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Abstract

The aim of this paper is to introduce and study certain new concepts of c-yr-proximal
contractions in an intuitionistic fuzzy metric space. Then we establish certain best
proximity point theorems for such proximal contractions in intuitionistic fuzzy metric
spaces. As an application, we deduce best proximity and fixed point results in partially
ordered intuitionistic fuzzy metric spaces. Several interesting consequences of our
obtained results are presented in the form of new fixed point theorems which
contain some recent fixed point theorems as special cases. Moreover, we discuss
some illustrative examples to highlight the realized improvements.
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1 Introduction
Many problems arising in different areas of mathematics, such as optimization, varia-
tional analysis, and differential equations, can be modeled as fixed point equations of
the form Tx = x. If T is not a self-mapping, the equation Tx = x could have no solu-
tions and, in this case, it is of a certain interest to determine an element x that is in some
sense closest to Tx. Fan’s best approximation theorem [1] asserts that if K is a nonempty
compact convex subset of a Hausdorff locally convex topological vector space X and
T : K — X is a continuous mapping, then there exists an element x satisfying the con-
dition d(x, Tx) = inf{d(y, Tx) : y € K}, where d is a metric on X.

A best approximation theorem guarantees the existence of an approximate solution,
a best proximity point theorem is contemplated for solving the problem to find an ap-
proximate solution which is optimal. Given the nonempty closed subsets A and B of X,
when a non-self-mapping T : A — B has not a fixed point, it is quite natural to find an
element x* such that d(x*, Tx*) is minimum. Best proximity point theorems provide the
existence of an element x* such that d(x*, Tx*) = d(A, B) := inf{d(x,y) : x € Aand y € B};
this element is called a best proximity point of 7. Moreover, if the mapping under con-
sideration is a self-mapping, we note that this best proximity theorem reduces to a fixed
point. For more details, we refer to [2—6] and references therein.

The concept of fuzzy set was introduced by Zadeh [7] in 1965 and it is well known
that there are many viewpoints of the notion of metric space in fuzzy topology. In 1975,
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Kramosil and Michélek [8] introduced the concept of a fuzzy metric space, which can
be regarded as a generalization of the statistical (probabilistic) metric space. Clearly, this
work provides an important basis for the construction of fixed point theory in fuzzy met-
ric spaces. Afterwards, Grabiec [9] defined the completeness of the fuzzy metric space
(now known as a G-complete fuzzy metric space) and extended the Banach contraction
theorem to G-complete fuzzy metric spaces. Subsequently, George and Veeramani [10]
modified the definition of the Cauchy sequence introduced by Grabiec. Meanwhile, they
slightly modified the notion of a fuzzy metric space introduced by Kramosil and Michalek
and then defined a Hausdorff and first countable topology. Since then, the notion of a
complete fuzzy metric space presented by George and Veeramani (now known as an
complete fuzzy metric space) has emerged as another characterization of completeness,
and some fixed point theorems have also been constructed on the basis of this metric
space. From the above analysis, we can see that there are many studies related to fixed
point theory based on the above two kinds of complete fuzzy metric spaces; see [11-
22] and the references therein. On the other hand the concept of intuitionistic fuzzy set
was introduced by Atanassov [23] as generalization of fuzzy set. In 2004, Park intro-
duced the notion of intuitionistic fuzzy metric space [24]. He showed that for each in-
tuitionistic fuzzy metric space (X, M, N, %, ©), the topology generated by the intuitionistic
fuzzy metric (M, N) coincides with the topology generated by the fuzzy metric M. For
more details on intuitionistic fuzzy metric space and related results we refer the reader to
[24-31].

2 Mathematical preliminaries
Definition 1 A binary operation % : [0,1] x [0,1] — [0,1] is a continuous t-norm if * sat-
isfies the following conditions:

(1) *is commutative and associative;

(2) = is continuous;

(3) axl=aforallae[0,1]

(4) a*b <cxdwhenevera <cand b <d foralla,b,c,d e [0,1].

Examples of t-norm are a * b = min{a, b} and a * b = ab.

Definition 2 A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t-conorm if ¢
satisfies the following conditions:

(a) ¢ is commutative and associative;

(b) ¢ is continuous;

(c) ao0=aforallac]l0,1];

(d) aob <cOdwhenevera <cand b <d forall a,b,c,d € [0,1].
Examples of a t-conorm are a ¢ b = max{a, b} and a ¢ b = min{1,a + b}.

Definition 3 A 5-tuple (X, M, N, %,0) is said to be an intuitionistic fuzzy metric space if
X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and M, N are
fuzzy sets on X2 x (0, 00) satisfying the following conditions, for all x,,z € X and ¢,s > 0:
(i) M(x»y; t) +N(x:y’ t) <1
(i) M(x,y,0)=0;
(ili) M(x,y,t)=1forall £> 0 if and only if x = y;
(iv) M(x,,8) = M(y,, );
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(v) M(x,9,8) « M(y,2,5) < M(x,z,t +5);
(vi) M(x,y,-):(0,00) — [0 1] is left continuous;
(vil) limy_ oo M(x,,t) =
(vili) N(x,9,0)=1;
(ix) N(x,y,t) =0 ifand only if x = y;
(x) N(x,y,t) =N(y,,1);
(xi) N(x,9,t) oN(y,2,5) > N(x,2,t +5);
(xii) N(x,,-):(0,00) = [0,1] is right continuous;
(xiii) limy— oo N(x,9,£) =0
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,t) and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between x and y
with respect to ¢, respectively.

