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Abstract

The electronic states of a singly ionized on-axis double-donor complex (D2
+) confined in two identical vertically

coupled, axially symmetrical quantum dots in a threading magnetic field are calculated. The solutions of the
Schrödinger equation are obtained by a variational separation of variables in the adiabatic limit. Numerical results
are shown for bonding and antibonding lowest-lying artificial molecule states corresponding to different quantum
dot morphologies, dimensions, separation between them, thicknesses of the wetting layers, and magnetic field
strength.
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Background
Quantum dots (QDs) have opened the possibility to fab-
ricate both artificial atoms and molecules with novel and
fascinating optoelectronic properties which are not
accessible in bulk semiconductor materials. An attractive
route for nano-structuring semiconductor materials
offers self-assembled quantum dots which are formed by
the Stranski-Krastanow growth mode by depositing the
material on a substrate with different lattice parameters
[1-5]. The electrical and optical properties of these
structures may be changed in a controlled form by dop-
ing the shallow impurities whose energy levels are
defined by the interplay between the reductions of the
physical dimension, the Coulomb attraction, and the
inter-particle correlation.
Recently, it has been proposed to use the singly

ionized double-donor system (D2
+) confined in a single

semiconductor QD [6] or ring [7] as an adequate func-
tional part in a wide range of device applications, includ-
ing spintronics, optoelectronics, photovoltaics, and
quantum information technologies. This two-level sys-
tem encodes logical information either on the spin or on
the charge degrees of freedom of the single electron and
allows us to manipulate conveniently its molecular
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properties, such as the energy splitting between the
bonding and antibonding lowest-lying molecular-like
states or the spatial distribution of carriers in the system
[8-12]. One can expect that the singly ionized double-
donor system (D2

+) confined in vertically coupled QDs
should have similar properties. In this paper, we analyze
the electronic states of an artificial hydrogen molecular
ion (D2

+) compound by two positive ions that inter-
change their electron, which is constrained to exchange
between two identical vertically coupled, axially symmet-
rical QDs in the presence of a threading magnetic field.

Methods
Below, we analyze the model of two separated on-axis
singly ionized donors, confined in two coaxial, vertically
stacked QDs, whose identical morphologies present
axially symmetrical layers whose shape is given by the
dependence of the layer thickness h on the distance ρ
from the axis as follows: h(ρ) = db + d0fn(ρ)ϑ(R0 − ρ).
Here, R0 is the base radius, db is the wetting layer thick-
ness, d0 is the maximum height of the QD over this
layer, ϑ(x) is the Heaviside step function, equal to 0 for
x < 0 and to 1 for x > 0, and fn(ρ) = [1 − (ρ/R0)

n]1/n. The
morphology is controlled in this model by means of the
integer shape-generating parameter n which is equal to
1, 2, or tends to infinity for conical pyramid-like, lens-
like, and disk-like geometrical shapes, respectively. As an
example, the 3D image of an artificial singly ionized
r. This is an Open Access article distributed under the terms of the Creative
mmons.org/licenses/by/2.0), which permits unrestricted use, distribution, and
inal work is properly cited.
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molecule confined in lens-like QDs is presented in
Figure 1.
Besides, we assume that the external homogeneous

magnetic field B = Bẑ is applied along the quantum dot's
axis. The dimensionless Hamiltonian of the single elec-
tron in this D2

+ complex in the effective-mass approxi-
mation can be written as

H ¼ �Δþ Vc ρ; zð Þ � 2
r� R1j j �

2
r� R2j j ;Ri

¼ 0; zi; 0ð Þ ð1Þ
where Vc(ρ, z) is the confinement potential, equal to 0
and V0 inside and outside the QD, respectively. The last
two terms in Equation 1 correspond to the attraction be-
tween electron and ions. The effective Bohr radius a0

