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Abstract

The purpose of this paper is to investigate the existence and iteration of symmetric
positive solutions for integral boundary-value problems. An existence result of
positive, concave and symmetric solutions and its monotone iterative scheme are
established by using the monotone iterative technique. An example is worked out to
demonstrate the main result.
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1 Introduction

The existence and multiplicity of positive solutions for linear and nonlinear multi-point
boundary-value problems have been widely studied by many authors using a fixed point
theorem in cones. To identify a few, we refer a reader to [1-4] and references therein.

At the same time, boundary-value problems with integral boundary conditions consti-
tute a very interesting and important class of problems. They include two-, three-, multi-
point and nonlocal boundary-value problems as special cases. Hence, increasing attention
is paid to boundary-value problems with integral boundary conditions. For an overview
of the literature on integral boundary-value problems, see [5-9].

Recently an increasing interest has been observed in investigating the existence of pos-
itive solutions of boundary-value problems for differential equations by using the mono-
tone iterative method. In [10-14], the authors used the monotone iterative method to get
a positive solution of multi-point boundary-value problems for differential equations. In
particular, we would like to mention some excellent results.

In [15], Pang and Tong concentrated on the following problem:

u’(x) + f(x, ulx),u'(x)) =0, O<x<l,
u(0) = u(1) = folp(s)u(s) ds.

They constructed a specific form of the symmetric upper and lower solutions, and by
applying monotone iterative techniques, they constructed successive iterative schemes
for approximating solutions.
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In [12], Sun et al. considered the positive solutions to the p-Laplacian boundary-value
problem

(' () + q()f (£, u(t),u'(t)) =0, te(0,1),
W'(0) =Y ol (&), W)= i ().

They investigated the iteration and existence of positive solutions for the multi-point
boundary-value problem with p-Laplacian. By applying monotone iterative techniques,
they constructed some successive iterative schemes to approximate the solutions.

In [16], Ding considered the integral boundary-value problem

(P’ @) +f(t,u(t),u'(t)) =0, tel0,1],
u(0) = fo u(r)g(r) dr, u(l) = fo u(r)h(r)dr.

By applying classical monotone iterative techniques, they not only obtained the existence
of positive solutions, but also gave iterative schemes for approximating the solutions.

So, motivated by all the works above, in this study, we consider the following second-
order multi-point integral boundary-value problem (BVP):

i(¢(u’(t)))’ +f(t, u(t) u'(t) =0, te(0,1), L)

w0)= Y0 o [ gMudr,  uw() = Y7 [ g(r)u(rdr,

where ¢ : R — R is an increasing homeomorphism and homomorphism with ¢(0) = 0
A projection ¢ : R — R is called an increasing homeomorphism and homomorphism if
the following conditions are satisfied:
(a) Ifx <y, then ¢(x) < ¢p(y) for all x,y € R;
(b) ¢ is a continuous bijection and its inverse mapping is also continuous;
(© ¢(xy) = Pp(x)p(y) forallx,y € R.
We will assume that the following assumptions are satisfied:
(C1) feC([0,1] x [0,+00) x R,R), f(t,u,v) > 0 for all (¢,u,v) € [0, %] x [0,+00) x R
and f(t,u,v) = f(1 —t,u,—v) for all (¢,u,v) € [%,l] x [0,4+00) x R;

(C2) O=no<m< - <Nuao<imai=lLn+&,1_i=1forie{0,...,m—1}and a; >0
with o; = a,,; fori e {1,...,m—1};

(C3) gecC(0,1],]0, +oo)) and g is symmetric about % on [0,1]. In addition
0<Zla,f"l r)dr < 3.

We note that the m- pomt boundary condition is related to m — 1 intervals of the area
under the curve of the solution u(t) from ¢ = n;_; to t = n; for i = 1,...,m — 1. We investi-
gate here the iteration and existence of symmetric positive solutions for the multi-point
integral boundary-value problems with ¢-Laplacian (1.1). We do not require the existence
of lower and upper solutions. By applying monotone iterative techniques, we construct
successive iterative schemes for approximating solutions. To the best of our knowledge,
no contribution exists concerning the existence of symmetric positive solutions for multi-
point boundary-value problems with integral boundary conditions by applying monotone
iterative techniques.

