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1 Introduction and preliminaries

Throughout this paper, let H; and H, be real Hilbert spaces whose inner product and
norm are denoted by (-,-) and || - ||, respectively; let C and Q be nonempty closed con-
vex subsets of H; and Hj, respectively. A mapping T : C — C is said to be nonexpansive if
| Tx—Ty|| < |lx—y| foranyx,y € C. Amapping T : C — Cis said to be quasi-nonexpansive
if |Tx — pll < |lx — p|| for any x € C and p € F(T), where F(T) is the set of fixed points
of T. A mapping T : C — C is called asymptotically nonexpansive if there exists a se-
quence {k,} C [1,00) satisfying lim,_, - k,, = 1 such that | T"x — T"y|| < k,||x — y|| for any
x,9 € C. A mapping T : C — C is semi-compact if, for any bounded sequence {x,} C C
with lim,_, « [|%, — Tx,]| = 0, there exists a subsequence {2} C {%n} such that {%u;} con-
verges strongly to some point x* € C.

The split feasibility problem (SFP) is to find a point g € H; with the property

qgeC and AgqeqQ, (1.1)

where A : H; — H, is a bounded linear operator.
Assuming that SFP (1.1) is consistent (i.e., (1.1) has a solution), it is not hard to see that
x € C solves (1.1) if and only if it solves the following fixed point equation:

x=Pc(I-yA*(I-Pg)A)x, x€C, (1.2)
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where P¢ and P are the (orthogonal) projections onto C and Q, respectively, y > 0 is any
positive constant, and A* denotes the adjoint of A.

The SFP in finite-dimensional Hilbert spaces was first introduced by Censor and Elfving
[1] for modeling inverse problems which arise from phase retrievals and in medical image
reconstruction [2]. Recently, it has been found that the SFP can also be used in various dis-
ciplines such as image restoration, computer tomograph, and radiation therapy treatment
planning [2-7].

Let S: H; — H; and T : H, — H; be two mappings satisfying F(S) = {x € H; : Sx = x} #
¢ and F(T) = {x € Hy : Tx = x} # ¢, respectively; let A : H; — H, be a bounded linear
operator. The split common fixed point problem (SCFP) for mappings S and T is to find
a point g € H; with the property

qeF(S) and AqeF(T). (1.3)

We use I to denote the set of solutions of SCFP (1.3), that is, I" = {g € F(S) : Ag € F(T)}.

Since each closed and convex subset may be considered as a fixed point set of a projec-
tion on the subset, hence the split common fixed point problem (SCFP) is a generalization
of the split feasibility problem (SFP) and the convex feasibility problem (CFP) [5].

Split feasibility problems and split common fixed point problems have been studied by
some authors [8—15]. In 2010, Moudafi [10] proposed the following iteration method to
approximate a split common fixed point of demi-contractive mappings: for arbitrarily cho-
sen x; € Hi,

Uy =X, + Y BAX(T — I)Ax,,

Xn1 = (L —ay)u, + a,Uu,, neN,

and he proved that {x,} converges weakly to a split common fixed point x* € I', where U :
H; — Hy and T : Hy — H, are two demi-contractive mappings, A : H; — H is a bounded
linear operator.

Using the iterative algorithm above, in 2011, Moudafi [9] also obtained a weak conver-
gence theorem for the split common fixed point problem of quasi-nonexpansive map-
pings in Hilbert spaces. After that, some authors also proposed some iterative algo-
rithms to approximate a split common fixed point of other nonlinear mappings, such
as nonspreading type mappings [16], asymptotically quasi-nonexpansive mappings [12],
k -asymptotically strictly pseudononspreading mappings [17], asymptotically strictly pseu-
docontraction mappings [18] etc., but they just obtained weak convergence theorems when
those mappings do not have semi-compactness. This naturally brings us to the following
question.

Can we construct an iterative scheme which can guarantee the strong convergence for split
common fixed point problems without assumption of semi-compactness?