Remark1 Note that, if (M, N) is an intuitionistic fuzzy metric on X and {x,} be a sequence
in X such that limy,; ,—, oo M, Xy, t) = 1, then lim,,, ;,—, oo N (%, X1, £) = 0. Indeed, from (i)
of Definition 3 we know that M(x,y,t) + N(x,7,¢t) <1forallx,y € X and all £ > 0.

Definition 4 Let (X, M, N, *,©) be an intuitionistic fuzzy metric space. Then
- asequence {x,} is said to be Cauchy sequence whenever limy, ,,—, .o M (X, X, t) = 1 and
limy,, ;- 00 N (%, %y, £) = 0 for all £ > O;
- a sequence {x,} is said to converge x € X, if lim,,; , 0o M(x,, %, ¢) = 1 and
lim,;, ;- 00 N (%, %,£) = 0 for all £ > 0;

- (X, M,N,x,9) is called complete whenever every Cauchy sequence is convergent in X.

Definition 5 [28] Let (X, M, N, *,¢) be an intuitionistic fuzzy metric space. We say the
mapping T : X — X is ¢-uniformly continuous if for each 0 < € < 1, there exists 0 < § <1,
such that M(x,y,t) > 1-8 and N(x,y,t) < 8 implies M(Tx, Ty,t) > 1—€ and N(Tx, Ty, t) <€
forallx,y € X and for all £ > 0.

Lemma 1 [32] Let (X, M, N, x,©) be an intuitionistic fuzzy metric space and T be a t-uni-

formly continuous mapping on X. If x,, - x as n — oo, then Tx, — Tx as n — o0o.

Lemma 2 [32] Let (X,M,N,*,©) be an intuitionistic fuzzy metric space. If x, — x and
Yu — y as n — 0o, then M(x,,y,,t) = M(x,y,t) and N(x,,y,,t) = N(x,y,t), n — 00, for
allt>0.

Definition 6 [27,33] Let (X, M, N, *,©) be an intuitionistic fuzzy metric space. The fuzzy
metric (M, N) is called triangular whenever,

1 1 1
1< 1+ -
M(x,y,t) M(x,z,t) M(z,y,t)

and

N(x,y,£) <N(x,z,t) + N(z,9,t)

forallx,y,z€ X and all £ > 0.
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On the other hand, Samet et al. [34] defined the notion of «-admissible mappings as
follows.

Definition 7 Let T be a self-mapping on X and o : X x X — [0, +00) be a function. We
say that T is an o-admissible mapping if

xvyeX, axy=>=1 = o(lx,Ty)>1
Salimi et al. [35] generalized the notion of «-admissible mappings in the following ways.

Definition 8 [35] Let T be a self-mapping on X and «,n: X x X — [0, +00) be two func-
tions. We say that 7 is an «-admissible mapping with respect to 7 if

xyeX, alxy) =nky) = a(lx,Ty) > n(Ix, Ty).

Note that if we take 7(x,y) = 1 then this definition reduces to Definition 7. Also, if we take,
a(x,y) =1 then we say that T is an n-subadmissible mapping.

Definition 9 [5] A non-self-mapping 7 : A — B is called a-n-proximal admissible if

o (X1, %2) > n(x1,%2),
d(u, Ta) =d(A,B), = olu1,uz) > n(us, us)
d(u21 sz) = d(AJ B)

for all xy,x;,u1,up € A, where «,n: A x A — [0,00). Also, if we take n(x,y) =1 for all
%,y € A then we say T is an «-proximal admissible mapping.

Clearly, if A = B, T is «-proximal admissible implies that T is «-admissible.

3 Main results
In [34] the authors consider the family ¥ of non-decreasing functions v : [0, +00) —
[0, +00) such that Y] ¥"(¢) < +oo for each ¢ > 0, where " is the nth iterate of .

Let A and B be nonempty subsets of an intuitionistic fuzzy metric space (X, M, N, *, ).
We denote by Ag(£) and By(¢) the following sets:

Ao(t) = {x € A:M(x,y,t) = M(A, B, t) for some y EB},
(3.1)
Bo(t) = {ye B:M(x,y,t) = M(A, B, t) for some x eA},

where M(A, B, t) = sup{M(x,y,t) :x € A,y € B}.

Definition 10 Let A and B be two nonempty subsets of intuitionistic fuzzy metric spaces
(X, M,N,*,0).Let, T:A — B,a: A x A x (0,00) — [0,00). We say that T is «-proximal
admissible if for xy, x5, 11, uy € A with

‘X(xl,xZ’ t) > t;
M(ui, Txi,t) = M(A,B,t), wehave o(uy,uyt)>t
M(”Z; Ter t) = M(ArB’ t)

forall £ > 0.
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Let A and B be nonempty subsets of an intuitionistic fuzzy metric space (X, M, N, *,©)
and T : A — B be a non-self-mapping. We define M7 (x,y,u,v,t) and N (x,y,u,v,t) as

follows:
1 1 1 1
MT y ) Uy rt = P )
(%, u,v, 1) maX{M(x,y,t) Z[M(x,u,t) +M(y,v,t)]
1 1 1
- + -1
2|:M(X;V;t) M(y,%t) i|}
and

N, y,u,v,t) = max{M(x, u, t), M(y,v,t), M(x, v, 1), M(y, u, t)}.