2 Preliminaries
In this section, we give some lemmas which help to simplify the presentation of our main

result.
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Lemma 2.1 Ifh € C[0,1] is nonnegative on [0,1] and h(t) # 0 on any subinterval of [0,1],
then the BVP

:w(u’( ) +h()=0, te(0,1), 1)

u(0) = Zﬂlla,fm g(r)u(r)dr, u) =Y Lmlla,fgl g(ru(r)dr,

has a unique solution u(t) given by

B 1 m-1 ' ni r . s
u(t) = T Zl T (V)d’",zl:al/m_1g(r)/0 ¢ (Ax—/o h(r)dr) dsdr
t a ~ s
+/0 ¢ (Ax /Oh(t)dr) ds

m-1

1 & 1 s
- : A~ | h(x)dr)dsd
u(t) Y (r)era /s g(r)/r ¢ ( /0 (v) ‘L') s dr

i=1

—/t1¢_1(Ax—fosh(r)dr) ds,

where A, satisfies

or

-1

1 S
-3 o nl g(r)dr - a,/ r)/ ( /0 h(‘r)dr) dsdr
1 & S
e > o [, gr)dr 3 /gl g(r)/ < ‘/0 (r) r> sdr

1 _1< ~ s ) ~
+/0 oA, /Oh(r)dr ds=0. (2.2)

Proof Suppose that u is a solution of BVP (1.1). By integrating both sides of

W(t)=¢7! <Ax - /oth(s) ds),

we have

u(t) = u(0) + /t¢1 <Ax - S h(‘[)d‘[) ds
0 0

or

= u(l)/[lqb_1 (Ax - /Osh(t)dr) ds

According to boundary conditions (2.1), we have

u(t) = - T fm 2 dr 4 ozi /m lg(r)/ < /(;sh(t)dt> dsdr
+/0 ¢‘1<Ax—/o h(r)dr) ds

Page 3 of 14
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or
1 Et
= - dt |dsd
“(t) > a,fé’ (r)dr ‘2 /g, (r)f ( f ) T) s
1
- A, - [ hx)d )d ,
/[qb ( /0 (t)dt ) ds
where A, satisfies (2.2). O

Lemma 2.2 Ifh € C[0,1] is nonnegative on [0,1] and h(t) # 0 on any subinterval of [0,1],
then there exists a unique A, € (—00, +00) satisfying (2.2). Moreover, there is a unique 8, €
(0,1) such that A, = [;" h(z)dr.

Proof For any /1 in Lemma 2.1, define

1- Zlalfsl g(r)dr
1- 21%,71(’")“"

x Za,/ g / (c—/(jh(r)dt) dsdr
ni-1
+ (1— ti:ai /gig(r)dr) /01¢_1<c—/osh(r)dr> ds
+ :nzjai /él‘a‘l(g(r)/:(;)1 (c— /:h(r)dt) dsdr. (2.3)

From the expression of H,(c) it is easy to see that H, : R — R is continuous and strictly

Hy(c) =

increasing, and

1
H,(0) <O, Hx</ h(t)dr) > 0.
0

Therefore there exists a unique A, € (0, fol h(t)dt) C (—00, +00) satisfying (2.2). Further-

more, let
t
F(t):/ h(t)dr,
0

then F(¢) is continuous and strictly increasing on [0,1], and F(0) = 0, F(1) = fol h(t)dr
Thus

1
0=F(0)<A,<FQ1) =/ h(t)dz
0

implies that there exists a unique 8, € (0,1) such that

Ox
Ax:/ h(t)dr. O
0
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Remark 2.1 By Lemmas 2.1 and 2.2 the unique solution of BVP (2.1) is given by

1- Ztmllot,lfn'lg(r dr
x Yt 1 g(r) [T o7 h(z)dv) dsdr
0 - +fod 1(ffx h(r)dr)ds, 0<t<3, oa)
-7 alfé .8 dr
x Y e f&’ g(r) fl ¢‘1(f;x h(t)dt)dsdr
+ft fa 7)dt)ds, 0 <t=<1l

Lemma 2.3 Suppose that (C1)-(C3) hold. If h € C[0, 1] is symmetric, nonnegative on [0,1]
and h(t) # 0 on any subinterval of [0, 1], then the unique solution u(t) of BVP (2.1) is concave

and symmetric with u(t) > 0 on [0,1].

