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Abstract

In this paper, we obtain the demiclosed principle, fixed point theorems, and
A-convergence theorems for the class of generalized hybrid mappings on CAT(k)
spaces with k& > 0. Our results extend the results of Lin et al. (Fixed Point Theory Appl.
2011:49, 2011) and many others.
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1 Introduction

For a real number «, a CAT (k) space is a geodesic metric space whose geodesic triangle is
thinner than the corresponding comparison triangle in a model space with curvature «.
The precise definition is given below. The letters C, A, and T stand for Cartan, Alexandrov,
and Toponogov, who have made important contributions to the understanding of curva-
ture via inequalities for the distance function.

Fixed point theory in CAT(k) spaces was first studied by Kirk [1, 2]. His works were
followed by a series of new works by many authors, mainly focusing on CAT(0) spaces (see
e.g., [3-18]). Since any CAT(x) space is a CAT (k') space for k' > «, all results for CAT(0)
spaces immediately apply to any CAT(«) space with k < 0. However, there are only a few
articles that contain fixed point results in the setting of CAT(x) spaces with « > 0.

The concept of generalized hybrid mappings was introduced in Hilbert spaces by
Kocourek et al. [19]. Later on, Lin et al. [10] defined a generalized hybrid mapping, which
is more general than that of Kocourek et al. [19], in a CAT(0) space setting. This class
of mappings properly contains the class of nonspreading mappings and the class of hy-
brid mappings; see [10] for more details. In [10], the authors also obtained the demiclosed
principle, fixed point theorems as well as A-convergence theorems for generalized hybrid
mappings in CAT(0) spaces. In this paper, we extend the results of Lin et al. [10] to the
general setting of CAT(«') spaces with « > 0.

2 Preliminaries

Let (X, p) be a metric space. A geodesic path joining x € X to y € X (or, more briefly,
a geodesic from x to y) is a map ¢ from a closed interval [0,/] C R to X such that ¢(0) = x,
c(l) =y, and p(c(t),c(t)) = |t — ¢| for all £,¢' € [0,/]. In particular, ¢ is an isometry and
p(x,y) = 1. The image ¢([0,/]) of ¢ is called a geodesic segment joining x and y. When it is
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unique this geodesic segment is denoted by [«, y]. This means that z € [x,y] if and only if
there exists @ € [0,1] such that

plxz) =(1-a)pxy) and p(y,2) =apl,y).

In this case, we write z = ax @ (1 — «)y. For D € (0, +00], the space X is called a D-geodesic
space if every two points of X with their distance smaller than D are joined by a geodesic
segment. An co-geodesic space is simply called a geodesic space. The space X is said to be
uniquely geodesic (D-uniquely geodesic) if there is exactly one geodesic segment joining x
and y for each x,y € X (for x,y € X with p(x,y) < D). A subset C of X is said to be convex
if C includes every geodesic segment joining any two of its points. The set C is said to be
bounded if

diam(C) := sup{p(x,y) X,y € C} < 00.
Now we present the model spaces M7, for more details on these spaces the reader is

referred to [20]. Let n € N. We denote by E” the metric space R” endowed with the usual
Euclidean distance. We denote by (-|-) the Euclidean scalar product in R”, that is,

(xly) =x191 + -+ + x4y, wherex=(x1,...,%,), = V1,0, Vn)-
Let S” denote the n-dimensional sphere defined by
S" = {x =(X1y.. ., %ne1) € R (x]) = 1},
with metric dgn (x,y) = arccos(x|y), x,y € S".
Let E™! denote the vector space R”*! endowed with the symmetric bilinear form which

associates to vectors u = (uy, ..., U,,1) and v = (v4,..., V,,1) the real number (u|v) is defined
by

n
(u|v) = —tp1Vas1 + Z u;vi.
i=1

Let H" denote the hyperbolic n-space defined by
H” = {u = (U1, Upe1) €E™ 2 (u|u) = =1, 101 > 0},
with metric dy» such that
coshdyn(x,y) = —(x|y), «x,ye€H".

Definition 2.1 Given « € R, we denote by M! the following metric spaces:
(i) if & =0 then M is the Euclidean space E”;
(ii) if ¥ > 0 then M is obtained from the spherical space S” by multiplying the distance
function by the constant 1/4/k;
(iii) if & < O then M is obtained from the hyperbolic space H” by multiplying the
distance function by the constant 1/,/~«.
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A geodesic triangle A(x,y,z) in a geodesic space (X, p) consists of three points %, , z in
X (the vertices of A) and three geodesic segments between each pair of vertices (the edges
of A). A comparison triangle for a geodesic triangle A(x, y,z) in (X, p) is a triangle A (%, 7, 2)
in M? such that

plx,y) = sz (%), p(,2) = dM% (3,z2) and p(z,x) = dM% (z,x).