In this paper, we introduce the following iterative scheme. Let x; € H;, C; = Hj, the se-
quence {x,} is defined as follows:

In =z + (1= ) T1'zy,
Zn =%y + MAX(TY — D Ax,, (1.4)
Cin={veClly.—vl = kallzw = vl Iz = VI < kullxn = I}, '

Xn+l = PCy‘+1 (xl)} n= 1,
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where T) : H; — H; and T, : H, — H, are two asymptotically nonexpansive mappings,
A:H; — H,isabounded linear operator, A* denotes the adjoint of A. Under some suitable
conditions on parameters, the iterative scheme {x,} is shown to converge strongly to a
split common fixed point of asymptotically nonexpansive mappings 77 and T, without
the assumption of semi-compactness on 77 and T5.

The following lemma and results are useful for our proofs.

Lemma 1.1 [19] Let E be a real uniformly convex Banach space, K be a nonempty closed
subset of E, and let T : K — K be an asymptotically nonexpansive mapping. Then I — T is
demiclosed at zero, that is, if {x,} C K converges weakly to a point p € K and lim,,_, » ||x,, —
Tx,|l = 0, then p = Tp.

Let C be a closed convex subset of a real Hilbert space H. Pc denotes the metric pro-
jection of H onto C. It is well known that P¢ is characterized by the properties: for x € H
andz e C,

z=Pclx) & (x-zz-9)>0, VyeC (1.5)
and
2 2
ly—Pc@)|" + |2 =Pc@)|” < lx -yl VyeCVvxeH. (1.6)
In a real Hilbert space H, it is also well known that
Jax+ @= )y |* = Alxl? + A= WllyI? - AQ-W)lx -y, VxyeHVAeR  (17)
and
2(x,9) = %> + IylI* =l =y Vx,yeH. (1.8)
2 Main results
Theorem 2.1 Let Hy and H, be two Hilbert spaces, A : H — H, be a bounded linear
operator, Ty : Hy — H, be an asymptotically nonexpansive mapping with the sequence
{k,(ql)} C [1, 00) satisfying lim,,_, k,(ql) =1, and T, : Hy — H, be an asymptotically nonex-
pansive mapping with the sequence {k,(qz)} C [1, 00) satisfying lim,_, K2 =1, F(T) # W and
F(T,) # 9, respectively. Let x; € Hy, Cy = H1, and let the sequence {x,} be defined as follows:
Zy =%, + AA*(T) — ) Ax,,
Yn =0z + (1 —0,) T{' 2y,
C'}1+1 = {V € Cn : ”yn - V” = kn”Zn - V”: ”ZVI - V” = kn”xn - V”}:
KXn+l = PCn+1 (xl)7 n=> 1:
where A* denotes the adjoint of A, A € (0, ﬁ) and {a,} C (0,n] C (0,1) satisfies

liminf,_ o0 ay(1 — ) > 0, ky = max{k,kP}, n> 1. If T = {p € F(T}) : Ap € F(T»)} # 9,
then {x,} converges strongly to x* € T".
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Proof We will divide the proof into five steps.
Step 1. We first show that C, is closed and convex for any n > 1.
Since C; = Hy, so C; is closed and convex. Assume that C, is closed and convex. For any
v e C,, since
lyn =VI> <kollzn =vIIP & (2kzu—2yn — kov+ v, v) < K2llzall® = llynll®,
lzu = vI* < killxn —vI> & (2knxn — 22, — kov +v,v) < kllxa|® = [zl
we know that C,,; is closed and convex. Therefore C,, is closed and convex for any n > 1.
Step 2. We prove I' C C,, for any n > 1.
Let p € T, then from (2.1) we have
2
20 = plI* = | %0 — p + AA* (T = 1) Ax, ||
" 2
= llwn = pI* + |2A* (T3 = 1) Axy |~ + 20, — p, A* (T3 — I)Ax), (2.2)
where
2Mxn = p, A (TS 1) Axy)
=2MAx, — Ap, (T} —1)Ax,)
ZA(A -p)+ ( —I)Ax,, — (T;’ —I)Ax,,, (TZ” —I)Ax,,)

21(T3 A%, Ap, (T3 - DAs,) - | (T3 - 1) Ax, ")

1 1
(58w - gl + 51 (22 - D

1
- s Aot (13- D)
1 n 2 1 2
<2k 1A%, — Apl® ——||(T 1) Az, —EnAxn—Apn)
(T4 - 1) A, || + 2(K2 - 1) [ Ax, - AplI*. (2.3)