Definition 11 Let A and B be nonempty subsets of an intuitionistic fuzzy metric spaces
(X, M,N,*,0). Let T : A — B be a non-self-mapping and o : A x A x (0,00) — [0, 00) be
a function. We say T is a «-y/-proximal contractive mapping if for x,y,u,v € 4,

O[(xryr t) Z t}
M(u, Tx, t) = M(A, B, t),
M(Vr TJ/, t) = M(A’B) t)

1

—= -
M(u,v,t)

1< l/f(./\/lT(x,y, u,v,t) = N1 (x,9,u,v, t)) (3.2)

holds for all ¢ > 0, where ¥ € W.

Theorem 1 Let A and B be nonempty subsets of a complete triangular intuitionistic fuzzy
metric space (X, M, N, *,0) such that Ay(t) is nonempty for all t >0. Let T : A — B be a
t-uniformly continuous non-self-mapping satisfying the following assertions:
(i) T is an a-proximal admissible mapping and T(Ao(t)) C By(t) for all t > 0;
(i) T isa a-y-proximal contractive mapping;
(ili) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A,B,t) as
n— +00, then x € Ay(t) for all t > 0;
(iv) there exist elements xy and x, in Ay(t) such that

M(x1, Txo, t) = M(A,B,t) and o(xe,x1,t) >t forallt>O0.

Then there exists x* € A such that M(x*, Tx*,t) = M(A,B,t), for all t > 0, that is, T has a
best proximity point x* € A.
(v) Moreover, if M(x, Tx, t) = M(A, B, t), M(y, Ty, t) = M(A, B, t) implies a(x,y,t) > t for
allt >0, then T has a unique best proximity point.
Proof By condition (iv) there exist elements xy and x; in Ao(¢) such that
M(xy, Txo, t) = M(A,B,t) and a(xg,x1,t) >t forallt>0.

On the other hand T'(A(¢)) € By(t), so there exists xy € Ay(t) such that

M(xy, Txy, £) = M(A, B, £).

Page 5 of 19
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Now, since T is a-proximal admissible mapping, so we have a(x;,x5,¢) > ¢. That is,
M(xy, Ty, t) = M(A, B, t), a(xy,xo,t) > L.
Again, since T(Ao(t)) € Bo(¢), there exists x3 € Ag(¢) such that
M(x3, Txo,t) = M(A, B, t).
Thus we have
M(xy, Ty, t) = M(A, B, t), M(x3, Txy, t) = M(A, B, 1), a(xy,xo,t) > L.
Again since T is «-proximal admissible mapping, so «(x3,%3,¢) > ¢. Hence,
M(xs3, Txp, t) = M(A, B, t), a(xg,x3,1) > ¢.
Continuing this process, we get
M(x,41, Txy, t) = M(A, B, £), (X, K41, 1) > 1 (3.3)

forallm e NU {0} and all £ > 0.

Now from (3.2) with u =y = x,,, v = .41 and x = x,,_1, we get

1

M) 1< Y (M (Ko iy %0 K1, 8) = N (st %0, Xy K141, 1)) (3.4)

for all £ > 0 and all # € N where

T
M (xn—ly K> Xnr Xn+ls t)

1 1 1 1
= max{ , —|: + i|,
M(xn—lr X t) 2 M(xn—li X t) M(x}’li Xn+ls t)

1 |: 1 1 ]}
= + -1
2| Mxpo1, %0015 8) M (%, %, 8)

1 1 1 1 1
B max{ "2 [ ’ }, }
M(xn—lr Xn» t) 2 M(xn—l’xm t) M(xru Xn+ls t) 2]\/I(xrz—lvxrnlj t)

1 1 1 1
< max{ P [ + ],
M(Xp_1,%0,8) 2 [ M(%p_1,%0,8) M (%X, %41, 2)

1 |: 1 1 :| 1 }
- -1+ -1+ =
2| M(%p—1,%u, 1) M (%5 K11, t) 2

1 1 1 1
smax{ [ ; ]
M(xn—l;xnr t) 2 M(xn—lr Xns t) M(xn) Xn+ls t)

1 |: 1 1 ] 1 }
—_— + _——
2 M(xn—ly Xy t) M(xm Xn+ls t) 2

1 1 1 1
) maX{ "2 [ ' } }
M(xn—ly Xns t) 2 M(xn—lx Xns t) M(xm Xn+ls t)

1 1
< max{ ) }
M(xn—l;xnr t) M(xmxnﬂr t)
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This implies

1 1
MT (%11, %, %y Xs1, £) < Max , . 35
ncto i s et ) S X\ e ) Moo, ) (35)

Also we have

NT(xn—l; XnsXns Xn+ls t)
= maX{M(xn—lr X t): M(xm Xn+ls t); M(xn—lvxrﬁlﬂ t),M(xmxm t)}

ax{M(xn—b Xn» t)’ M(xm KXn+ls t)’ M(xn—l,xwrl: t): 1} =1 (36)

Thus, from (3.4), (3.5), and (3.6) we have

1

m -1 5 w(MT(xn—lrxn:xn,anrl, t) _NT(xn—lrxn:xn’an, t))

1 1
< , -1).
- w (max{ M(xn—lr Xn» t) M(xm Xn+ls t) } )

1 } — 1
M (%, %p41,t) M(xnxn41,)

