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Abstract

In this paper, we introduce some new spaces of almost convergent sequences
derived by Riesz mean and the lacunary sequence in a real n-normed space. By
combining the definitions of lacunary sequence and Riesz mean, we obtain a new
concept of statistical convergence which will be called weighted almost lacunary
statistical convergence in a real n-normed space. We examine some connections
between this notion with the concept of almost lacunary statistical convergence and
weighted almost statistical convergence, where the base space is a real n-normed
space.
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1 Introduction

The concept of 2-normed space has been initially introduced by Gahler [1]. Later, this
concept was generalized to the concept of n-normed spaces by Misiak [2]. Since then,
many others have studied these concepts and obtained various results [3-10].

The idea of statistical convergence was given by Zygmund [11] in 1935, in order to ex-
tend the convergence of sequences. The concept was formally introduced by Fast [12]
and Steinhaus [13] and later on by Schoenberg [14], and also independently by Buck [15].
Many years later, it has been discussed in the theory of Fourier analysis, ergodic theory,
and number theory under different names. In 1993, Fridy and Orhan [16] introduced the
concept of lacunary statistical convergence. Statistical convergence has been generalized
to the concept of a 2-normed space by Giirdal and Pehlivan [3] and to the concept of an
n-normed space by Reddy [9].

Moricz and Orhan [17] have defined the concept of statistical summability (R, p,). Later
on, Karakaya and Chishti [18] have used (R, p,)-summability to generalize the concept of
statistical convergence and have called this new method weighted statistical convergence.
Mursaleen et al. [19] have altered the definition of weighted statistical convergence and
have found its relation with the concept of statistical (R, p,)-summability. In general, the
statistical convergence of weighted mean is studied as a regular matrix transformation. In
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[18] and [19], the concept of statistical convergence is generalized by using a Riesz summa-
bility method and it is called weighted statistical convergence. For more details related to
this topic, we may refer to [5, 20-23].

In this paper, we introduce some new spaces of almost convergent sequences derived by
Riesz mean and lacunary sequence in a real #-normed space. By combining the definitions
of lacunary sequence and Riesz mean, we obtain a new concept of statistical convergence,
which will be called weighted almost lacunary statistical convergence in a real n-normed
space. We examine some connections between this notion with the concept of almost
lacunary statistical convergence and weighted almost statistical convergence, where the

base space is a real n-normed space.

2 Definitions and preliminaries
Let K be a subset of natural numbers N and we denote the set K, = {j € K :j < n}. The
cardinality of K, is denoted by |K,,|. The natural density of K is given by §(K) := lim, % |K|,
if it exists. The sequence x = (x;) is statistically convergent to £ provided that, for every
€ >0, the set K = K(¢) := {j € N: |x; — £] > ¢} has natural density zero.

Let (px) be a sequence of non-negative real numbers and P, = p; + pp + - - - + p, for r € N.

Then the Riesz transformation of x = (x;) is defined as

1 r
b= — Zpkxk- (2.1
Py k=1

If the sequence ¢, has a finite limit &, then the sequence x is said to be (R, p,)-convergent
to £. Let us note that if P, — co as r — oo then the Riesz transformation is a regular
summability method, that is, it transforms every convergent sequence to convergent se-
quence and preserves the limit.

If pr =1 for all k € N in (2.1), then the Riesz mean reduces to the Cesaro mean C; of
order one.

By a lacunary sequence 6 = (k,), where ko = 0, we will mean an increasing sequence of
non-negative integers with k, — k,_; — oo as r — 0o. The intervals determined by 6 will
be denoted by I, = (k,_1, k,]. We write &, = k, — k,_;. The ratio o will be denoted by g,.

Throughout the paper, we will use the following notations, which have been defined in
[24].

Let 0 = (k,) be alacunary sequence, (px) be a sequence of positive real numbers such that
H, = Zkeul’k’ Py, = Zke(o,k,]pk’ Py, = Zke(o,k,_]]pk’ Q,:= %, Py = 0 and the intervals
determined by 0 and (pi) are denoted by I| = (Px._,, Px.], Hy = P, — Py, If py =1 for all
k €N, then H,, Py, Py,_,, Q, and I, reduce to h,, k;, k;_1, g, and I,, respectively.

If 6 = (k) is a lacunary sequence and P, — 00 as r — 00, then 6" = (P, ) is a lacunary
sequence, that is, P =0, 0 < Py, < Py, and H, = Py, — P, — oo as r — oo.