Substituting (2.3) into (2.2), we can obtain that

2w =PI = Nl =PI + 224 [ (T3 = 1) A | = 2] (T3 - 1) A, |
+A(k2 = 1)||Ax, — Ap|l®
= lltn = pII? = A (U= 2[4 *) (T3 - D) A |* + MIAIP (K2 = 1) s, —
< kol = pI? = 2(L= 2 A" ) |(T3 - 1) A (2.4)
In addition, it follows from (2.1) that

lyn =PIl = |n(zn = p) + @ = ) (T720 - p) |
< kullzu —pl. (2.5)

Therefore, from (2.4) and (2.5), we know that p € C, and I" C C,, for any n > 1.
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Step 3. We will show that {x,} is a Cauchy sequence.
Since I' C C,y1 C C, and %41 = Pc,,, (x1) C C,, then

[%n1 =21 < lp—x1ll forn>1andpel. (2.6)

It means that {x,} is bounded. For any #n > 1, by using (1.6), we have

%01 = Zall? + 121 = 21 = |1 = P, @) |* + |1 = P, (1) ||*

< [[xpe1 — 21 ”2;

which implies that 0 < [|x,, — %,,1]1% < |%e1 — %112 = ||, — %1 ||2. Thus {||, — %1} is nonde-
creasing. Therefore, by the boundedness of {x, }, lim,,_, » ||, — ;|| exists. For some positive

integers m, n with m < n, from x,, = Pc,,(x1) C C,, and (1.6), we have
2 2
(1% _xn”z + [l _xn”2 = me _PCn(xl)H + ”xl _PCn(xl)H =< ll%m _xl”Z' (2.7)

Since lim,,_, oo [|x, — x1]| exists, it follows from (2.7) that lim,,_, » ||, — %,,|| = 0. Therefore
{x,} is a Cauchy sequence.
Step 4. We will show that lim,,_, , ||z, — T12,| = lim,— « ||A%x,, — ToAx,|| = 0.

Since x,,,1 = Pc,,,, (%1) € Cys1 C Cy, we have

1zn = %ull < Nz = Xl + %01 — % ll < A+ k) %01 — %0ll = O, (2.8)
1y = Zull < Y0 =%l + %1 — xull < (1 + k;%)”xml = x4l = 0, (2.9)
lyn = zull < yn = xull + ln — zall — 0. (2.10)

Notice that A(1 — A|JA*||?) > 0, it follows from (2.4) that

2 _ Kgllen = pl> — llzn = pI?
= VYRR

[ (75 = 1)Ax|

- (k2 =) llxn = pII?* + (0 = pll + 2w = pIDU1%0 = pll = 20 = pII)
- A1 — 1|l A*]2)

_ (g = Dllew = plI* + % = zull (I = pll + 120 = p1)
B AL = A[IA*]1%) '

thus, since {x,} is bounded and lim,,_, o k,, = 1, from (2.8) we have
lim [[(T3 - I)Ax, | =o0. (2.11)

On the other hand, since

1y = bl = @z — p) + (1= ) (TV20 - p) ||

:an”Zn —P||2 + (1—0(,,)” Tlnzn —P||2 _an(l_an)” Tlnzn _Zn”2

2

’

<[1+ (& = 1))z — pII* — an(l — ) | TV 20 — 20
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we have

(L= )| T2 20 = 2a||* < 12w = pI? = llyn =PI + (K2 = 1) |12, - pI®

< (Izn = 21l + 1lyn = 2I)llzn = yull + (K = 1)llzn = pII>.
Since liminf,_, o @, (1 — ;) > 0 and lim,,_, o, k;, = 1, we know that

lim || (77 - I)z| = 0. (212)

n—00

In addition, since ||z,1 — zull < 1Zne1 — Xns1ll + 1%ne1 — xull + 1%, — 2411, we know that

lim,,_, o0 ||Zs1 — 2|l = 0. So from

1 1
”Zn - len” = Hzn —Zpel T Zpe1 — T1n+ Zps1 T T1n+ Zn+1

n+1 n+1
=Tz, + T2, — Thza |

’

< (1 + kn+1)||zn - Zn+1|| + ||Zn+1 - T1n+lzn+1 || + kl ” Tlnzn —Zyn
we can obtain that
lim ||z, — Thz.|| = 0. (2.13)
n—0o0
Similarly, we have
lim ||Ax, — ToAx,| = 0. (2.14)
n— o0

Step 5. We will show that {x,,} converges strongly to an element of I".