If k < 0 then such a comparison triangle always exists in M?2. If ¥ > 0 then such a triangle
exists whenever p(x,y) + p(¥,2) + p(z,%) < 2D,, where D, = w//k. A point p € [x,)] is
called a comparison point for p € [x,y] if p(x,p) = dM% (x,p).

A geodesic triangle A(x,y,z) in X is said to satisfy the CAT(x) inequality if for any p,q €
A(x,y,z) and for their comparison points p,g € A(%,y,z), one has

p(p’ q) = dM’% ([3: 6)

Definition 2.2 If k <0, then X is called a CAT(«) space if X is a geodesic space such that
all of its geodesic triangles satisfy the CAT (k) inequality.

If « > 0, then X is called a CAT(k) space if X is D, -geodesic and any geodesic triangle
A(x,y,2z) in X with p(x, ) + p(y,2) + p(z,x) < 2D, satisfies the CAT (k) inequality.

Now, we recall the concepts of comparison angle and upper (Alexandrov) angle (cf. [8]).

Definition 2.3 Let p, g, and r be three points in a geodesic space. The interior angle of
A(p,q,7) € E? at p is called the comparison angle between g and r at p and will be denoted
by Z,(q,7).

Definition 2.4 Let X be a geodesic space and let ¢: [0,a4] — X and ¢’ : [0,4'] — X be
two geodesic paths with ¢(0) = ¢/(0). Given ¢ € (0,a] and ¢’ € (0,4'], we consider the com-
parison triangle A(c(0), c(£),¢'(#)) and the comparison angle ZC(O)(c(t),c/(t/)) in E2. The
(Alexandrov) angle or the upper angle between the geodesic paths ¢ and ¢’ is the number
Z(c,¢') defined by

Z(c¢,’) :=limsup Z 0 (c®),c ().

tt'—0*

The angle between the geodesic segments [p,x] and [p,y] will be denoted by Z,(x, y). No-
tice that the Alexandrov angle coincides with the spherical angle on S” and the hyperbolic
angle on H".

In a CAT(0) space (X, p), if x, 7,z € X then the CAT(0) inequality implies
1 1 1 1 1
N 2 S ~ <= 2 ) ~ 2 ) - 2 14 ).
(CN) p<x 2y®22)_20(xy)+2p(xZ) K »,2)

This is the (CN) inequality of Bruhat and Tits [21]. This inequality is extended by Dhom-
pongsa and Panyanak [22] to

(CN*) P (x(1-a)y @ az) <1 -a)p*(x,y) + ap*(x,2) — a(l —a)p*(1,2)


http://www.journalofinequalitiesandapplications.com/content/2014/1/403

Nanjaras and Panyanak Journal of Inequalities and Applications 2014, 2014:403 Page 4 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/403

foralla € [0,1] and %, y,z € X. In fact, if X is a geodesic space then the following statements
are equivalent:
(i) X is a CAT(0) space;
(ii) X satisfies (CN);
(iii) X satisfies (CN*).
Let R € (0,2]. Recall that a geodesic space (X, p) is said to be R-convex for R (see [23]) if

for any three points x,y,z € X, we have

0> (x, l-a)ya® az) <(1- a)pz(x,y) +oap(x,z) — goz(l - oz),oQ(y, Z). (1)

It follows from (CN*) that a geodesic space (X, p) is a CAT(0) space if and only if (X, p)

is R-convex for R = 2. The following lemma is a consequence of Proposition 3.1 in [23].

Lemma 2.5 Let k > 0 and (X, p) be a CAT(«) space with diam(X) < ”3;’5 for some € €
(0,7/2). Then (X, p) is R-convex for R = (w — 2¢) tan(e).

We now collect some elementary facts about CAT(«) spaces. Most of them are proved in

the setting of CAT(1) spaces. For completeness, we state the results in CAT(«x) with « > 0.

Lemma 2.6 ([8, Proposition 3.5]) Let k > 0 and (X, p) be a complete CAT(x) space with
diam(X) < %for some ¢ € (0,7/2). Let x € X and C be a nonempty closed convex subset
of X. Then
(i) the metric projection Pc(x) of x onto C is a singleton;
(ii) ifx ¢ Candye Cwithy#Pc(x), then Lp.)(%,y) > 7/2;
(ili) foreachye C, p(Pc(x),Pc(y)) < p(x,y).