Throughout the paper, we will take P, — 0o as r — 00, unless otherwise stated.

Lorentz [25] has proved that a sequence x is almost convergent to a number £ if and

only if #,,(x) — & as k — oo, uniformly in m, where

Xm + Xmal + 00+ Xmak-1

k

tiom(X) = , keN,m=>0. (2.2)
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We write f —limx = £ if x is almost convergent to £. Maddox [26] has defined x = (x;) to
be strongly almost convergent to a number & if and only if #,,(|x — §e|) — 0 as k — oo,
uniformly in m, where x —£e = (x; — &) foralljand e = (1,1,...).

Let n € N and X be a real vector space of dimension d > n > 2. A real-valued function
I, -l : X — R satisfying the following conditions is called an n-norm on X and the

pair (X, ||,...,-||) is called a linear n-normed space:
(1) ll*1,...,%,]l =0 ifand only if 1, ..., %, are linearly dependent,
(2) |I*1,...,%5]| is invariant under permutation,
(3) llaxy, ..., %5—1,%4] = |||, ..., %41, %, | for any « € R,

4) l1x1,-- o xu-1, ¥ + 2|l < %1%, Y| + 121, - - %01, 2], for all y, 2,21, .., 1 € X

A sequence x = (x;) in an n-normed space (X, ||-,...,-||) is said to be convergent to some
& € X in the n-norm if for each ¢ > 0 there exists a positive integer jo = jo(¢) such that
llwj — &,21,...,24-1]| < & for all j > jo and for every nonzero z;,...,z,1 € X.

A sequence x = («;) is said to be statistically convergent to £ if for every ¢ > 0 the set K :=
{ieN:|xj—&,z1,...,2,1]l = ¢} has natural density zero for every nonzero zi,...,2z,-1 € X,
in other words, x = (x;) is statistically convergent to & in #-normed space (X, ||-,...,||) if
lim;_, oo %|{j eN:|x;-&,z1,...,2,1|| = €}| = 0, for every nonzero zi,...,z,.1 € X.For £ = 0,

we say this is statistically null.

3 Main results
Throughout the paper w(X), l~(X) denote the spaces of all and bounded X valued se-
quence spaces, respectively, where (X, |-,...,||) is a real n-normed space.

The set of all almost convergent sequences and strongly almost convergent sequences
with respect to the n-norm ||, -|| are denoted by F and [F], respectively, as follows:

Feo x € Loo(X) : limg_ oo |Exm(x — £€), 21, ..., 241 ]| = 0, uniformly in m,
for every nonzero z,...,z,.1 € X ’

and

F] - % € loo(X) : im0 L (|l — E€,21, . . ., 241]]) = O, uniformly in m,
| for every nonzero zj,...,Z,-1 € X ’

where ty,,(x) is defined as in (2.2). We write F — limx = § if x is almost convergent to &
with respect to the #n-norm and [F] — limx = & if x is strongly almost convergent to & with
respect to the n-norm. It is easy to see that the inclusions [F] C F C /= (X) hold.

Now, we define some new sequence spaces in a real z-normed space as follows:

[i? 2 0], = x:lim, o || H% ZkelrpktkM(x —&e),z1,...,2y-1|| =0, uniformly in m,
e for some & and for every nonzero z;,...,z,-; € X ’

(® 2 0), = x:lim,_ o ]% Zke[,pk”tkM(x -&e),z1,...,2y-1|| = 0, uniformly in m,
e for some & and for every nonzero zj,...,2,.1 € X ’

R,y 6, = x:lim,, o H% > ker, Prtim(lx —€,21,...,2,11]) = 0, uniformly in m,
e for some & and for every nonzero zj,...,2,.1 € X

The following results are obtained for some special cases:
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(1) If we take m = 0 then the sequence spaces above are reduced to the sequence spaces

[C1,0]4, (C1,0)u, | C1, 0], respectively as follows:

[C 6] _ x:limr—MX) ”1—% Zke]rpktk()(x_Ee)’zlr'“;zn—lll =0,
| =
T for some & and for every nonzero zi,...,z,.1 € X ’
. 1
(C 0) x:lim, s o0 Hy, Zke]rpk”tk()(x_Ee)’zlxn';zn—l” =0
1 =
o for some & and for every nonzero zi,...,z,-1 € X ’
. 1
Cubl x im0 7 > ker Pitwollx —6e,z1, ..., 2,1 = 0,
1 = .
o for some £ and for every nonzero zi,...,2,-1 € X