Since {x,} is a Cauchy sequence, we may assume that x,, — x*, from (2.8) we have z, —
x*, which implies that z,, — x*. So it follows from (2.13) and Lemma 1.1 that x* € F(T}).

In addition, since A is a bounded linear operator, we have that lim,,_, o, |Ax, — Ax*|| = 0.
Hence, it follows from (2.14) and Lemma 1.1 that Ax* € F(T,). This means that x* € I" and
{x,,} converges strongly to x* € I'". The proof is completed. O

In Theorem 2.1, as T; = T, and H; = H,, we have the following result.

Corollary 2.2 Let Hy be a Hilbert space, T : Hy — H; be an asymptotically nonexpan-
sive mapping with a sequence {k,} C [1,00) satisfying lim,_, o k, = 1. The sequence {x,} is
defined as follows: x; € Hy, C, = H;

Zy =%y + AMT" = Dx,,
Vn =QuZy + (1 - Ol,,)TnZ,,,, (2 15)
Cn+l = {V € Cn : ”yn - V” = kn”zn - V”: ”ZVI - V” = kn”xrl - V”}:

Xn+l = PCn+1 (xl)7 n 2 1:

where A € (0,1) and {«,} C (0,n] C (0,1) satisfies liminf,_,  a,(1 —,) >0. IfF(T)={p €
H, :p=Tp} #0, then {x,} converges strongly to a fixed point x* of T.
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In Theorem 2.1, when T and T, are two nonexpansive mappings, the following result
holds.

Corollary 2.3 Let Hy and H, be two Hilbert spaces, A : Hi — Hy be a bounded linear
operator, Ty : Hl — Hy and T, : Hy — H, be two nonexpansive mappings such that F(T) #
@ and F(T,) # 0, respectively. Let x; € Hy, C, = Hy, and let the sequence {x,} be defined as
follows:

2y =Xy + MA*(To — )Ax,,

In = uzZy + (1= on) T12y,

Con={veCy:lly,. =Vl < llzw—vIl < %0 = vIl},
X1 =P, (%), n=>1,

(2.16)

where A* denotes the adjoint of A, A € (O,m) and {a,} C (0,n] C (0,1) satisfies
liminf, o a,(1 —a,) > 0. If T ={p € F(T1) : Ap € F(T,)} #, then {x,} converges strongly
tox*eTl.

Remark 2.4 When T; and T, are two quasi-nonexpansive mappings and I — 71 and I — T

are demiclosed at zero, Corollary 2.3 also holds.

Example 2.5 Let Cbe aunit ball in a real Hilbert space /2, and let T; : C — C be a mapping
defined by

Tyt (%1,%2,...) = (0,47, dpxz, dsxs, ...).

It is proved in Goebel and Kirk [20] that
@) 1T - Tyl <2llx-yll, Vx,y € C;
(i) |1T7x - T{‘y|| < 21_[ aille—yll, Yo,y € C,Vn = 2.

Taking a; = 2~ o ,Jj = 2, it is easy to see that ]_[j=2 a; = % So we can take k; = 2, and
k,=2 ]_[1'7:2 aj, n > 2, then

lim k, = lim 21_[2 2/1 =1.

H—0Q n—0oQ
j=2

Therefore T; is an asymptotically nonexpansive mapping from C into itself with F(T}) =
{(0,0,...,0,...)}.
Let D be an orthogonal subspace of R” with the norm |lx|| = /Y ", 7 and the inner

product (x,y) = Y xy;forx = (x1,...,x,) and y = (y1,...,¥n). Foreachx = (x1,%2,...,%,) €
D, we define a mapping 75 : D — D by

(%1, %2, .+ . %) if TT5, % <0;

sz = . n
(=x1,—%2,...,—x,) if []; %> 0.

It is easy to show that || T5x — Tyyl* = |lx — (=1)"y[I> = lx]* + lylI* = llx — yI1* or | T5x —

Toyl* = I1(-1)"x = y|I* = llx|* + |lylI> = |lx — y||* for any x,y € D. Therefore T is an
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asymptotically nonexpansive mapping from D into itself with F(T3) = {(0,0,...,0)} U
{(x1,%2,...,%,) : []1-, %: < O} since || Tyx— Ty||*> < ky|lx—y||* for any sequence {k,} C [1,00)
with lim,_ o &k, = 1.