Proof Let u(t) be a solution of BVP (2.1). Then

(B )) =-h@®) <0, te[0,1].

Therefore, ¢(u/(¢)) is strictly decreasing. It follows that #/(¢) is also strictly decreasing.
Thus, u(t) is strictly concave on [0,1]. For symmetry of i(¢), it is easy to show that
Hx(f(fx h(t)dt) =0, ie., 8 = % So from (2.4) and for ¢ € [0, %], thenl-te [%,1], by the

transformation r = 1 — 7, we have

P 1

1 m-1 1-ni1 1-r 3
u(t) = - w [ i [ o7 ( /
1- Zl 7 g dr 1-ni 0 s

i=1

+/ qﬁ_l(/7 h(r)dr) ds
0 s
Againlets=1-5and by (C2), n; + &1, =1fori € {0,...,m—1}. Then
EWI 1
M(t)= ngl B 2 allmllg(r)/ (/ r)dr)d@d?
1 3
+/ ¢>‘1< h(t)dr) ds
1-¢ 1-s
Finally, t =1-7,
1 & s
u(t) = a,/ (r)/ (/ h(r)dt) dsdr
1- Zl 1 o fél g(V %
1
+/ ¢! (/ h(r)dr) ds
1-t )

= u(l-1). (2.5)

h(r)dr) dsdr
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We note that «; = «,,,_; fori € 1,...,m — 1. So,

Em-1 Em—(m—l)
Z o; / gr)dr=o / gr)dr+- - +aua / g(r)ydr
i=1

Em-1-i Em—2 fm—l—(m—l)

Em-1 &1
= am_I/ gr)ydr+---+ aI/ g(r)dr
Em-2 0

m-1 &
= Zai / glr)dr
i-1 §in1

Ifte [%,1], then 1 — ¢ € [0,1]. From (2.5), it follows that (1 — ¢) = u(1 = (1 - ¢)) = u(?),
te [%,1]. This together with (2.5) implies that u(t) = u(1 — ¢), t € [0,1]. Without loss of
generality, we assume that #(0) = min{«(0), «(1)}. By the concavity of u#, we know that
u(t) > u(0), t € [0,1]. So we obtain

m-1 . m-1 X
u(0)=> o / ! gru(r)dr = u(0) Y "o / ! g(r)dr.
i=1 Ni-1 i=1 ni-1

By 0 < Zl Lo 73‘4 glr)dr< %, it is obvious that #(0) > 0. Hence, u(¢) > 0,t € [0,1]. O

Let B = C'[0,1] be the Banach space with the norm

llze|| = max( 2() + u’z(t))l/2

Define the cone P C B by
P= {u € B: u(t) is nonnegative, symmetric and concave on [0, 1] }
We can define an operator T : P — B by

(Tu)(2)
1
1- Zlmllal /’h. 1g(r Ydr
x Yt [T gr) [y 67N f(z ), () dr) dsdr

1/2 , W do) ds, 0 ",
] B e ) dnds ez

1- Zl 1 otlfé'l g(r)dr
X Zl 7 l_il g() frl qb‘l(fls/zf(t, u(z),u' (7)) dt)dsdr
+ft Sy f (T, u(r),u (v)) dr) ds, 1/2<t<1.

It is easy to prove that each fixed point of T is a solution for (1.1).
Lemma 2.4 Let (C1)-(C3) hold. Then T : P — P is completely continuous.

Proof From the definition of T, it is easy to check that Tu is nonnegative on [0,1] and
satisfies boundary conditions (1.1) for all # € P. Furthermore, since (¢((Tu)'(¢)))' < 0, we
obtain the concavity of (Tu)(¢) on [0, 1]. From the definition of the symmetry of f, (Tu)(t) =
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(Tu)(1-¢) holds for ¢ € [0,1]. In summary, Tu € P,and TP C P. Next, by standard methods
and the Arzela-Ascoli theorem, one can easily prove that the operator T is completely
continuous. O

Lemma 2.5 Assume that (C1)-(C3) hold. Suppose also that there exists a > 0 such that for

0<t<1/2,0=u1<uy<a,0<|n|<|nl<a
S ur,v1) < f(t uz,v).
Then, for uy, uy € P, with uy(t) < uy(t), |u}(t)| < |u,(2)|, t € [0,1], we have

(Tu)(0) < (Tuz)(®),  [(Twn) (®)] < |[(Tua)'(0)],

te[0,1].
Proof First we prove that, for all £ € [0,1/2],

(Tu1)(2) < (Tun)(2), |(Twn)' (8)] < |(Tua) (8))|-
From our assumptions, we have

f(om(0), u (1)) <f(t,ua(1), uy(z)), 7 €[0,1/2],

and hence
1/2 172
f f(t, ul(r),u/l(r)) dr < f f(t, uz(r),u’z(t)) dr, s€]0,1/2].