Now if max{ 7 D then we get

1 1 1
7—151/[(7—1) <— 1,
M (%, X1, E) M (% X115 E) M (%, %11, £)

which is a contradiction. Hence,

1 1
S
M (% X1, E) M(%y_1, %4, t)

for all #» € N and ¢ > 0. So we deduce

1 1
1=y —— -1
M(xn;xn+1)t) M(xO)xlr t)

for all #» € N and ¢ > 0. Fix € > 0. Then there exists N € N such that

" 1
Zw <M(x0,x1,t) _1> ~€

n>N

Let m,n € N with m > n > N. Then by triangular inequality we get

1 < ; 1
M (% Xps t) Z[M(xk’xkﬂrt) :| Z v <M(x01xl’t) 1) R

k=n n>N

Consequently, limy, ;oo —1] =0, i.e.,, limy, ;00 M(%y, %, £) = 1. Hence {x,} is a

M(xn,xm,t
Cauchy sequence. Now, since (X, M, N, *, ©) is a complete intuitionistic fuzzy metric space,
so there exists x* € X such that x, — x* as n — 00. Since T is t-uniformly continuous, so

by Lemmas 1 and 2, we have

M(x*, Tx*,t) = lim M(x,.1, Tx,, t) = M(A, B, t).

n—00

Page 7 of 19
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That is, x* is a best proximity of 7. We show that x* is unique best proximity point of 7.
Assume, to the contrary, that there exists £y > 0 such that 0 < M(x*,w, %) <1 and w # x*
is another best proximity point of T, that is, M(x*, Tx*,t) = M(A, B,t) and M(w, Tw, t) =
M(A, B, t) for all £ > 0. Now if condition (v) holds, then, from (3.2), we have

M(x*, w,to) 1<y (M (x5 wat, w,to) - N (&%, w,2%, w, 1)),

where

1 1 1 1
MT(x*,w,x*,w, to) = max , = + ,
M(x*,w,tg) 2| M(x*,x*,tg)  M(w,w,ty)

1 1 1
= + -1
2 M(x*;wit()) M(sz*,to)

1 1 1
= max ,1, - =
M(x*7Wyt0) M(x*7wl tO) 2
B 1
- M(x*; w, tO)

and
NT (%, w,a*, w, to) = max{M(x*,x*, to), M(w, w, o), M (x*, w, o), M(w,x*, £9) } = 1.

Therefore,

1 1
— 1< -1)< -
M(x*,w, tO) n 1)[f<]\4(x*x1’|/’ tO) ) M(x*; w, tO)

]

which is a contradiction. Hence, M(x*, w, ty) = 1 forall £ > 0. i.e., x* = w. Thus T has unique
best proximity point. O

Theorem 2 Let A and B be nonempty subsets of a complete triangular intuitionistic fuzzy
metric space (X, M, N, ,©) such that Ay(t) is nonempty for all t >0.Let T : A — B be a
non-self-mapping satisfying the following assertions:
(i) T is an a-proximal admissible mapping and T(Ao(t)) C Bo(t) for all t > 0;
(i) T is a a-y-proximal contractive mapping such that v is continuous;
(iii) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A,B,t) as
n— +00, then x € Ay(t) for all t > 0;
(iv) there exist elements xg and x1 in Ay(t) such that

M(x1, Txo,t) = M(A,B,t) forallt>0 and oalx,x1,t)>t;

(v) if {x,} is a sequence in X such that a(x,, X,41,t) > t for all t > 0 and n with x, — x
as n — +0o, then a/(x,,x,t) > t for all t > 0 and all n.
Then there exists x* € A such that M(x*, Tx*,t) = M(A, B, t), for all t > 0, that is, T has a
best proximity point x* € A.
(vi) Moreover, if M(x, Tx, t) = M(A, B, t), M(y, Ty, t) = M(A, B, t) implies «(x,y,t) >t for
allt >0, then T has a unique best proximity point.

Page 8 of 19
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Proof Following the same lines in the proof of Theorem 1, we can construct a sequence

{x,} in Ag(¢) satisfying
M(x,41, Tx,, t) = M(A, B, ), (X, %,1,8) >t forallme N (3.7)
and x, — x* as 1 — 00, that is, lim,,_, ;oo M(x,,x*,t) = 1, for all £ > 0. Moreover,

M(A, B, t) = M(x441, T, t)

> M (%41, %%, ) % M(x*, Ty, £)

v

(xn+1¢ x*; t) * M(x*, Xn+ls t) *M(xn+lr Txnr t)

M
= M(xwrl;x*; t) *M(x*ranrl) t) *M(A;B; t)'
This implies

M(A, B, t) = M (%41, %%, t) % M(x*, Ty, £)

> M(%ne1,8", ) % M (5", 2001, 1) * M(A, B, 1).
Passing to the limit as # — +00 in the above inequality, we get
M(A,B,t) > 1% lim M(x*, Tx,,t) > 1% 1% M(A,B,1),
n—+00
that is,

lim M(x*, Tx,, t) = M(A, B, t)
n—+00
and so, by condition (iii), * € Ao(£). Since T(Ao(¢t)) C Bo(2), then there exists z € Ay(t)
such that M(z, Tx*, t) = M(A, B, t). Also from (iv) we have a(x,,x*,t) > t for all » € NU {0}.
Suppose there exists o > 0 such that M(x*, z, t) < 1. Then from (3.2) with x = x,,, y = x*,

U =%y, and v = z we get

1

m -1< Iﬂ(MT(x,,,x*,xml,z, t()) —NT(x,,,x*,xn+1,z, t())) (38)