Obviously, C and D are closed convex subsets of /? and RV, respectively. Let A : C — D
be defined by Ax = (x1,%,...,%,) for x = (x1,%,,...) € C. Then A is a bounded linear oper-
ator with adjoint operator A*z = (x1,%2,...,%,,0,0,...) for z = (x1,%9,...,%,) € D. Clearly,
=((0,0,...,0,..)) A4l = 4" =1

Taking C; = C, ky = 2, ki1 = 2 ]_[;':21 27, n>1,y= % and o, = 0.8 — ﬁ, n > 1. It follows
from Theorem 2.1 that {x,} converges strongly to (0,0,...) € I'.

3 Applications and examples
Application to the equilibrium problem
Let H be a real Hilbert space, C be a nonempty closed and convex subset of H, and let the
bifunction F : C x C — R satisfy the following conditions:
(Al) F(x,x)=0,VxeC;
(A2) F(x,9)+F(y,x) <0,Vx,y € C;
(A3) Forallw,y,z € C, limyo F(tz + (1 — £)x,y) < F(x,9);
(A4) For each x € C, the function y —> F(x,y) is convex and lower semi-continuous.
The so-called equilibrium problem for F is to find a point * € C such that F(x*,x) > 0
for all y € C. The set of its solutions is denoted by EP(F).

Lemma 3.1 [21] Let C be a nonempty closed convex subset of a Hilbert space H, and let
F:C x C — R be a bifunction satisfying (A1)-(A4). Let r > 0 and x € H. Then there exists
z € K such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r

Lemma 3.2 [21] Assumethat F : C x C — Rsatisfies (Al)-(A4). Forr > 0 and x € H, define
a mapping T, : H — H as follows:

1
T, (x) = {ze C:F(z,y)+-(y—zz—x)>0,Vy € C}, VxecH.
r

Then
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, that is, for all x,y € H,

ITox = Toyll* < (T = Try,x - 9);

(3) F(T,) = EP(F);
(4) EP(F) is nonempty, closed and convex.

Theorem 3.3 Let H) and H, be two Hilbert spaces, A : Hy — Hy be a bounded linear oper-
ator, T : Hy — H, be a nonexpansive mapping, F : Hy x Hy — R be a bifunction satisfying
(A1)-(A4). Assume that C := EP(F) # ¥ and Q := F(T) # 9. Taking C, = Ha, for arbitrarily
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chosen x; € Hy, the sequence {x,} is defined as follows:

2, =Xy + MAX(T - 1)Ax,,

F(,) + 3 (y =ty thy —2,) = 0, Vy € H,

Vn = nZp + (1= o)ty (3.1)
Conn={veCu:llyn—vl <llzu—vI <%, = v},

KXn+l = PC,Hl (xl): n>1,

where A* denotes the adjoint of A, {r,} C (0,00), A € (0, m) and {a,} C (0,n] C (0,1) sat-
isfies liminf, oo 0, (1—0,) > 0. If T = {p € C : Ap € Q} # 0, then the sequence {x,} converges

strongly to a point x* € T'.

Proof 1t follows from Lemma 3.2 that u,, = T,(z,), F(T,) = EP(F) is nonempty, closed and
convex and T, is a firmly nonexpansive mapping. Hence all conditions in Corollary 2.3 are
satisfied. The conclusion of Theorem 3.3 can be directly obtained from Corollary 2.3. O

Let E; and E, be two real Hilbert spaces. Let C be a closed convex subset of E;, K be
a closed convex subset of E;, A : E; — E; be a bounded linear operator. Assume that F
is a bi-function from C x C into R and G is a bi-function from K x K into R. The split
equilibrium problem (SEP) is to

find an element p € C such that F(p,y) >0, VyeC (3.2)
and
such that u := Ap € C solves G(u,v) >0, VveKk. (3.3)

Let Q = {p € EP(F) : Ap € EP(G)} denote the solution set of the split equilibrium problem
SEP.

