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1 Introduction
The aim of this paper is to use umbral calculus to obtain several new and interesting identi-
ties of Barnes-type Peters polynomials. Umbral calculus has been used in numerous prob-
lems of mathematics (for example, see [1-10]). Umbral techniques have been used in dif-
ferent areas of physics; for example, it was used in group theory and quantum mechanics
by Biedenharn et al. [11, 12] (for other examples, see [3, 10, 13-18]).

Let r € Z.¢. Here we will consider the polynomials S, (x) = S, (x|A1, ..., Ar; 41,..., 1,) and
S,(x) = Sy,(le, weoyAps 15+, [4r), which are called Barnes-type Peters polynomials of the
first kind and of the second kind, respectively, and are given by

r

[Ja+@+e) "+ =" S.x) (1.1)

j=1 n>0
: 1+8)% \W
I1 ((+4)A) Q0" =Y 8® (1.2)
L A\L+ (1 +2)Y
j=1 n>0

where Ay,...,Am t1,..., iy € C with Aq,...,A, # 0. If r = 1, then these polynomials are
generalizations of Boole polynomials, see [19]. If u; = --- = u, = 1, then S,(x|A) =
Su®|A e hr) = Su@®lAny.e s AL .. 1) and Su(xA) = Sp(xAs,-. s h) = Su®|AL .. s A

.,1) are called Barnes-type Boole polynomials of the first kind and of the second kind.
So,

r
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We introduce the polynomials E, (x|A; u) = E, (%|A1, ..., Ars (41, .., 4y) With the generating

function
’ ,
2 Hj r tn
(550) @=L awmmt,
j=1 n>0

These polynomials may be called generalized Barnes-type Euler polynomials. When 1 =
coo=pp =1, E4(%|A) = Ey(x|A1,...,Ap) = Eg(®|A1,...,A51,...,1) are called the Barnes-type
Euler polynomials. If further Ay =--- =1, =1, Eﬁ,r)(x) =E,(x|1,...,1;1,...,1) are called the
Euler polynomials of order r. When x =0, S, = S,,(A; ) = S,,(0|A; ) and Sp=8,0p) =
$,(0]A; ) are called Barnes-type Peters numbers of the first kind and of the second kind,
respectively.

Let IT be the algebra of polynomials in a single variable x over C, and let IT* be the
vector space of all linear functionals on I1. We denote the action of a linear functional L
on a polynomial p(x) by (L|p(x)), and we define the vector space structure on IT* by

(cL +cL |p(x)) = c<L|p(x)> + c’(L'|p(x)>,

where ¢, ¢’ € C (see [19-22]). We define the algebra of formal power series in a single vari-
able ¢ to be

k
= {f(t):Zak%‘ake(C}. (13)

k>0

The formal power series in the variable ¢ defines a linear functional on IT by setting
(f(t)|x”) =a, forallxn>0 (see[19-22]). (1.4)
By (1.3) and (1.4), we have
(tk|x”> =nd,, forall m, k>0 (see [19-22]), 1.5)

where §,,; is the Kronecker symbol.

Letf (t) = >, -0(LIx") tn—n, From (1.5), we have (f; (t)|x") = (L|x"). Thus, the map L — f;(¢)
is a vector space isomorphism from IT* onto . Therefore,  is thought of as a set of both
formal power series and linear functionals. We call H umbral algebra. Umbral calculus is
the study of umbral algebra.

The order O(f(t)) of the non-zero power series f(£) is the smallest integer k for which
the coefficient of £* does not vanish (see [19-22]). If O(f(¢)) = 1 (respectively, O(f(¢)) = 0),
then f(£) is called a delta (respectively, an invertible) series. Suppose that O(f(¢)) = 1
and O(g(t)) = 0, then there exists a unique sequence s,(x) of polynomials such that
@@ (®))¥|s,(x)) = 18,1, where 1,k > 0 [19, Theorem 2.3.1]. The sequence s, (x) is called
the Sheffer sequence for (g(¢),f(¢t)) which is denoted by s,(x) ~ (g(¢),f(¢)) (see [19-22]).
For f(¢) € H and p(x) € I1, we have (¢”|p(x)) = p(y), (f(£)g(t)|p(x)) = (g(®)|f(t)p(x)) and

1

fO=Y (ORI, pw = Yt

n!
n>=0 n>0

(1.6)
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(see [19-22]). From (1.6), we obtain

(o) =p®0), (PP @) =p*(0), (1.7)

where p¥(0) denotes the kth derivative of p(x) with respect to x at x = 0. So, by (1.7), we
get that t*p(x) = p® (x) = %p(x) for all k > 0 (see [19-22]).
Let s,(x) ~ (g(¢),f(¢)). Then we have

L i _ v
T %;W) n’ (9

for all y € C, where f(t) is the compositional inverse of f(£) (see [19-22]). For s,(x) ~
(g(2),f () and r,,(x) ~ (h(2), £(2)), let

Sn(x) = Z Cn,krk(x)¢ (19)

k=0

then we have

CL[RE@)
Cuk = k!<g(}_‘(t)) (e(f(0))

x> (1.10)

(see [19-22]).
It is immediate from (1.1)-(1.2), we see that S,,(x) and S, (%) are the Sheffer sequences for
the pairs

Su(x) ~ (]‘[(1 +eM)Y, et — 1), (1.11)

j-1

Wit 1
8,(x) ~ (]‘[(1%)“ ¢ —1). (1.12)

j=1
The aim of the present paper is to present several new identities for the Peters polynomials

by the use of umbral calculus.