On the other hand we know that

: T
lim M (x,,,x*,xml,Z, t())

n—00

1 1 1 1
= lim | max , = + )
n—00 M(xn)x*,to) 2 M(xn;xnﬂr tO) M(x*,z, tO)

1 1 1
- + -1
2|:M(xn12; tO) M(x*¢xn+1,t0) ]})

1 1 1 1
= max y T + ,
M(x*,x*, to) 2 M(x*,x*, tO) M(x*yz) tO)

1 1 1
- + -1
2 M(x*r z, tO) M(x*rx*’ tO)
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_ 1 1 1+ ! 1 1
_max{ ,5[ M(x*, Z,to)] [M(x* Z,tO):“

1 1
=1+ —
2|: M(x*,Z,t())]

and

lim NT(xnrx*)xn+l’ z, t())
n—00

= lim maX{M(xmxn+1; to),M(x*, z, t)rM(xan, to),M(x*,an, tO)}

n—00

= max{l,M(x*,z, to),M(x*,z, to), 1} =1
Now by taking the limit as #» — oo in (3.8) we get

1 1 1 1 1
. — 2] = |F— G | [Py [ I —
M(x*,z,to) _w<2[ +M(x*,z,to)] )< 2[ M(x*,z,to)}

1 1
2M(x*,z,t0) 27

z,t) =1forall £ > 0. So, x* = z. Therefore, T has a best proximity point. O

which implies < =, ie, M(x*,zty) > 1, which is a contradiction. Hence, M(x*,

Example 1 Let X = R be endowed with the usual metric d(x,y) = |x — y|. Consider
M(x,y,t) = t+dxy and N(x,y,t) = Hd’;xy; for all x,y € X and all ¢ > 0. Moreover, consider
A = (-00,-1], B=[1,+00) and define T': A — B by

—x3 +2, if x € (o0, -14),
2x* + 5, ifx € [-14,-12),
4x* + 5, if x € [-12,-10),
x> +6, if x € [-10,-8),
Tx =

10, ifx € [-8,-6),
3] +1, if x € [-6,—4),
x4+ |(x+3)(x+4)|, ifxe[-4,-2),
1, ifx e [-2,-1].

Also, define o : X x X x (0,00) — [0, +00) by

2t, ifx,ye[-2,-1],

o(x,y,t) = .
‘4 %t, otherwise,

and ¥ : [0, +00) — [0, +00) by
1
Y(t) = Et for all £ > 0.
Clearly, M(A, B, t) = sup{M(x,y,t) x € A,y € B} = ;5. Hence,
t
Ao(t) = {x €A:M(x,y,t) = M(A,B,t) = ) for some y € B} ={-1},
+

t
By(t) = {y € B: M(x,y,t) = M(A,B,t) = ) for some x GA} ={1}.
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It is immediate to show that T (A¢(¢)) € Bo(¢) for all £ > 0, M(-1, T(-1),t) = M(A, B, t) and
a(-1,-1,t) > t. Suppose

O[(x’y’ t) >t
M(u, T, t) = M(A, B, 1),
M(V7 T}/, t) = M(AyB; t);

then

x,y € [-2,-1],
M(u, Tx, t) = M(A, B, t),
M(v, Ty, t) = M(A, B, t).

Hence, u = v = -1, that is, a(u, v, £) > t. Therefore T is an «-proximal admissible mapping.
Further,

D 1=0< I/f(./\/lT(x,y, u,v,t) = NT(x,y,u,v, t)),

that is, T is an «-y-proximal contractive mapping. Moreover, if {x,} is a sequence such
that a(x,,x,.1,£) > ¢t for all # € NU {0} and ¢ > 0 such that x, — x as n — +00, then
{x,} < [-2,-1] and hence x € [-2,-1]. Consequently, «(x,,x,t) > ¢ for all » € NU {0} and
all £ > 0. Therefore all the conditions of Theorem 2 hold and T has a unique best proximity
point. Here z = —1 is the best proximity point of T'.

Theorem 3 Let A and B be nonempty subsets of a complete triangular intuitionistic fuzzy
metric space (X, M, N, ,0) such that Ay(t) is nonempty for all t >0. Let T : A — B be a
t-uniformly continuous non-self-mapping. Assume that following assertions hold true:

(i) T is an a-proximal admissible mapping and T(Ao(t)) C Bo(¢) for all t > 0;

(ii) forx,y,u,veA,

alx,y,t) > t,
M(u, Tx, t) = M(A, B, t),
M(v, Ty, t) = M(A, B, t)

1 1
1 -1+ -1 1
1< Af(x,v,t) Ai[(y,u,t) . 1 (3.9)
M(u,v,t) s =L+ g — 1+ 1) \M(x,0,1)

holds for all t > 0;
(iii) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A, B, t) as

n— +00, then x € Ay(t) for all t > 0;
(iv) there exist elements xg and x1 in Ay(t) such that

M(xy, Txo, t) = M(A,B,t) and oa(xg,x1,t) >t forallt>O0.