* =
ℏ2ε/m*e2, the effective Rydberg Ry

* = e2/2εa0
* , and γ =

eℏB/2m*cRy
* have been taken above as units of length,

energy, and the conventional dimensionless magnetic
field strength, respectively.
As both donors are located at the axis, the potential is

axially symmetrical, the angular momentum Lz commu-
tes with the Hamiltonian, and the corresponding eigen-
values give us one good quantum number m. At this
representation, the Hamiltonian (Equation 1) cylindric-
ally coordinates only on two coordinates:

Hm ρ; zð Þ ¼ � 1
ρ

@

@ρ
ρ
@

@ρ
� @2

@z2
þ γmþ γ2ρ2

4
þ Vρ ρ; zð Þ;

Vρ ρ; zð Þ ¼ Vc ρ; zð Þ � 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z � Z2

1ð Þ
p � 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ z � Z2
2ð Þ

p :

ð2Þ
Taking into account that the thickness of QDs is typic-

ally much smaller than their lateral dimension and
Figure 1 Image of the singly ionized molecule confined in
lens-like QDs.
therefore the electron motion in the first direction is
much faster than in-plane motion, one can use the
advantage of the adiabatic approximation [13] in which
the wave function is presented as a product of two
functions:

Ψm ρ; zð Þ ¼ f ρ; zð ÞΦm ρð Þ;m ¼ 0;�1;�2; . . . ; ð3Þ
where the first function f(ρ, z) describes the fast motion
in z direction and satisfies the wave equation

� @2f ρ; zð Þ
@z2

þ V ρ; zð Þf ρ; zð Þ ¼ Ef ρð Þf ρ; zð Þ ð4Þ

with ‘frozen out’ radial coordinate ρ, while the radial part
of the wave function is found in the second step from
the equation

1
ρ

@

@ρ
ρ
@Φm ρð Þ

@ρ
þ γmþm2

ρ2
þ γ2ρ2

4
þ Ef ρð Þ

� �
Φm ρð Þ

¼ EmΦm ρð Þ:
ð5Þ

In our numerical procedure, we solve Equation 4 re-
peatedly for each value ρ by using the trigonometric
sweep method [13] in order to restore the unknown
function Ef(ρ). Once this function is found, then the en-
ergies Em of the molecular complex can be established
by solving Equation 5.
As the potential V(ρ, z) for each fixed value of ρ presents

an even function V(ρ, − z) = V(ρ, z) with respect to the
variable z corresponding to a symmetrical (no-rectangle)
quantum well, then all solutions of Equation 4 can be
arranged in two sets: odd solutions f−(ρ, − z) = − f−(ρ, z)
and even solutions f+(ρ, − z) = f+(ρ, z), called anti-
bonding and bonding states, respectively. These sets
of functions can be found as the solutions of the
boundary value problems corresponding to the differ-
ential Equation 4 within the range 0 < z < ∞ with the

frontier conditions d f þ ρ;0ð Þ
dz ¼ 0; f � ρ; 0ð Þ ¼ 0.

Results and discussion
We have performed numerical calculations of two-
electron renormalized energies Em as a function of
the magnetic flux and for QDs with different morph-
ologies, dimensions, and separation between layers in
order to analyze the Aharonov-Bohm and the
quantum size effects. We consider for our simula-
tions the In0.55Al0.45As/Al0.35 Ga0.65As structures with
the following values of physical parameters: dielectric
constant = 12.71, the effective mass in the dot region and
the region outside the dot for the electron m * = 0.076m0,
the conduction and the valence band offset in junctions is
V0 = 358meV, the effective Bohr radius a0

* � 10nm, and
the effective Rydberg Ry* � 5meV.
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First, we calculate the energies of the molecular complex
as functions of the magnetic field in disk-like, lens-like, and
cone-like vertically coupled QDs and in a single one-
electron QR with smooth non-homogeneity of the surface.
Results for vertically coupled QDs with the heights
d0 = 4nm, the wetting layer thicknesses db = 1nm, radii
R0 = 20nm, and the separation between them d = 6nm are
shown in Figure 2.
It is seen that in all cases, the energy levels are very

sensitive to the magnetic field and their dependencies on
the magnetic field strength exhibit multiple crossovers
and reordering. Comparing these dependencies for the
disk, the lens, and the cone in Figure 2, one can also
observe a successive increase of the number of
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Figure 2 Energies as functions of the magnetic field of a D2
+ in

