallic back
surface, by which the light path is optically prolonged as
the sunlight can be scattered into the active layer at lar-
ger angles and induces extraordinarily strong local field
intensity in the vicinity of metallic nanoparticles [2-5,8].
Such a phenomenon caused by the interaction of light
with the nanostructures is termed as plasmon. Not all
probable factors associated with thin-film solar cells
such as the optical properties of constituting materials
and environmental stimuli [6,14] have been thoroughly
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considered in the optimization, and this paper is con-
fined to the influence of size and shape of nanoparticles
only. In addition to various randomly shaped structures
[3,4], the effects of some primitive geometries such as
cylinder, cone, sphere, and hemisphere on light trapping
have been investigated extensively [3,4,8,15,16]. It was
reported that the cylindrical and hemispherical particles
have better performance than spherical particles [4]. The
investigation reveals that the Ag nanorod deposited on a
SiO2 substrate has the strongest ability to enhance the
resonance energy transfer rate when its cross section is a
circle [17], which in turn proved the importance of the
shape on the surface plasmon. Furthermore, a compli-
cated two-level hierarchical nanostructure consisting of
evenly distributed small spheres on the surface of a large
sphere was found to have the virtues of both large and
small spheres and therefore benefit the current enhance-
ment considerably [5,18].
Nevertheless, complex shapes have not been explored

for their plasmonic properties so far mainly due to the
difficulties in 3-D modeling and optimization. As a class
of unified mathematical expression, Gielis' superformula
demonstrates its simplicity and generality of formulating
a wide variety of 3-D geometries ranging from common
shapes like sphere, cube, octahedron, and cylinder to
highly complex structures via changing a small number of
parameters [19]. A significant advantage of using Gielis'
superformula for shape optimization is to facilitate the
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integration with evolutionary algorithm [20], enabling to
search for such parameters by which the optimal structure
can be constructed. In view of its recent success in investi-
gating the geometry for a soft porous system (i.e., an
adaptive structure undergoing large deformation [21] and
plasmonic nanowires [22] in 2-D), it is prospective to ex-
plore this superformula in 3-D by seeking for the optimal
nanoparticle for thin-film solar cells.

Methods
As shown in Figure 1, the structure of a thin-film solar
cell studied in this paper consists of four ordered layers:
an 80-nm SnO2:F transparent conductive oxide layer on
the front, followed by a 350-nm hydrogenated amorph-
ous silicon (a-Si:H) active layer, subsequently a layer of
Al-doped ZnO (ZnO:Al) thin film into which the Ag
nanoparticles are periodically deposited, and finally a
120-nm Ag back reflector. The idea of such a layered
configuration comes from the attempts in two-scale
nanospheres, which is desirable for thin-film solar cells
as the merits of large sphere (strong resonant intensity
of field) and small spheres (large scattering angles) coex-
ist [5,18,23].
Since the nanoparticles are periodically deposited and

the incident light is normal to the front surface in this
study, it is sufficient to restrain the modeling region to a
representative volume element (RVE) with periodic
boundary conditions applied to its bilateral surfaces par-
allel with the z axis. The open boundaries on the input
and output sides are truncated by perfectly matched
layers, whose distances to the top and bottom of the
solar cell are 200 and 100 nm, respectively. In the RVE,
the solar source is placed on a plane whose distance to
the SnO2:F layer is 100 nm. The electromagnetic field
within the RVE is governed by Maxwell's equations and
solved by the finite difference time domain (FDTD) algo-
rithm [24]. In the present study, we utilize the FDTD
program from Lumerical [25] as it has been used by
many researchers in this area.
(a)

Figure 1 Schematic and cross section of a thin-film solar cell. (a) A 3-D
section of such a solar cell on the vertical symmetry plane.
In a spherical coordinate, the position of any surface
point can be calculated as x = r(θ) cos(θ) r(φ) cos(φ), y = r(θ)
sin(θ) r(φ) cos(φ), and z = r(φ) sin(φ), where the ranges
of azimuthal and polar angles are –π ≤ θ ≤ π and –π/
2 ≤ φ ≤ π/2, respectively. The radial function of Gielis
shape is defined by