Then there exists x* € A such that M(x*, Tx*,t) = M(A, B, t), for all t > 0, that is, T has a
best proximity point x* € A.
(v) Moreover, if M(x, Tx, t) = M(A, B, t), M(y, Ty, t) = M(A, B, t) implies a(x,y,t) > t for
allt >0, then T has a unique best proximity point.
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Proof Following the same lines in the proof of Theorem 1, we can construct a sequence
{x,} in Ag(¢) satisfying

M(x,41, Txp, t) = M(A, B, t), a(xy,x041,8) >t forallmeN. (3.10)

From (ii) with u =y = x,,, v = 41 and x = x,,_1, we get
1
M(xn; Xn+ls t)
1 -1+

Mo Tenns ~ L 1
< < Xn—1,%n+15t) M(x,%,t) ) < _ 1)
T\ -1+ M(xnl,xn,t) 1+ 1) \ M1, %0, 1)

(%p-1%n+1,t)

1
— ( M(xp-1%n+1,t) -1 ) ( 1 _ 1)
- 1 1
M1 1,0) -1 + n M(xn—hxm t)

1 1
< < Mxp_1,5m8) L+ M(xpXp41,t) -1 ) ( 1 _ 1>' (3'11)
- Wi 1 1+ L -1+ 1 M(xn—lrxm t)

(%4-1,%n,t) - M(xp,%p415t) t

As in the proof of Theorem 2.2 of [27], we deduce that {x,} is a Cauchy sequence. The
completeness of (X, M, N, %, ©) ensures that the sequence {x,} converges to some x* € X,
that is limy,_, ;00 M(x,,, 2%, £) = 1. Since T is ¢-uniformly continuous, so by Lemmas 1 and 2,

we have

M(x*, Tx", t) = nli)rgo M (%01, T, t) = M(A, B, t).
That is, x* is a best proximity of 7. Now we show that x* is unique best proximity point
of T. Suppose, to the contrary, that there exists ¢y > 0 such that 0 < M(x*, w, tp) <1 and w #
x* is another best proximity point of 7, that is, M(x*, Tx*, t) = M(A, B, t) and M(w, Tw, t) =
M(A, B, t) for all £ > 0. Now if condition (v) holds, then, from (ii), we have

1 1< ( s~ Lt wmn ~ L >( 1 B 1)
M(x*, w,t) - M(xi,w,t) -1+ M(w%x*,t) -1+ % M(x*, w, t)
1

< M(x*, w, t)

)

which is a contradiction. Hence, w = x*. That is, T has a unique best proximity point. O

Theorem 4 Let A and B be nonempty subsets of a complete triangular intuitionistic fuzzy
metric space (X, M, N, *,0) such that Ay(t) is nonempty for all t >0. Let T : A — B be a
non-self-mapping. Assume that the following assertions hold true:
(i) T is an a-proximal admissible mapping and T(Ao(t)) C Bo(t) for all t > 0;
(il) (3.9) holds for all t > 0;
(iii) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A, B, t) as
n— +00, then x € Ay(t) for all t > 0;
(iv) there exist elements xo and x1 in Ao(t) such that

M(x1, Txo,t) = M(A,B,t) forallt>0 and oafxg,x1,t)>t;
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(v) if {x,} is a sequence in X such that a(x,, x,41,t) > t for all n and all t > 0 such that
Xy —> x as n — +00, then a(x,,x,t) >t forall n and all t > 0.
Then there exists x* € A such that M(x*, Tx*,t) = M(A,B,t), for all t > 0, that is, T has a
best proximity point x* € A.
(vi) Moreover, if M(x, Tx, t) = M(A, B, £), M(y, Ty, ) = M(A, B, t) imply a(x,y,t) > t for
allt >0, then T has a unique best proximity point.

Proof Following the same lines in the proof of Theorem 3, we can construct a sequence
{x,,} in Ao (¢) satisfying

M(x,41, Tx,, t) = M(A, B, ), (X, x,,1,8) >t forallmeN, (3.12)

x, — x* as n — 00, and there exists z € Ag(t) such that M(z, Tx*,t) = M(A, B, t). Also,
a(xy,x,t) >t for all n and all £ > 0. Then from (ii) with x = x,,, y = x*, u = x,,,; and v = z we

get
1 1
1 1< ( M@Enzt) I+ ME xpe1,t) 1 )( 1 3 1)
M(xpi1,2,t) M(xi‘z‘t) -1+ M(x*’iml,t) -1+ 1)\ M(x,,x%,1)
1

< — -1
M(xmx*r t)

Taking the limit as # — oo in the above inequality we get m

fore x* is a best proximity point of 7. Uniqueness follows similarly as in Theorem 3. [

-1=0,ie,x* =z There-

4 Best proximity point results in partially ordered intuitionistic fuzzy metric
space

Fixed point theorems for monotone operators in partially ordered metric spaces are widely

investigated and have found various applications in differential and integral equations (see

[36—40] and references therein). The aim of this section is to deduce certain new best

proximity results in the context of partially ordered intuitionistic fuzzy metric spaces.

Definition 12 Let A, B be two nonempty closed subsets of a partially ordered intuition-
istic fuzzy metric space (X, M, N, ,,=<). Then T : A — Bis said to be a proximally order-
preserving, if for all x,y,u,v € A,

X=X,
M(u, Tx, t) = M(A,B,t), — u=xv
M(V7 Ty’ t) = M(A’B’ t)

holds for all £ > 0.

Theorem 5 Let A and B be nonempty subsets of a partially ordered complete triangular
intuitionistic fuzzy metric space (X, M, N, *,©, X) such that Ay(t) is nonempty for all t > 0.
Let T : A — B be a t-uniformly continuous non-self-mapping satisfying the following asser-
tions:

(i) T is proximally order-preserving and T(Ao(t)) € Bo(¢) for all t > 0;
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(ii) forx,y,u,veA,

x =Y

M(u, Tx, t) = M(A, B, t),

M(V) Ty! t) = M(A’B) t)
1

Mt - 1<y (M@ p,u,v,8) = N (%9, u,,t)) (4.1)

=
holds for all t > 0, where € ¥;
(ili) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A,B,t) as
n— +00, then x € Ay(t) for all t > 0;

(iv) there exist elements xy and x, in Ay(t) such that
M(x1, Txo,t) = M(A,B,t) forallt>0 and xo < x;.