(2) If we take pr =1 for all k € N, then the sequence spaces above are reduced to the

following spaces:

we] x im0 || ;,l—r Zkg, tm(x—£e),21,...,2,-1|| = 0, uniformly in m,
o]y =
" for some & and for every nonzero zj,...,z,-1 € X ’
(ws) x:lim,_, oo hir > ker, |tim(x —&e),z1,...,2,1]l = 0, uniformly in ms,
0 =
" for some & and for every nonzero zj,...,z,-1 € X ’
| x 2 lim,_, o hlr > ker, tim(lx —§€,21,..., 2, 1)) = 0, uniformly in m,
9 =
8 for some & and for every nonzero zj,...,z,-1 € X

(3) Letus choose 6 = (k,) = 2" for r > 0, then these sequence spaces above are reduced

to the following spaces:

Rop] x:lim, o || 1% Y kw1 Pitim(x —€€),z1,..., 21| = 0, uniformly ]
yPrin = " )

in m, for some & and for every nonzero zj,...,2z,.1 € X

x:lim,_ o Pi, Y k1 Piclltim(x — £€),z1,..., 2,1 || = 0, uniformly

(Rrpr)n =3. ’
in m, for some & and for every nonzero zj,...,z,.1 € X
. 1 r .
Ropl = x im0 5; Y ko1 Pition(llx — Ee,21,...,2,1]]) = 0, uniformly
2Prin — N
in m, for some & and for every nonzero zj,...,z,.1 € X

(4) If weselect 0 = (k) = 2" for r > 0 and the base space as (X, |-, -||) then these
sequence spaces above are reduced to the sequence spaces which can be seen in [5].
(5) If we choose pr =1 for all k € Nand 0 = (k) = 2" for r > 0, then these sequence
spaces above are reduced to the sequence spaces [Ci],,, (C1),, |C14, respectively.
Now, we give the following theorem to demonstrate some inclusion relations among the
sequence spaces If?,p,,el,,, (ie,p,,e)n, [f?,p,,@],,, |Cy,0]n, (C1,0),, [C1,0], with the spaces
F and [F].

Theorem 3.1 The following statements are true:
1) [F]CFC R,p,0)u C [Rpr,01, C [C1, 0],
2) [F1CIRpp01n C Ry 0)n C [R,py,0], C [C1, 0],
(3) [F1 C IR py0ls C1C1,0| C (C1,0)n C [C1,0]n.
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Proof We give the proof only for (2). The proofs of (1) and (3) can be done, similarly.
So we omit them. Let x € [F] and [F] — limx = £€. Then t,,(||x - &e,z1,...,2,-1]]) = O as
k — o0, uniformly in m, for every nonzero z;,...,z,-1 € X. Since H, — 0o as r — 00, then
its weighted lacunary mean also converges to & as 7 — oo uniformly in m. This proves that
x € |R,p,,01, and [F] - limx = |R, p,, 6|, — limx = &. Also since

H—Zpktkmx £€),21,... Zn1

r kel

< gZpkHtkm x—£€),21,.. s 2|

" kel,

<—Zpkrkm lx—&e,z1,.... zns ),

kelr

then it follows that [F] C R, p,,0], C (R, py,0), C [R,p,,0], and [F] - limx = |R, p,, 0], —
limx = (f?,p,,@)n — limx = [f?,p,,@]n — limx = &. Since uniform convergence of IIH% X
Zkelrpktkm(x—Se),zl,...,z,,_1|| with respect to m, as r — oo, implies convergence for
m = 0 and for every nonzero z,...,z,-1 € X. It follows that [f?,pr,Q]n C [C1,0], and
[f?,p,, 0], —limx = [Cy, 0], — limx = &. This completes the proof. O

Theorem 3.2 Let 0 = (k) be a lacunary sequence and liminf, Q, > 1. Then (R,p))n C
(i%,p,, 0), with (i%,p,),, —limx = (f%,p,, 0), —limx = £.