Since ¢! is increasing on R, then for all s € [0,1/2], we obtain

1/2 1/2
¢! </ St m(0), u (7)) dl’) <¢! (/ f (T, ua(x), uy (7)) dr).

Thus, for ¢ € [0,1/2],

(Tur)(t) — (Tuz)(2)

m-1 ; . 12
i > a,f”' r)drzal/l_ 8(r) /o |: _l</s f(t'ul(f)yu/l(‘[))dl'>

=

172
¢t (/ f(r,u2(r), u/z(r)) dr>:| dsdr

¢ 12 12
+/0 [qb‘l(/s f(r m (), uy(r)) dr) —¢>‘1</S S (T ua(2), uy (1)) dt)}ds

<0

and
|(Tu1) (8)| = |(Tua)' (8)|

1/2 1/2
¢! (/t f(r,m(z),uy(r)) dt) -¢ </t f (7 ua(7), (7)) dT) =0.
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Therefore, (Tu;)(t) < (Tus)(t), |(Tuy) (t)] < |(Tuy) (¢)] hold for t € [0,1/2]. In fact, if ¢ €
[1/2,1],then1—-¢ € [0,1/2] and hence from the fact that (7u;)(¢) and (Tu,)(£) are symmetric
about 1/2 on [0, 1], it follows that, for ¢ € [1/2,1],

(Tur)(t) = (Tuz)(8) = (Tur)(1 - ) = (Tup)(1 - ) < 0,

’Tul ‘—|TM2 (t)| |(TL£1 —t’—‘Tuz 1 t|<0
In summary,

(Tw)(8) < (Tuo)(8),  |(Tw)'(8)] <

te[0,1]. O

3 Mainresults
In this section, we establish our existence result of positive, concave, and symmetric solu-

tions and its monotone iterative scheme for BVP (1.1). For convenience, we denote

1 1
- e ) ndr’ 1=y alfé’ r)dr}

A =max{~/24;,2+/2}.

A= max{

Theorem 3.1 Assume that (C1)-(C3) hold. If there exists a > 0 such that
(i) f(t,u1,v1) <f(6 12, v0) forany 0 <t < 3,0 <y <up <a,0 < |[n| < |w| <a;
(ii) maxoitf%f(t, a,a) < (%)
Then (1.1) has at least two positive, concave, and symmetric solutions w* and v* satisfying

a2

0<w*§T, O<|(w*)/|§

aﬁ
2 )

lim w, = l1m T "wo = w*,

n— 00
. . ! /
Tim (w,)' = lim (T"wo) = ("),
where
m—la i
M(W +20), 0<t<1/2,
o
wo(t) = g (5 (31)
V2 = O‘Lfg
%(‘1—1 21-1), 1/2<t=<1
1- Zml O‘tfgl 1
and
0<v* <a, 0<|(V*)/|§6Z,

lim v, = lim T"vy =%,

n—00 n—00
Jm ()= i (T"o) = ()

where vy(t) =0,0 <t <1.
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Proof Let P, = {u € P| ||u|| < a}. Define two functionals on B as follows:

a(u) = max [u(®)], )= max |u' ().
Then
llull < v/2max{a(u), B(u)}.

If u € P,, then ||u|| < a. Hence,

0<u(t)< max‘u(t)| <|u| <a, 0< ‘u/(t)’ < max{u/(t)’ < Hu’” <a.
0<t<1

0<t<1

From (i) and (ii), we have that

0 <f(tu(t), (V) <f(t,a,a) < max f(t,a,a) < ¢>(%).