r θð Þ ¼ cos mθ=4ð Þ=aj jn2 þ sin mθ=4ð Þ=bj jn3ð Þ−1=n1 :
ð1Þ

The dimension of the 3-D object is determined by
scaling factors a and b, while its shape is controlled by
shape coefficients n1, n2, and n3. The number of rota-
tional symmetries is governed by parameter m, which in-
dicates the number of vertices in the x-y cross section.
To increase the shape variety, r(φ) and r(θ) are different,
determined by two sets of parameters (m, n1, n2, n3) and
(q, n4, n5, n6), respectively. For the nanostructure consid-
ered in the thin-film solar cell, its shape is generally
square symmetric in the plane normal to the incident
wave (e.g., x-y plane); thus, m and q must be even num-
bers in the design. To decrease the design parameters,
n2 = n3 and n5 = n6 can be imposed without influencing
the diversity of Gielis shapes. Similarly, we let a = b = 1
and used a size weighting factor s to account for the vol-
ume and coverage of nanoparticles in the optimization.
Following the aforementioned prerequisites, Figure 2 illus-
trates a class of interesting structures generated through
variations on such a single mathematical equation. Some
of the complicated 3-D pattern features are unlikely to be
fabricated in nanoscale by conventional photolithography.
However, it was reported very recently that the resolution
limit of fabrication has been broken via a combination of
electron beam lithography, photolithography, and resist
spray coating. Structures with high aspect ratio have ef-
fectively been produced in the submicron scale via this
new technique [26]. Therefore, the structures character-
ized with elaborated features in Figure 2 can be fabricated
in nanoscale upon further research.
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schematic of a nanoparticle-enhanced thin-film solar cell. (b) Cross



Figure 2 A variety of complex shapes in terms of Gielis' superformula.
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Since a larger short circuit current density Jsc indicates
a higher open circuit voltage and higher conversion effi-
ciency for solar cells, it is selected as the cost function
to be maximized in the optimization. If each electron–
hole pair contributes to the photocurrent, namely 100%
internal quantum efficiency, Jsc is commonly defined as

J sc ¼ e∫λ= hcð ÞQE λð ÞIAM1:5 λð Þdλ; ð2Þ

where e denotes the charge on an electron, h the Plank
constant, λ the wavelength, and c the speed of light in
vacuum. The quantum efficiency QE(λ) = Pabs(λ)/Pin(λ)
is the ratio of the power of the absorbed light Pabs(λ) to
that of the incident light Pin(λ) within the active film.
IAM1.5 stands for the relevant part of the solar spectral
irradiance. Once Maxwell's system is solved, the Jsc,
electric intensity, absorption, as well as other relevant
factors can be computed to any predefined level of
accuracy.
Based on the above description, the optimization be-

comes a problem when searching for a stationary point
in the hyperspace defined by seven design variables (s, m,
n1, n2, q, n4, n5), so an extreme value of the cost function
is achieved. Now that the number of design variables is
relatively small, we adopt the evolutional algorithm [20]
for the optimization. Such a non-gradient method is ra-
ther simple but fairly efficient and is especially suitable for
optical optimization in which the gradient of the cost
function with respect to the design variables is often too
sensitive to be controlled and stabilized numerically in
terms of our previous studies [22,23,27-29]. The evolu-
tionary algorithm starts from a set of parent vectors ran-
domly selected in the given parametric space. For each
parent vector, the fitness, namely short circuit current
density Jsc, is calculated. Then, an offspring is introduced
by a mutation rule defined as the summation of the
weighted difference between a pair of parent vectors and
the third one. The offspring is required to mend by a
cross-over process for improving the diversity. In this step,
the weighting factor and cross-over probability are set to
be 0.5 and 1, respectively, for the following examples. The
mutation and cross-over processes are repeated until
the best performance is obtained. Importantly, prede-
fined constraints like the bounds of design variables are
incorporated into the optimization algorithm to avoid
missing feasible solutions and generating unmanufac-
turable structures.

Results and discussion
As the thin-film solar cell utilizing two-scale nano-
spheres [5] has been employed as a benchmark, all the
solar cells studied thereafter have the same parameters
(e.g., periodicity of nanostructure) for a rational compari-
son. Some intermediate structures, together with the de-
sign parameters and generated current density, are listed
in Table 1, which clearly illustrate the enhancement of Jsc
and the capability of scanning complex structures in the
optimization. It should be noted that not all structures in



Table 1 Intermediate nanoparticles in the optimization

Jsc m n1 n2 q m1 m2 s Nanoparticle

17.9778 142 6,917.3889 188.7937 6 246.5756 337.3163 71.1604

18.6231 158 19,964.3647 711.4337 10 15,278.7838 1,812.3877 81.6840

19.1814 72 1,774.9 74.6116 12 1,315.1222 473.4534 49.0618

19.4887 10 1,113.2549 196.8687 116 1,268.8916 3.2545 43.1573
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Figure 2 are examined, as the evolutionary algorithm skips
the ones that generate lower Jsc if a better structure has
been identified in previous iteration steps. Finally, the
optimization process yields a lens-like structure (Figure 3a)
that makes the solar cell exhibit Jsc = 19.93 mA/cm2, im-
proving the Jsc = 18.50 mA/cm2 of the abovementioned
benchmarking solar cell by 7.73%. Several similar struc-
tures obtained in the final steps of the optimization are
presented in Figure 3b,c, respectively, showing their con-
tours in the horizontal and vertical symmetric planes.
Interestingly, they generate a very close outcome of Jsc
ranging from 19.91 to 19.93 mA/cm2, even though their
shape difference is notable. Such a robust performance is
of critical importance to mass production as certain fab-
rication errors, usually unavoidable in nanoscale, can be
tolerated by such a reliable structure. Moreover, com-
pared to the two-scale nanosphere [5], such a lens-like
structure is relatively easier to be fabricated due to its
simpler geometry.
The Gielis parameters for this optimal lens-like struc-