Then there exists x* € A such that M(x*, Tx*,t) = M(A, B, t), for all t > 0, that is, T has a
best proximity point x* € A.

Proof Define o : A x A x (0,00) — [0, +00) by

2t, ifx<y,
ayt) =1 Y

2L otherwise.

At first we prove that T is an «-proximal admissible mapping. For this assume that

a(x,y,t) > t,
M(u, Tx, t) = M(A, B, t),
M(v, Ty, t) = M(A, B, t).

So

x =Y,
M(u, Tx, t) = M(A, B, t),
M(v, Ty, t) = M(A, B, t).

Now, since T is proximally order-preserving so, u < v. That is, a(u, v, t) > ¢ which implies
that T is a-proximal admissible. Condition (ii) implies that 7 is « -y -proximal contractive
mapping. Further by (iv) we have

M(x1, Txg, t) = M(A,B,t) and «a(xg,x1,t) > ¢.
Therefore all conditions of Theorem 1 hold and 7" has a best proximity point. d
Theorem 6 Let A and B be nonempty subsets of a partially ordered complete triangular
intuitionistic fuzzy metric space (X, M, N, *,©, X) such that Ay(t) is nonempty for all t > 0.

Let T : A — B be a non-self-mapping satisfying the following assertions:
(i) T is proximally order-preserving and T(Ao(t)) € Bo(¢) for all t > 0;
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(i) (4.1) holds for all t > 0;

(iii) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A, B, t) as
n— +00, then x € Ao(t) for all t > 0;

(iv) there exist elements xy and x1 in Ay(t) such that

M(x1, Txo,t) = M(A,B,t) forallt>0 and xo < x1;

(v) if {x,,} is an increasing sequence in X such that x,, — x as n — +00, then x,, < x for
all n.
Then there exists x* € A such that M(x*, Tx*,t) = M(A,B,t), for all t > 0, that is, T has a
best proximity point x* € A.

Proof Definea : A x A x (0,00) — [0, +00) as in Theorem 5. Also, assume a(xy, X,,41,£) > t
for all » € N such that x, — x as n — 00. Then x,, < x,,,; for all n € N. Hence, by (v) we
get x, < x forall n € N and so a(x,,x,t) > ¢t for all » € Nand all £ > 0. All other conditions
can be proved as in the proof of Theorem 5. Thus all conditions of Theorem 2 hold and T
has a best proximity point. 0

Similarly from Theorems 3 and 4 we can deduce the following results.

Theorem 7 Let A and B be nonempty subsets of a partially ordered complete triangular
intuitionistic fuzzy metric space (X, M, N, *,©, X) such that Ay(t) is nonempty for all t > 0.
Let T : A — B be a t-uniformly continuous non-self-mapping. Also suppose that the follow-
ing assertions hold true:

(i) T is proximally order-preserving and T(Ao(t)) C By(t) for all t > 0;

(ii) forx,y,u,veA,

x =Y,
M(u, Tx, t) = M(A, B, t),
M(v, Ty, t) = M(A, B, t)

1

1

1 -1+ -1 1

- - 1< ( Meed) Mot )( - 1) 4.2)
M(u,v,t) i R oy R M(x,y,t)

holds for all t > 0;

(ili) for any sequence {y,} in Bo(t) and x € A satisfying M(x,y,,t) — M(A,B,t) as
n— +00, then x € Ay(t) for all t > 0;

(iv) there exist elements xo and x1 in Ao(t) such that

M(xy, Txo, t) = M(A,B,t) forallt>0 and xo < x;.

Then there exists x* € A such that M(x*, Tx*,t) = M(A,B,t), for all t > 0, that is, T has a
best proximity point x* € A.

Theorem 8 Ifin the above theorem, in place of t-uniform continuity of T, we assume that

for any increasing sequence {x,} in X and x,, - x as n — +00, we have x,, < x for alln € N.
Then there exists x* € A such that M(x*, Tx*,t) = M(A,B,t), for all t > 0, that is, T has a
best proximity point x* € A.
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5 Application to fixed point theory
In this section we deduce new fixed point results in intuitionistic fuzzy metric space and
ordered intuitionistic fuzzy metric space. Moreover, we derive certain recent fixed point
results as corollaries to our best proximity results.

First we introduce the following concepts.

Definition 13 Let (X, M, N, *,¢) be an intuitionistic fuzzy metric space, 7 : X — X and
a:X x X x (0,00) = [0,00). We say, T is an a-admissible mapping if

xyeX, axyt)>t = o(Ix,Ty,t)>t
forall > 0.

Let (X, M, N, *,9) be an intuitionistic fuzzy metric space, T : X — X be a self-mapping.
We define M7 (x,y,t) and N7 (x,y, t) as follows:

1 1 1 1
r ) It = » S )
M (@y,2) = max M(x,y,t) 2| M(x, Tx, t) +M(y, Ty,t)

1 1 1 1
2 [M(x, 0,0 M@, Tnt) } }

and
N (x,y,t) = max{M(x, Tx, 1), M(y, Ty, t), M(x, Ty, t), M(y, Tx, t)}.