vertically coupled quantum dots. (Heights 4 nm, wetting layer
thicknesses 1 nm, radii 20 nm, and separation between them 6 nm).
crossovers and the lowering of the region energies where
such crossovers occur. It is related to the variation of
the electron probability distribution inside and around
their InAs layers, which is similar to charge distribution
in a metallic surface when its geometry varies from the
flat to the spiked-type one. Such variation of the prob-
ability distribution is a consequence of the stronger con-
finement in structures with spiked-type QD geometry
where the electron-ion separation is defined by inter-
plays between the electrostatic interaction between them
and the strong structural confinement, making it more
stable with respect to the external magnetic field and the
ring-like electron probability density distribution. There-
fore, the energy dependencies for cone-like QDs have a
shape similar to those that exhibit structures with ring-
like geometry known as the Aharonov-Bohm effect.
The Aharonov-Bohm effect observed usually in ring-

like heterostructures is a manifestation of the competi-
tion between the paramagnetic and diamagnetic terms
in the Hamiltonian, resulting in the oscillation of the
ground state energy. Such oscillations are impossible in
the disk-like structures because of a significant decrease
of the diamagnetic term contribution as the magnetic
field increases and the electron probability distribution
becomes more contracted. In QDs with a spike-like
morphology, the electron probability density is already
strongly confined, the external magnetic field can no
longer decrease more the diamagnetic term contribu-
tion, and the energy dependencies on the increasing
magnetic field become similar to those of ring-like
structures.
In Figure 3, we present results of the calculation of the

density of electronic states in the zero-magnetic field for
QDs with three different morphologies on the left side
case γ = 0 and on the right side for γ = 0.8. It is seen
that the density of electronic states in the case of the
zero-magnetic field for the disk-like structure has a lar-
ger value in the region of the low-lying energy levels and
it decreases successively while the morphology becomes
more and more spike-liked. It is due to the fact that the
electron confinement in the disk is weaker than that in
the lens and that in the lens is weaker than that in the
cone.
Also, it is seen that the lowest peak corresponding to

the ground bonding state in the cone-like structure is
more significantly separated from other excited states
than in two other structures. It is due to the stronger
confinement of the electron in the cone-like structure
where the electron is mainly located nearer to the donor
than in disk-like and lens-like structures.
Comparing the densities of states presented on the left

and right sides of Figure 3, one can see remarkable mod-
ifications that suffer the corresponding curves. Particu-
larly, in the disk-like structure, the presence of the
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Figure 3 Density of the electronic states for a D2
+ in vertically coupled quantum dots. (Heights 3 nm, wetting layer thicknesses 2 nm, radii

20 nm, and separation between them 6 nm for two different values of the magnetic field (γ = 0) and (γ = 0.8)).
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magnetic field provides a displacement of the peaks at
the region of the low-lying energies. In the lens-like and
cone-like structures, the modification is inversed; the
peaks are reorganized in such a way that their distribu-
tion becomes almost homogeneous. Redistribution of
the peaks' positions in the lens is defined mainly by the
additional confinement that provides the external mag-
netic field, while analogous redistribution in other two
spike-liked structures is mainly due to the Aharonov-
Bohm effect.

Conclusions
In short, we propose a simple numerical procedure for
calculating the energies and wave functions of a singly
ionized molecular complex formed by two separated on-
axis donors located at vertically coupled QDs in the pres-
ence of the external magnetic field. Our calculation
includes some important characteristics of the hetero-
structure such as the presence of the wetting layer and the
possibility of the variation of the QD morphology. The
curves of the energy dependencies on the external mag-
netic field for the disk-like, lens-like, and cone-like struc-
tures are presented. We find that the effect of the in-plane
confinement on the electron-ion separation is stronger in
spike-shaped QDs and therefore the energy dependencies
in such structures exhibit a behavior similar to that in
ring-like structures. The analysis of the curves of the dens-
ity of electronic states also confirms this result.
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