Let {x,,} be a bounded sequence in a CAT(«x) space (X, p). For x € X, we set

r(x, {xn}) = limsup p(x, x,).

n—00

The asymptotic radius r({x,}) of {x,} is given by
r({xa}) = inf{r(x, {x}) :x € X},
and the asymptotic center A({x,}) of {x,} is the set

A({xn}) = {x eX:r(x, {xn}) = r({xn})}.

It is well known from Proposition 4.1 of [8] that in a CAT(x) space with diameter smaller
than 2”7 , A({x,}) consists of exactly one point. We now give the concept of A-convergence

and collect some of its basic properties.

Definition 2.7 ([6, 24]) A sequence {x,} in X is said to A-converge to x € X if x is the
unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case we write
A-lim, x,, = x and call x the A-limit of {x,}.
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Lemma 2.8 Let k > 0 and (X, p) be a complete CAT (k) space with diam(X) < ”ﬁ;s for
some ¢ € (0,7/2). Then the following statements hold:

(i) [8, Corollary 4.4] every sequence in X has a A-convergence subsequence;

(i) [8, Proposition 4.5] if {x,,} € X and A-lim, x, = x, then x € [ \3o; CONV{Xk, Xis1, .- -}

where conv(A) = (\{B: B 2 A and B is closed and convex}.

By the uniqueness of asymptotic centers, we can obtain the following lemma (cf. [22,
Lemma 2.8]).

Lemma 2.9 Let « > 0 and (X, p) be a complete CAT (k) space with diam(X) < &ﬁ_g for
some ¢ € (0,7/2). If {x,,} is a sequence in X with A({x,}) = {x} and {u,} is a subsequence of
{x,} with A({u,}) = {u} and the sequence {p(x,,u)} converges, then x = u.

Definition 2.10 Let C be a nonempty subset of a CAT(x) space (X, p). Amapping T : C —
X is called a generalized hybrid mapping [10] if there exist functions a;, as,as, ki, ky : C —
[0,1) such that
(P1) p2(T(), T()) < mWp*(x,y) + a(@)p*(T),y) + as@)p*(T(),x) + ki (6)p>(T(x),
x) + ky () (T (9),y) for all x,y € C;
(P2) a1(x) + ax(x) + as(x) <1forallx,y € C;
(P3) 2ki(x) <1 -ay(x) and ky(x) <1 —as3(x) forallx e C.

A point x € C is called a fixed point of T if x = T'(x). We denote the set of all fixed points
of T with F(T).

3 Main results

3.1 Demiclosed principle

Theorem 3.1 Let k > 0 and (X, p) be a complete CAT (k) space with diam(X) < % for
some ¢ € (0,7/2). Let C be a nonempty closed convex subset of X, and T : C — X be a
12_/;12(8) < gfor all x € C where R = (r — 2¢)tan(e). Let
{x,} be a sequence in C with A-lim, x, = z and lim,, p(x,,, T(x,)) =0. Then z € C and z =
T(z).

generalized hybrid mapping with

Proof Since A-lim,x, =z, by Lemma 2.8, z € C. Since T is a generalized hybrid map-
ping,

P> (T(xn), T(2)) < a1(2) 0> (2,%0) + a2(2) p° (T (2), %) + a3(2)p* (T (%), 2)
+ ki (2)p* (T (2), 2) + ka(2)p* (T (), %)
< m@p*@x) + D) (T, T(x)) + (T, %,)]°
+ a3@)[p(Tx), %) + p( 2] + ki (2)0* (T (2), 2)

+ ka(2) p* (T (%), %),

yielding
. 2 . 2 kl(z) 2
limsup p (T(xn), T(z)) <limsup p“(z,%,) + mp (z, T(z)).
n—00 n—00 — a3y
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This implies that

limsup p> (x,,, T(z)) < lim sup[,o (x,,, T(xn)) + ,o(T(x,,), T(z))]2

n—0o0 n—00

<limsup p* (T (%), T (2))

n—00

ki(2)

< limsup PP (@) + o (z)pz(Z» T(2)). 2)
On the other hand, by Lemma 2.5 we have
1 1 1 1 R
02<xn, 529 ET(Z)> = 5P w2 + 207 (6 T@) - 20* (2 T()- (3)