Definition 14 Let (X, M, N, *,¢) be an intuitionistic fuzzy metric space. Let T : X — X
be a self-mapping and o : X x X x (0,00) — [0,00) be a function. We say T is an a-yr-
contractive mapping if

1
xyeX, axyt)>t = m -1=< W(MT(x,y, £) —NT(x»% t)) (5.1)

holds for all ¢ > 0, where ¥ € W.

Theorem 9 Let (X,M, N, *,0) be a complete triangular intuitionistic fuzzy metric space.
Let T : X — X be a t-uniformly continuous self-mapping. Also suppose that the following
assertions hold:
(i) T is an a-admissible mapping;

(i) T is a-yr-contractive mapping;

(iii) there exists xqg in X such that a(xg, Txg,t) > t.
Then T has a fixed point.

(iv) Moreover, if x,y € Fix(T) implies a(x,y,t) > t, then T has a unique fixed point.

Theorem 10 Let (X, M, N, *,©) be a complete triangular intuitionistic fuzzy metric space.
Let T : X — X be a self-mapping. Also suppose that the following assertions hold:
(i) T is an a-admissible mapping;
(i) T is a-y-contractive mapping;
(iii) there exists xo in X such that a(xg, Txo,t) > t;
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(iv) if {4} is a sequence in X such that o(x,, xy41,t) > t for all n and all t > 0 with
Xy —> X as n— +00, then o(x,,x,t) >t foralln e Nand all t > 0.

Then T has a fixed point.
(v) Moreover, if x,y € Fix(T) implies a(x,y,t) > t, then T has a unique fixed point.

Theorem 11 Let (X, M, N, *,0) be a complete triangular intuitionistic fuzzy metric space.
Let T : X — X be a t-uniformly continuous self-mapping. Also suppose that the following
assertions hold:

(i) T is an a-admissible mapping;

(i)

xyeX, alxyt)>t

-1+ L -1
— 1 _15( (xTyt M(yTxt) 1)( 1 _1>
M(Tx, Ty, t) Mo T Tyt -1+ VO Txt) -1+ M(x,y,t)

forall t > 0;
(iii) there exists xq in X such that a(xg, Txo,t) > t.
Then T has a fixed point.
(iv) Moreover, if x,y € Fix(T) implies a(x,y,t) > t, then T has a unique fixed point.

Theorem 12 Let (X, M, N, %, ) be a complete triangular intuitionistic fuzzy metric space.
Let T : X — X be a self-mapping. Also suppose that the following assertions hold:
(i) T is an a-admissible mapping;

(i)

xyeX, alxyt)>t

1
1 -1+ -1 1
— 1 < ( (x Tyt) Z\/Il(y,Tx,t) . ) ( _ 1)
M(Tx, Ty,t) W—1+W—1+ r M(x,y,t)

forall t > 0;

(iii) there exist elements xq in X such that a(xg, Txo,t) > t;

(iv) if {x,} is a sequence in X such that a(x,, Xu.1,t) > t for all n and all t > 0 with
Xy —> x as n— +00, then a(x,,x,t) >t forall n and all t > 0.

Then T has a fixed point.
(v) Moreover, if x,y € Fix(T) implies a(x,y,t) > t, then T has a unique fixed point.

By taking a(x,y,t) = ¢ for all x,y € X and all £ > 0, we obtain the following corrected

version of Theorem 2.2 in [27].

Corollary 1 (Theorem 2.2 of [27]) Let (X, M, N, *, o) be a complete triangular intuition-
istic fuzzy metric space. Let T : X — X be a t-uniformly continuous mapping satisfying

1
1 1< < M(xTyt 1+M(y,Tx,t) -1 >( 1 _1>
M(IxTy,t)  ~ \yatms — L+ amomn — L+ 1/ \M@®.0.0)

holds for all x,y € X and all t > 0. Then T has a fixed point.


http://www.journalofinequalitiesandapplications.com/content/2014/1/352

Latif et al. Journal of Inequalities and Applications 2014, 2014:352 Page 18 of 19
http://www.journalofinequalitiesandapplications.com/content/2014/1/352

Theorem 13 Let (X, M, N, , ¢, X) be a partially ordered complete triangular intuitionistic
fuzzy metric space. Let T : X — X be a t-uniformly continuous self-mapping. Also assume
the following assertions hold true:

(i) T is an increasing mapping;

(ii) assume

1 1
1 iy < Mo ~ Lt w1 ) ( | 1)
M(Tx, Ty,t) ~ — M(x,lTy,t) -1+ M@}Tx,t) -1+ 1)\ Mx,y,0)

holds for all x,y € X withx <y and t > 0;
(iii) there exists xq in X such that xy < Txy.
Then T has a fixed point.

Theorem 14 Let (X, M, N, *, ¢, <) be a partially ordered complete triangular intuitionistic
fuzzy metric space. Let T : X — X be a self-mapping. Also assume the following assertions
hold true:

(i) T is an increasing mapping;

(i) assume

1 1
1 1< ( Mo s Lt Momn L ) ( o 1)
M(Tx, Ty, t) ~ — M(x,lTy’t) -1+ M(y}Tx, 51+ 1)\ M(x,y,t)

holds for all x,y € X withx <y and t > 0;
(iii) there exist elements xq in X such that xq < Txo;

(iv) if {x,} be an increasing sequence in X such that x,, — x as n — oo, then x,, < x for
allneN.
Then T has a fixed point.
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