Proof Suppose that liminf, Q, > 1, then there exists a § > 0 such that Q, > 1+ § for suffi-
ciently large values of r, which implies that 3 H’ > 8 Ifxe (R, Pr)n With (R, Pr)n—limx =&,
then for sufficiently large values of r, we have

—Zpk|tkm<x £€),21,- ., Zu1 |

K i1
1 kr—1 kr
_P_<Zpk”tkm(x_ée)lernoxzn—lH + Z pk”tkm(x_ge):zlynuzn—l”)
& k=1 k=ky_1+1
H,
2 5 ( > pe|tim(x—&e),z1, ... Zn 1||)
kr H, kely

=T Zpklltkmx £e),zi,.

for each m > 0 and for every nonzero z;,...,z,1 € X. Then, it follows that x € (i?,p,,@),,

with (R, p,,0), — limx = £ by taking the limit as » — co. This completes the proof. O

Theorem 3.3 Let 0 = (k;) be a lacunary sequence with limsup, Q, < co. Then (R,pr,0), €
(ie:pr)n with (k’prr 0), —limx = (F;Pr)n —limx =§.

Proof Letx e (f?,p,, 0), with (f?,p,, 0), —limx = &. Then for ¢ > 0, there exists g( such that
for every g > qo

L, Zpk |tim(x —E€), 21, 201 || < &, (3.1)
q kel
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for each m > 0 and for every nonzero zi,...,z,1 € X, that is, we can find some positive

constant M such that
Ly;<M forallg. (3.2)
limsup, Q, < co implies that there exists some positive number K such that
Q, <K forallr>1. (3.3)

Therefore for k,_; < r < k,, we have by (3.1), (3.2), and (3.3)

1 r
IT Zpk Htkm(x - 53),21, ceerZp-1 ||
" k=1

kr
Z | tiom (x — E€), 21, ..., 201 |
r—] k=1
(Zpklltkm(x—Ee),zl,...,zn1H + > bl - Ee),z1, .o zaa |+
kel kelp

+ ZPkHtkm(x—56)121»~-,Zn—1|| + "'+Zpk”tkm(x_ge)rzlwu»zn—ln)

kquO kel

(LiHy + LoHo + -+ - + LgyHyy + LggiHggn + -+ + LH,)
kr-1

M )
(H1+H2+--~+qu)+P—(qu+1+---+H,)

k-1 r-1
M &
Pk (P/q P/(0+"'+qu0 quO 1) K(quo_quo_1+"'+Pkr_Pkr_1)
=Mqu° +8Pkr ~ Prgy
Pkr—l Pkr—l
Py
<M—1 ¢k,
Pkr—l

for each m > 0 and for every nonzero zi,...,z,-1 € X. Since Py, — 00 as r — 00, we get
xe (R, Pr)n with (R, Pr)n — limx = £. This completes the proof. O

Corollary 3.4 Let 1 < liminf, Q, < limsup, Q, < oco. Then R,p,0)y = (R,py), and
(R,py,0), —limx = (R, p,),, — limx = &.

Proof 1t follows from Theorem 3.2 and Theorem 3.3. O

In the following theorem, we give the relations between the sequence spaces (wy), and
(R, py)n-

Theorem 3.5
(1) Ifpr <1 forallk e N, then (wp), < (R, py)n and (wg), —limx = (R, p,), — limx = &.
2) Ifpx>1forallk € N and (I;—:) is upper-bounded, then (R, p,), < (wy), and
(R,py)n —limax = (wy),, — limx = &.
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Proof
(1) If px <1forall k € N, then H, < &, for all r € N. So, there exists an M, a constant,
such that 0 < M; < ]h{—r’ <1forall r € N. Let x € (wy),, with (wg), — limx = &, then for

an arbitrary ¢ > 0 we have

1 11
e Zpk ||tkm(x - Ee)’zl;“'rzn—l “ <—— Z ||t/<m(x - Ee)»zl;uwzn—l H’
Hr kel, Ml hr kel,

for each m > 0 and for every nonzero z;,...,z,-1 € X. Therefore, we get the result by
taking the limit as r — oo.

(2) Let px >1forall k € N, then H, > k, for all » € N. Suppose that (’;—:) is
upper-bounded, then there exists an M5, a constant, such that 1 < IZ—: < M, < oo for
all 7 € N. Let x € (R, p,), and (R, p,),, — limax = £. So the result is obtained by taking
the limit as r — oo for each m > 0 and for every nonzero z,...,z,-1 € X, from the

following inequality:

1 1
h_ Z |tim(x = E€), 21, 20 | SMzﬁ ZPkHtkm(x—53)721,...,2;1—1”'
r kel r kel,

O

Now, we define a new concept of statistical convergence in n-normed space, which will

be called weighted almost lacunary statistical convergence:

Definition 3.6 The weighted almost lacunary density of K € N is denoted by § 3 5, (K) =
limraooH%lK,(sﬂ if the limit exists. We say that the sequence x = (x;) is weighted al-
most lacunary statistically convergent to & if for every ¢ > 0, the set K.(¢) = {k € I :
Pilltim(x —&e),z1,...,2,-1|| > €} has weighted lacunary density zero, i.e.