By (2) and (3), we get

n—00 n—00 n—00

1 1 1 1
lim sup p> (xn, 57 ® 3 T(z)) =3 limsup p*(x,,,2) + 3 limsup p° (%, T(2))

3P (e TE)

. ki(2)
lim sup p2(1,,2) + 1D
=B S @)

- g 0* (2, T(2)).

p*(z T(2))

Thus

R ki(z) . . 1 1
(5~ 0 e )7 7D hmpon i ? (50520570 <0

2h() _ R
Ta <27

we get k@ % and so p?(z, T(z)) = 0. Hence z = T(z). O

Since o)

The following corollary shows that how we derive a result for CAT(0) spaces from The-

orem 3.1.

Corollary 3.2 Let (X, p) be a complete CAT(0) space, C be a nonempty bounded closed
convex subset of X, and T : C — C be a generalized hybrid mapping. Let {x,} be a sequence
in C with A-lim, x,, = z and lim,, p(x,,, T(x,)) = 0. Then z € C and z = T(z).

Proof It is well known that every convex subset of a CAT(0) space, equipped with the
induced metric, is a CAT(0) space (cf. [20]). Then (C, p) is a CAT(0) space and hence it is
a CAT(k) space for all ¥ > 0. Notice also that C is R-convex for R = 2. Since C is bounded,
we can choose ¢ € (0,77/2) and k¥ > 0 so that diam(C) < &ﬁ‘s The conclusion follows from
Theorem 3.1. O

3.2 Fixed point theorems

Theorem 3.3 Let k > 0 and (X, p) be a complete CAT (k) space with diam(X) < %for
some ¢ € (0,7/2). Let C be a nonempty closed convex subset of X, and T : C — C be a
generalized hybrid mapping with ki (x) = ka(x) = 0 for all x € C. Then T has a fixed point.
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Proof Fix x € C and define x,, := T"(x) for n € N. Suppose that A({x,}) = {z}. Then by
Lemma 2.8, z € C. Since T is generalized hybrid and k;(z) = k>(2z) = 0,

% (%, T(2)) < a1(2)p* (2 %n-1) + 42(2) p* (T (2), 1) + a3(2) p* (6, 2).
Taking the limit superior on both sides, we get

limsup p> (x,,, T(z)) < a1(z) limsup p*(z,%,_1) + a2 (2) lim sup pz(T(z), xn_l)

n—00 n—00 n—00

+ as(z) limsup p*(x,,2)

n—00
< (al(z) + ﬂg(Z)) lim sup 02(%,2) + az(2) lim sup 0> (xn, T(z)).
n—oQ n—0oQ
This implies by (P2) that limsup,, p?(x,, T(z)) < limsup,, p*(x,, z). But, since A({x,}) = {z},
it must be the case that z = T'(z) and the proof is complete. 0

As a consequence of Theorem 3.3, we obtain:

Corollary 3.4 Let (X, p) be a complete CAT(0) space, C be a nonempty bounded closed
convex subset of X, and T : C — C be a generalized hybrid mapping with ki(x) = ky(x) =0
forallx € C. Then T has a fixed point.

3.3 A-Convergence theorems
We begin this section by proving a crucial lemma.

Lemma3.5 Letk > 0and (X, p) be a complete CAT (x) space with diam(X) < &ﬁfor some

& €(0,7/2). Let C be a nonempty closed convex subset of X,and T : C — X be a generalized
2k (
1*6112(
sequence in C such that lim, p(x,, Tx,) = 0 and {p(x,,v)} converges for all v € F(T), then

’2) < gfor all x € C where R = (7 — 2¢)tan(e). Suppose {x,} is a

hybrid mapping with

ww(x,) € F(T). Here wy(x,) := | JA({u,}) where the union is taken over all subsequences
{u,} of {x,}. Moreover, w,,(x,) consists of exactly one point.

Proof Let u € w,(x,), then there exists a subsequence {u,} of {x,} such that A({u,}) = {u}.
By Lemma 2.8, there exists a subsequence {v,} of {u,} such that A-lim,v, =v € C. By
Theorem 3.1, v € F(T). By Lemma 2.9, u = v. This shows that w,(x,) € F(T). Next, we
show that w,,(x,) consists of exactly one point. Let {u,} be a subsequence of {x,} with
A({uy}) = {u} and let A({x,}) = {x}. Since u € w,(x,) C F(T), {p(x,, )} converges. Again,
by Lemma 2.9, x = u. This completes the proof. d

Theorem 3.6 Let k >0 and (X, p) be a complete CAT (k) space with diam(X) < &ﬁ“ for
some ¢ € (0,7/2). Let C be a nonempty closed convex subset of X, and T : C — X be a
generalized hybrid mapping with F(T) # (. Let {a,} be a sequence in [0,1] and define a
sequence {x,} in C by

x1 € C chosen arbitrary,

Xns1 = Po((l - ap)x, @ @, T(x,)), meN.