Example 3.4 [22] Let E; = E; =R, C:=[1,+00) and K := (—00, —4]. Let A(x) = —4«x for all
R, then A is a bounded linear operator. Let F: C x C — Rand G: K x K — R be defined
by F(x,y) =y —x and G(u,v) = 2(u — v), respectively. Clearly, EP(F) = {1} and A(1) = -4 €
EP(G). So Q2 = {p € EP(F) : Ap € EP(G)} # .

Example 3.5 [22] Let E, = R with the standard norm | - | and E; = R? with the norm ||| =
(a3 + a%)% for some « = (a1,a5) € R%. K := [1,+00) and C := {& = (a1,a3) € R?|ay — a; > 1}.
Define a bi-function F(w, o) = wi — Wy + ag — ay, where w = (w1, wh), a = (a1,a,) € C, then
F is a bi-function from C x C into R with EP(F) = {p = (p1, p2)|p2 — p1 = 1}. For each & =
(a1,a7) € Ey, let Aa = ay —ay, then A is a bounded linear operator from Ej into E,. In fact, it
is also easy to verify that A(ac + bay) = aA(a) + bA(ap) and ||A|| = V2 for some ay, a5 € E;
and a, b € R. Now define another bi-function G as follows: G(u,v) = v —u for all u,v € K.
Then G is a bi-function from K x K into R with EP(G) = {1}.
Clearly, when p € EP(F), we have Ap =1 € EP(G). So Q = {p € EP(F) : Ap € EP(G)} # (.

Corollary 3.6 Let Hy and H, be two Hilbert spaces, A : H — Hy be a bounded linear
operator, F : Hy x Hy — R be a bifunction satisfying EP(F) # ¥ and G : Hy x Hy, — R be a
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bifunction satisfying EP(G) # (. Taking C, = Hy, for arbitrarily chosen x, € Hy, the sequence
{x,} is defined as follows:

F(un’y)+ i(y_umun_xr» >0, VyeH,
Gy, 2) + % (z=Vup, vy —Au,) >0, VzeH,,
2y =ty + XA* (TS —1)Auy,

Vi = Uz + (1= ) TF %,
Conn={veCu:llyn—vl <llzu—-vl < %, = v},
X1 =P, (1), n>1,

(3.4)

where A* denotes the adjoint of A, {r,} C (0,00), A € (0, m) and {o,} C (0,17] C (0,1)
satisfies liminf,_, o o, (1 — @0,) > 0. If Q = {p € EP(F) : Ap € EP(G)} # 0, then the sequence

{x,} converges strongly to a point x* € Q.

Remark 3.7 Since Example 3.4 and Example 3.5 satisfy the conditions of Corollary 2.3,
the split equilibrium problems in Example 3.4 and Example 3.5 can be solved by algorithm
(3.4).

Application to the hierarchial variational inequality problem
Let H be a real Hilbert space, T7 and T5 be two nonexpansive mappings from H to H such
that F(T1) # @ and F(T3) # .

The so-called hierarchical variational inequality problem for nonexpansive mapping T}

with respect to a nonexpansive mapping T : H — H is to find a point x* € F(T;) such that
(x* — Tox*, x* —x) <0, VxeF(T). (3.5)
It is easy to see that (3.5) is equivalent to the following fixed point problem:
find x* € F(T) such that ™ = Pp() Tox™, (3.6)
where Pr(r,) is the metric projection from H onto F(T}). Letting C := F(T;) and Q :=

F(Pp(ry) T>) (the fixed point set of the mapping Pr(r;)T2) and A = I (the identity mapping
on H), then problem (3.6) is equivalent to the following split feasibility problem:

find x* € C such that Ax* € Q. (3.7)

Hence from Theorem 2.1 we have the following theorem.

Theorem 3.8 Let H, Ty, T,, C and Q be the same as above. Let x, € H, and C, = Hy, and
let the sequence {x,} be defined as follows:

Zn = Xp + MTy — Dy,
Yn = nzn + (1 = ) 112y, 35)
Con={veCllyn—vl < llzn =V < % = vIl},

KXn+l = PCy‘+1 (xl)} n= 1,
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where A € (0,1) and {«,} C (0,1] C (0,1) satisfies liminf,_, o (1 — ) > 0. If CN Q #
@, then the sequence {x,} converges strongly to a solution of the hierarchical variational
inequality problem (3.5).
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