lim {kEI;:pk”tkm(x—ée),zl,...,z,,_l ” ZEH =0 (3.4)

1
Jim 2|
uniformly in m, for every nonzero zi, ..., z,1 € X. In this case, we write (S ), #) —limg x¢ =
&. By (S(z4), 1) we denote the set of all weighted almost lacunary statistically convergent
sequences in #7-normed space.
(1) If we take pg =1 for all k € N in (3.4) then we obtain the definition of almost
lacunary statistical convergence in n—normed space, that is, x is called almost
lacunary statistically convergent to § if for every ¢ > 0, the set

Ky(e) ={k € I, : ||tim(x — E€),z1,...,241|| = €} has lacunary density zero, i.e.

ggohlry{kez,; | tiom = £0), 20, 20| = €} = 0 (3.5)
uniformly in m, for every nonzero zi,...,z,-1 € X. In this case, we write
(So,n) —lim; x; = &. By (Sp, 1) we denote the set of all weighted almost lacunary
statistically convergent sequences in n-normed space.
(2) Letus choose 6 = (k,) for r > 0 then the definition of weighted almost lacunary
statistical convergence which is given in (3.4) is reduced to the definition of

weighted almost statistically convergence, that is, x is called weighted almost

Page 7 of 11
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statistically convergent to & if for every ¢ > 0, the set
Kp, (&) = {k <Py : plltim(x — §€),21,.. ., zu1]| > €} has weighted density zero, i.e.

. 1
lim — |
r—00 Pr

{ka,:||tkm(x—§e),z1,...,z,,_1”Zs}’:O (3.6)
uniformly in m, for every nonzero zi,...,z,-1 € X. In this case, we write
(Sg,n) —lim; x; = £. By (Sg, n) we denote the set of all weighted almost lacunary
statistically convergent sequences in n-normed space.

(3) Letus choose 6 = (k,) for r > 0 and py =1 for all k € N, then the definition of
weighted almost lacunary statistical convergence, which is given in (3.4), is reduced
to the definition of almost statistical convergence.

Theorem 3.7 Ifthe sequence x is (R, p,,0),-convergent to & then the sequence x is weighted
almost lacunary statistically convergent to &.

Proof Let the sequence x be (i?,p,,@)n—convergent to & and K,,,(e) = {k € I : prltim(x —
ge),z1,...,zy-1|| > €}. Then for a given ¢ > 0, we have

1 1
— piltimx—£e) i,z | = — D pe|timx-Ee) 21,z
Hr kely Hr kely

k€Kym(e)

1
= 8E|Krm(8)|

for each m > 0 and for every nonzero z € X. Hence, we see that the sequence x is weighted
almost statistically convergent to & by taking the limit as r — oo. O

Theorem 3.8 Let pi||tim(x —£€),z1,...,24-1|| <M forall k €N, for each m > 0 and for ev-
ery nonzero zi,...,zy-1 € X. Then (S(Rﬁ),n) C (R,p,,0), with (S(ie,o)’ n) —limx = (R, p,,0), —
limx=§&.

Proof Let x be convergent to £ in (S, 77) and let us take
]<rm(8) = {k € 1; :pk”tkm(x - ée),Zb ceesZp-1 H > 8}'

Since pi||tim(x —Ee),z1,...,zu-1]| < M for all k € N for each m > 0, for every nonzero
21,..-,2y-1 € X and H, — 0o as r — 00, then for a given ¢ > 0 we have

1

1
]Tr%pk“tkm(x—56):Z1,...,Zn—1” T H ;Ir Pi|tom(x —E€), 21, ., zu |

kEKrm(s)

1
v 2 peltinle—ge 2z
" kel
KeKy(e)

<M L | Ko | i
— + —¢
=g el g

1
=< Mﬁ|1<rm(s)| t6&,

r
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for each m > 0 and for every nonzero zi,...,z,1 € X. Since ¢ is arbitrary, we have x €
(R, Pr»0), by taking the limit as r — oco. O

Theorem 3.9 The following statements are true.
) If p <1 forall k € N, then (Sg,n) (S ), 1)
(2) Let px > 1 forall k e N and ('Z—:) be upper-bounded, then (S g), 1) < (Sp, ).