0<t<1/2

Then,

a(Tu) 51<1§1<><1‘(Tu)(t)‘ = (Tu)(%)

1
Loy w7 g dr

iy i r 172
X ;ai /r\]inlg(r)\/\o d)*l (l f(T,M(T),M/(T)) d'[) dsd}"
172 1/2

' /0 ¢1(/S f(r,u(r),u/(r))dr>ds

1
-y e f&_il g(r)dr

m-1

& 1 s
x Zott / g(r)/ ¢_1(/1/2f(r,u(r),u/(r)) dr) dsdr

i=1 §

1 s
1 ,
o[ ([ stetor i) ar) as

1
< max PP —
1->7 o nit g(r)dr

m-1

i 1 1
XY ‘/jlg(i‘)/o ¢_1(/(; Sz u(x),u' (1)) dr) dsdr

i=1 g

1 1
-1 7
+/0 ¢ (/0 f(f,u(r),u(f))dr>ds,
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N /01¢_1 (/Olf(f,u(f), W (1)) dr) ds}

1 1
N il
A 1=y a,f‘ g(r)dr 1=y a,fgl_‘_lg(r)dr
a2
< —.
-2
Furthermore,

B(Tu) = g(lg}ll(Tu)’(t)l = (Tu) (0)

1/2
:¢‘1< /0 f(r,u(r),u’(r))dr)

_aﬁ
=

=

NN
Sl >

Hence
||Tu||<x/—max{a(Tu),3 Tu)} x/—ia a.

So we have T(P,) C P,. Let

aﬁ( Z =1 alfy]l.lgr)dr

20), 0<t<1/2,
() lzll"tfllg ;+20) st=V
Wo = )d
%(% 2(1-1), 12<t<l
1300 O‘rfgl 1

(3.2)

Then |w|| < 22 and wo(t) € P,. Let wi(t) = (Two)(¢), then w; € P,. Now we denote a

2
sequence {w,} by the iterative scheme

Wpe1=Tw, = T"'wy, n=0,12,....

(3.3)

Since T(P,) C P, and wy(¢) € P,, we have w, € P,, n =0,1,2,.... From Lemma 2.4, T is
compact, we assert that {w,};2, has a convergent subsequence {w,, }?°; and there exists

w* € P, such that Wy, — w*. On the other hand, since

wi(t) = (Two)(2)

1
-1 ;
1- Zz 1 o{lf’?; lg dr

x Y e [ g(r) [y 67N (T wo(r), wy(0) d) dsdr
_ + fo 1(fsmf(T:Wo(T ), wy(T)) dt)ds,

X Zl 1 oel l__lg(r) frl o7 ([} o f (T, wo (), wy(T)) dT) dsdr
+ft Y[ nf (owo(), wy(r)) dr) ds,

(L ey g0
-y ey [ ) dr
Srte i g0)dr

1—2,’2[1 a; fél—l g(r)dr

+1), 0=<t=<1/2,

IA
BN

( +1-1), 12<t<1

BN

0<t<1/2,

172<t=<1
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a3 ( ZI e oty g
O e f g
Srte [ gt)dr

-y ey f;i_l g(r)dr

IA

a2 ( +2(1-1), 12<t=<1

=wo(t), 0=<t<l1

and
w1 (0] = [(Two)'(2)]
e @ wo@), wh o) dr), 0=t <172,
([ f (T wo (1), Wy(1))dT), 1/2<t<1
a
< —
T A
2
< 4: lwh(e), 0<t<1
We note that
a2 , a2
a(w) = max |wi(@)] = ==, BOw):= max [wi(8)] = =~
Consequently,

lwill < V2max{a(w), fw)} < a.
By Lemma 2.5, we know that T is increasing, it follows that

w(t) = (Twy)(£) < (Two)(t) =wi(t), 0<t<1,

Wi ()] = |(Twn) ©)] < |(Two) ®)] = |wi(®)], 0=t=<1.

Moreover, we have

Wn+l(t)fwn(t)r iw;+1(t)| = |W;q(t) ’ 05t§1,n=0,1,2,....

Therefore, w,, — w*. Let n — oo in (3.3) to obtain Tw* = w* since T is continuous. It is
well known that the fixed point of the operator T is a solution of BVP (1.1). Therefore, w*
is a concave, symmetric, positive solution of BVP (1.1).

Let vo(£) = 0,0 <t <1, then vo(¢) € P,. Let v; = Tvy, then v; € P,. We denote

Vn+l=TVn=TnV0, n=0,12,....