Let R = (w — 2¢) tan(e) and suppose that
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(i) %2(’(2) < gforallxec,

(if) liminf, o, [ =928 — L2815 0 for all z € F(T).

Then {x,} A-converges to an element of F(T).

Proof Letz € F(T). Since T is generalized hybrid,

ka(2)

PH(T@),2) < p* (@) + — e

2(T(x),x) forallx € C.

By Lemmas 2.5 and 2.6, we have

P> (%ns1,2) = p*(Pc((1 - ) ® a, T(x4)), 2)
< p*((1 - an)xy @ @, T(x,),2)
< (1= an)p?(n,2) + @up* (T (%), 2) - gan(l = ) (%, T())

kyz)  R(1-ay)
1-as(z) B 2

:|102 (xm T(xn))' (4)

< p* (%, 2) + [

By (ii), there exist § > 0 and N € N such that

|:(1 —an)R  ka(2)
[o9%

- >8>0 foralln>N.
2 1-as(z)

Without loss of generality, we may assume that

[(1 —a,)R  ky(2)
oy

5 _1—a3(z):|>0 forall m € N. (5)

It follows from (4) and (5) that {p(x,,z)} is a nonincreasing sequence and hence lim, p(x,,,

z) exists. Again, by (4), we have

lim o,
n— 00

[(1 —a)R  k(2)

2 _
S T ﬂg(Z)]p (%> T(x)) = 0.

This implies by (ii) that lim, p(x,, T'(x,)) = 0. By Lemma 3.5, w,(x,) consists of exactly one
point and is contained in F(T). This shows that {x,} A-converges to an element of F(T).
O

Theorem 3.7 Let k > 0 and (X, p) be a complete CAT (k) space with diam(X) < &ﬁ’gfor
some ¢ € (0,7/2). Let C be a nonempty closed convex subset of X, and T : C — X be a
generalized hybrid mapping with F(T) # (. Let {«,} and {B,} be sequences in [0,1] and
define a sequence {x,} in C by

x1 € C chosen arbitrary,
Xn+l o= PC((l - an)T(xn) ® anT(yn)):
Vn = Pc((1 = Bu)xn @ BuT (x,)).

Assume that

Page 8 of 12
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(i) k2(2) =0 forallze F(T),
(ii) liminf, &, > 0 and liminf, 8,(1 - B,) > 0.

Then {x,} A-converges to an element of F(T).

Proof Fix z € F(T). By (i), we have p(T(x),z) < p(x,z) for allx € C. Let R = (= — 2¢) tan(e).
By Lemmas 2.5 and 2.6, we have

pz(ymz) = pz(PC((l — Bu)xn © ,BnT(xn))rz)

< P2 ((1 = B)xn ® BT (%),2)

< (L= B0 2) + Bup(T050)2) = 5 BaC0 = Bu)o (i T(w)

R
= pz(xnr z) - Eﬂn(l - ,Bn)pz(xm T(xn))

< p*(%n,2). (6)

This implies that

P> (¥ni1,2) = p°(Pc((1 = o) T(x) @ 0tu T (), 2)

= ;02 ((1 =) T (%) ® € T (Y, Z)

< (1= an)p*(T(xn),2) + up(T(yn),2) — gan(l = ) 0* (T (%), T(yn))
R
<(1- Oln)/Oz(me) + Olnpz(ym z) - Ean(l - O[,,),OZ(T(xn), T(yn))

< P00 2) ~ S el =)o (T, TO)

< P’ (% 2).