ture are m = 2, n1 = 767.6272, n2 = 1,379.6088, q = 152,
n4 = 18,071.6197, and n5 = 255.3518, which result in
4.86% nanoparticle coverage for the thin-film solar cell
when the periodicity of nanoparticles is 646.58 nm and
the weighting factor is s = 45.08. As the coverage is
much smaller than the widely accepted optimal coverage
(10%) [5] with randomly shaped nanoparticles, the fabri-
cation cost is likely to be significantly reduced because
less silver material is consumed. On the other hand, the
volume ratio of this structure to the benchmarking two-
scale sphere is around 14.76%, indicating that the in-
crease of Jsc is attributed to the shape rather than the
volume because larger nanoparticles generally induce
stronger surface plasmon and therefore a larger Jsc.
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Figure 3 Optimization process results. (a) 3-D view of the optimized lens-like nanostructure. (b, c) The attained Jsc and cross-sectional profiles
of the lens-like particles on x-y and x-z planes. (d, e) The electric intensity on the cross section of the lens-like nanoparticle on x-z and x-y planes.
(f) Contour of the logarithmic scale of the absorbed energy per unit volume on the x-z plane.

Zhou et al. Nanoscale Research Letters 2013, 8:447 Page 5 of 6
http://www.nanoscalereslett.com/content/8/1/447
Additional evidence supporting this claim is that Jsc is
not directly related to the areas enclosed by the contours
as demonstrated in Figure 3b,c.
A glimpse of the near-field optical contour helps to

explain the enhancement of short circuit currency dens-
ity. Figure 3d,e illustrates the near-field electric intensity
(|E|2) on vertical and horizontal symmetry planes, re-
spectively, at the time when |E|2 reaches the maximum
on the horizontal symmetry plane (the distribution of
the E field is recorded by a time monitor in the simula-
tion). It is seen that the near-field intensity is evidently
strengthened in the bottom part (Figure 3d) and the bi-
lateral vertices (Figure 3e) around the nanoparticle. The
solar cell can make use of such a strong near-field
enhancement to increase the optical absorption in the
active layer, thereby amplifying Jsc. Interestingly, similar
shapes to the cross-sectional geometry of these lens-like
structures have been reported elsewhere by Macías et al.
recently when they attempted to search for the 2-D
shapes with maximal scattering geometry [22]. Such a
correlation signifies the crucial role played by this struc-
ture in inducing strong surface plasmon.
The logarithmic scale of the absorbed power per unit

volume ∫ ωε″|E|2dV/2 (ω is the angular frequency and ε''
the imaginary part of permittivity) in different layers of
the solar cell on the vertical symmetry plane at the fre-
quency where the maximal absorption is attained (λ =
596 nm) is plotted in Figure 3f. It is noted that the en-
hanced energy absorption in the active layer is ascribed to
the strong local field intensity, surface plasmon polariton
(SPP) mode, scattering effect of nanoparticles, and Fabry-
Pérot (FP) resonance effect. The SPP mode is bounded to
tens of nanometers away from the nanostructure surface
and decays exponentially; thus, its effects on the Si film,
only 20 nm above the nanostructure, are rather evident.
Moreover, the extremely strong intensity of local electri-
city leads to photonic mode predominant in the active
layer and contributes to the energy absorption locally.
This mechanism explains better energy absorption at the
bottom of the active layer which is just above the nano-
structure. The gradient direction of energy absorption (as
arrowed in Figure 3f) shows that the energy flux interacts
with the back Ag surface at large angles, illustrating that
the resonant electromagnetic wave impinges upon the
back metal and is reflected into the active layer obliquely.
Therefore, the reflection from the back Ag surface, to-
gether with the scattering and diffraction caused by the
nanostructural geometry, results in strong absorption at
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the bottom corners of the active layer. The superiority of
the lens-like nanoparticle to other structures such as cube,
sphere, and cylinder in current enhancement can be
attributed to the coexistence of sharp tips and smoothing
surfaces - the former helps to induce local surface plas-
mon and thus the strong field nearby while the latter
enables the sunlight to be effectively scattered at large
angles. These two factors are significant to solar cells and
have been analogically implemented by an array of small
spheres distributed on a large sphere [5].

Conclusions
This work systemically explored the relationship between
a variety of complex shapes parameterized by the 3-D
Gielis superformula and Jsc. We have found that lens-like
nanoparticles can generate significantly higher Jsc than the
two-scale nanospheres that were devised previously. It is
important to note that the optimized nanoparticle is more
fabrication friendly due to its simpler shape and insensitiv-
ity to geometric variations. Numerical simulations have
demonstrated that this nanoparticle can yield strong local
field enhancement, large scattering angle, Fabry-Pérot
resonance, and high surface plasmon polariton, which are
suggested as the effective ways to enhance the absorption
in the active layer of thin-film solar cells [2].
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