Similar to {w,};2,, we assert that {v,};2, has a convergent subsequence {v,, }72, and there

exists v* € P, such that Vi — V', that is,

Ve (t) = V() (k— o0)on[0,1],

v, &) = V() (k—o0)on0,1].

Page 11 of 14
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Since v; = Tvp = TO € P, then

vi(t) = (Tvo)(£) = (TO)(1) =0, 0=t=<1,

i&)] = [(Tve) (1)| = [(TO) ()] =0, 0=t<1,
we have

va(t) = (Tn) () = (TO)(t) =wi(8), 0=t=<1,

v = [(Tn) O] = [(T0)(8)| = [n(8)], 0=t=<L
By induction, it is easy to see that forn =1,2,...,
Vi1 (£) = vy (2), |V;,+1(t)| > |V,n(t) , 0<t<1l

Thus v,, — v* and Tv* = v*.

Since every fixed point of T in P is a solution of BVP (1.1), then w* and v* are two positive,

concave, and symmetric solutions of BVP (1.1).

Corollary 3.1 Assume that (C1)-(C3) and Theorem 3.1(i) hold. If there exists 0 < a; < ap <

.- < ay, such that

(111) max()f[fl/zf(t’ A, ﬂk) = (b(%); k= 1L2,.. . N

Then BVP (1.1) has at least 2n positive, concave solutions wi and v satisfying

N akﬁ

0<wp < 5 0<|(w,t),|§akﬁ,

2

. . " X
lim wy, = lim T"wg, = w;,
n—00 n—00

i o, = fimn (T = (),
where

/T N ey g0dr
4 ( m=1_ i + t)’
1_21:1 o ni,lg(’)dr
= T E
Who a3 Tl 00
4 1- fﬁ;laif;i_lg(r)dr

0<t<1/2,

+21-1), 1/2<t<1

and

!

0 <V <a, 0<|(V,’§)|§ak,
lim v, = im T"v, =v;
kn n— 00 ko k’

n—00

Jim (v, = Jim (T"vio) = (%)

where v, (£) =0,0 <t <1.
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4 Example
Consider the following second-order boundary-value problem with integral boundary

conditions:

(p(u'( t) ) +f @ u(t),u' () =0, te(0,1),
w(©0) =1 [V* Lur)dr+ L . /1,3 Lu(r)dr, (4.1)
u(l) = 2’3 Lu(rydr+ 1 f5, Yu(r)dr,

where

ftuv)=td-t)+ ﬂ(g + g) +39, (t,u,v)e[0,1] x [0,00) x (—00,0),

and ¢(u) = ulu|, g(t) = %, a = %, a, =0, az = %, no =0, n = i, ny = %, n3 = 1. We note
that 0 =ng<m < - <Wma2<fmai=Lni+&u1i=1forie0,...,m-1and o; = a,,,_; for
iel,....m—1.Then & =1, & = %, & = %, £ = 1. Choosing a = 26+/2, by calculations we
obtain A = 24/2. It is easy to verify that f (¢, u, v) satisfies

(1) f(t,u1,v1) <f(t,uz,v5) forany 0 <t < 1,0 <y <up <2642,

0 <nl<Inl<26v2;

(2) maxo<i<ipf(ta,a) =f(3,264/2,26+/2) < p(£) = 169.

Hence, by Theorem 3.1, (4.1) has two positive solutions w* and v*. For n = 0,1,2,..., the

two iterative schemes are:

® 11 + 26¢,
W =
0 11+26(1—¢),

= o=

o= O
INIA
INIA

Wie1(2)

% z1 a; fo l(fsl/z(T(l_T)
+\/_(% T)+39)dr)dsdr
+fé N ea- r)+f (W M) +39)dr)ds, 0<t<172
zl lfg,l f ¢ f1/2
+f 2ulr) W” ] )+39)dr)dsdr
+ft l(fuz(f —T)+~/_(% W;izs(r))+39)df)ds’ 12=t=1,

Vo(t)ZO
Vn+1(t)
BY il fyo7 (M ea-1)
+f(”"2” VD)) 1 39) dr) ds dr
N ﬁ(V"T‘” + 200
Loen fS [ ¢‘1(ff/2(r(1
+ /20 4 ”f)+39)dr)dsdr
+ [ -1+ v2(E

)+39)dt)ds, 0<t<1/2,

1/2<t<l1.
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