Hence lim,, p(x,, z) exists and

0 = S~ ) (T, TO)) = p2060,2) — p205101,2) + [0 2) — 70 2)].
So,

[P0, 2) = 0° Iy 2)] < 0° Xy 2) — P (Hna1,2).
Since liminf, «,, > 0, limsup,,[p? (%, 2) — P> (¥, 2)] = 0. By (6), we have

R a1 = B0 (0 T0) = 9*(002) ~ 07,2
This implies by (ii) that lim, p(x,, T(x,)) = 0. By Lemma 3.5, w,,(x,) consists of exactly one

point and is contained in F(T). This shows that {x,} A-converges to an element of F(T).
O

The following lemma is also needed (cf [10, Lemma 4.2]).
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Lemma3.8 Letk > 0and (X, p) bea complete CAT (x) space with diam(X) < %forsome
e €(0,7/2). Let {x,} and {y,} be sequences in X with lim, p(x,,y,) = 0. If A-lim, x,, = x and
A-lim, y, =y, then x = y.

Theorem 3.9 Let k >0 and (X, p) be a complete CAT (k) space with diam(X) < &ﬁ‘s for
some ¢ € (0,7/2). Let C be a nonempty closed convex subset of X, and T,S:C — X be a
two generalized hybrid mappings with F(T) N F(S) # @. Let {«,,} and {B,} be a sequence in
[0,1] and define a sequence {x,} in C by

x1 € C  chosen arbitrary,
Xns1 = Po((1 = ap)x, © @, T (y4)),
Y= Pc((1 = Bu)xn © BuS(x,)).

Let R = (7 - 2¢) tan(e) and suppose that

(i) liminf, o,(1-a,) >0,

(i) K@) = 0 and imint, 5,428 — &1 > 0 for allz € (1) N F(S).
Then {x,} A-converges to a common fixed point of S and T.

Proof Letz € F(T)NF(S). Since kI (z) = 0, p(T(x),2) < p(x,z) forallx € C. By Lemmas 2.5
and 2.6, we have
pz(ymz) = PZ(PC((l - Bu)xn, @ ﬂns(xn))¢z)
= /32((1 — Bu)xu @ IBnS(xn)¢Z)
R
<Q1- ,Bn)pz(xm z) + ,3,,,02(5(96”), Z) - Eﬁn(l - ,3,,),02 (xnr S(xn))

kS
< (1= Bu)o* (X 2) + B [pz(xn,Z) 1 —2;22) pz(s(xn),xn)}

- gﬂn(l - ,Bn)pz (me(x”))

1-BIR k(2
2 1-a3(z)

< 0*(®n2) —ﬂn[ ]pZ(S(xn),xn) 7)

By (ii), there exist § > 0 and N € N such that

m[u “BJR K@)

S :Ich>() forall » > N.
2 1-a3(2)

Without loss of generality, we may assume that

s

,Bn[(l ~ PR _ kz(i) ] >0 forallmeN.
2 1-a3(2)

By (7), o(yu,2) < p(#4,2). Thus

0> (¥ni1,2) = p°(Pc((1 = o)ty ® an T(y)), 2)

=< p2 ((1 - an)xn @ oy T(yn)rz)
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< (1= ) p*(nr2) + up* (T (), 2) — gan(l = ) > (%0, T(n))
<(@1- Oln)pz(xmz) + anpz(ym z) - gan(l - an)pz(xn) T(yn))

< p*(xnr2) - gan(l =) p* (% T(y4))

< p* (%, 2). (8)
Hence lim,, p(x,, z) exists and

lim o, - a,)p? (x,,, T(y,,)) =0.

n—00

By (i), lim,, p%(x,,, T(y,,)) = 0. It follows from (8) that

0< gan(l = ) 0 (% TOn)) < P° Xy 2) = P (K1, 2) + @[ 0> s 2) = p* (0, 2) |-
Thus

an(1= @) [0* (% 2) = 0° s 2)] < P* (X 2) = P* (K11, 2).

Again, by (i), limsup, [0%(x,, 2) — p*(¥4,2)] = 0. By (7), we have

ﬁn[(l -BIR  Ki(2)

2 1- aﬁ(z)]pz(x”’s(x”)) < p*(®n,2) = P>, 2).

This implies by (ii) that lim, p(x,, S(x,)) = 0. Hence,

limsup oy, %) = limsup p(Pc((1 = Bn)xn ® BuS(%4)), P ()

n— 00 n—00

< lim sup,o((l = Bu)xn @ BuS(xn), xn)

n—0o0

= limsup B, (S(xn), %»)

n—00

=0.

So, lim, p(y,, T'(y,)) = 0. By Lemma 3.5, there exist u,v € C such that w,,(x,) = {u} C F(S)
and oy (y,) = {v} € F(T). This means that A-lim, x, = # and A-lim, y,, = v. Hence, by Lem-

ma 3.8, u = v and the proof is complete. d
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