Proof
(1) If px <1forall k € N, then H, < h, for all r € N. So, there exist M; and M,
constants, such that 0 < M; < H’ <M, <1forallr e N. Let x € (S, n) with
(Sp, m) —limx = &, then for an arb1trary & >0 we have

1
ke ot -te) 2, z0a | = e

1
=4 —|{ Py <k < Pi : pic|tim(x —E€),21,... 20 | = €}
r
11
< Mh_HPk"l <ke1<k <Py <k: ||tkm(x—Ee),zl,...,z,,_ln > 8}|
1
= Mh—Hkr 1<k=<k: ”tkm(x &e),z1,.. ,Zn—1|| 2€}|
11
= _1h_ {kelr: ”tkm(x_Se):zlr---’zn—ln ZS} ’

for each m > 0 and for every nonzero zy,...,z,.1 € X. Hence, we obtain the result by
taking the limit as r — oo.

(2) Let (%) be upper-bounded, then there exist M; and M, constants, such that
1<M; < H’ <M, < oo for all r € N. Suppose that py > 1 for all k € N, then H, > #,
forall r € N. Let x € (R, p,), and (R, p,),, — limx = &, then for an arbitrary & > 0 we
have

1
h—|{ke],: |tim(x — €€), 21, ..., 201 || = €}
1
= _|{kr—1 <k <k :|timx—Ee)z1,..., 20| = e}

<M2— { vl SPr <k <k <Py : Pk”tkm(x £e),z,.. ,anln 28H

I =

=M2ﬁ|{Pkr,1 <k <Py : pr|tim(x - £€), 21, 20 | = €}
r

1
=Mzﬁ|{k€1;:Pk”tkm(x—56),21,...,%_1” > ¢},

r

for each m > 0 and for every nonzero z,...,z,1 € X. Hence, the result is obtained by
taking the limit as r — oo. g

Theorem 3.10 For any lacunary sequence 0, if liminf,Q, > 1 then (S, n) C (S(ie,e)’ n) and
(S, n) —limx = (S(iz,e)’ n)—limx=§&.

Proof Suppose that liminf,Q, > 1, then there exists a 8 > 0 such that Q, > 1 + § for suffi-

ciently large values of r, which implies that H’ > If x € (S, n) with (S, 1) — limx = £,

— 1+8
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then for every ¢ > 0 and for sufficiently large values of r, we have

1
EHkEPkr :pkHtkm(x—ée),zl,...,ZVFIH > 8}|

r

1

> P [P, <k <P, :pi|tim(x —§€), 21, ..., 20| = €}

H 1
- <17|{Pk,_1 <k <Py :pi|tim(x —£€), 21, 20 | > 6}\)

_P_kr -

for each m > 0 and for every nonzero z,...,z,_1 € X. Hence, we get the result by taking

5§ (1
> m(ﬁ, {kEI;/«:pk”tkm(x—56),21,...,Zn_1” > 8}

the limit as r — oo. g

Theorem 3.11 Let 0 = (k) be a lacunary sequence with limsup,Q, < oo, then (S(m), n) C
(Sk,n) and (S, n) —limx = (S(ie,e)’ n)—limx=§&.

Proof If limsup, Q, < 0o, then there is a K > 0 such that Q, < K for all » € N. Suppose that
x € (S(z9), 1) with (Sz),7) — limx = & and let

N, := Hk el :pk”tkm(x—Ee),zl,...,zn_l H > s}’ (3.7)

Ny
Hy

max{N, :1 <r <ry} and let r be any integer satisfying k,_; < r < k,, then for each m > 0

By (3.7), given ¢ > 0, there is a rp € N such that < ¢ for all r > ry. Now, let M :=

and for every nonzero zi,...,z,.1 € X we can write

1
_|{k§Pr:pk”tkm(x_ge):zlyn-;zn—ln 28}|
.
1
< 15 |{Pk,_1 <k <Py :pk”tkm(x—Ee),zl,...,zn_l|| > s}|
kr-1
= (Ni+No+---+ Ny + Npg1 + -+ N;.)
kr_1
M.r 1
= P](F? Pk, ] S(HVOH + + Hr)

+&
Pkr—l Pkr—l

M.
< i +eQ, < %t ek,
Pkr—l kr-1
which completes the proof by taking the limit as » — oco. O

Corollary 3.12 Let 1 < liminf,Q, < limsup,Q, < 00. Then (S(z4), 1) = (Sg, n) and (S, n) —
limx = (S(ie,e)’”) —limx =¢&.

Proof 1t follows from Theorem 3.10 and Theorem 3.11. d
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