2 Explicit expressions

It is well known that
@n =) Simmx" ~ (L,e' - 1), @2.1)
m=0
where S;(n, m) is the Stirling number of the first kind. By (1.11) and (1.12) we have

r

[T +e7)98,x) ~ (1, ~1) and H(1+e ) L) ~ (1e' -1). 2.2)

Jj=1

Page3of 16
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So

r r

S,u(x) = l_[(l + e)»jt)—ﬂj(x)n _ Zsl(n,m) (1 + ekjt)—ﬂjxm

j=1 m=0 j=1

Sy L2\
—_ 9~ 2j=1 My m
=27 &=l /mE_OSI(n,m) /l,ll(1+ekit) X

_ 2*2;:1 Hj ZSI(}/]’ m)Em(xp», [l,), (23)

m=0

which implies

r At i r

A e’ / ST it A\~
sn(x):]f[<1+ekjt) (), = =TT (1 €)™ 1)

Jj=1 j=1

> - ST ht - 2 o
— o Xk =1 Ak "

=2 &l JZOSI(n,m)e j=1 M 1_1[(1+e}‘/'t> x

m= j=

= Lk Z Sy(n, m)e=i 1 E, (x| A; o)

m=0
D RV RV Z Si(n, m)E,, (x + Z M| A [L). (2.4)
m=0 j=1
Thus, we have the following result.
Theorem 1 Foralln >0,
S,(6) = 275119 " (1, m)Ep (112 ),
m=0
Sy(x) = 9= Xja iy Z Si(n, m)E,, (x + Z Xipg| A [L).
m=0 j=1

By (1.6), (1.8), (1.11) and (1.12), we have

Su(x) = Z 1<1_[(1 +(1+2)7) " (log(1 + t))/ x”>xf,

=0 M\
x”>xj ,

n

. r Ao\ M .
iAo

P
j=0 J: j=1
x”>

(log(1 + t))jx”>

<H(1 +(1+ t)*/')_“i (log(1 + t))i

Jj=1

i <l_[(1 +(L+2)h)

j-1
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xn—é>

=iy <Z)Sl(£,j)<l_[(1 +(1+0)M)

o =1
" (n

=j! Z <£>Sl(€;j)5n—4
=

and

r 1+~ WM .
(15 7) on vy
j=1

.

~ " (1+t)A/ K j n
<H(W> “"g“”’)x>
—1-;<g>51(£’/)<£[(1+(1+t)*1) g >
n n N
:j! Z <€)Sl(£,j)sn—€'
=

Hence, we can state the following formulas.

Theorem 2 Foralln >0,

Sux) = Z(

j=0

Z(’Z)sl(e,/’)sn_e)xf and 8,(x) = (

= j=0

xn>

3 (Z)sl(e,f)ﬁn_e)xf.

=

Also, by the definitions, (2.1), (1.11) and (1.12), we have

5,00= (X 5005

i>0

x”> = <H(1 +(L+6)) (L + ey

j-1

<H(1 +(1+))7"

j-1

1+ t)yx”>

r

ang(Y)m (}Z) <H(1 +@+t))

j-1

ang(y)m (;) S

xn—m>

and

i

&y N I P A (T LA
Sn(y) —<§Sl(y)g X >— <i=1 (m) (1+t)y

e @+l Y
_<H<1+(l+t)’\/>

j-1

1+ t)yx”>
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R A M D LA G
_r;(y)m(m><ll<m> X >

n )\
= Y;(Y)m (Wl) Siim>

which implies the following formulas.

Theorem 3 Foralln >0,

N U n
Sulx) = Zs _,( >(x), and S,x)=Y S, (j)(x),.
j=0
More generally, by (2.1) and (2.2) with p,(x) = ]_[;zl(l + S, (x) = (%), ~ (1€ = 1),
we obtain that S, (x + y) = Z]b o Sf(x)(y),,_,(") and with p,(x) = ]_[7 1+f]’ )4 8,0(x) = (), ~
(1, ¢’ — 1), we obtain that S, (x + y) = Z} o S (%) (V)n ,( ) which gives the following corollary.

Corollary 1 Foralln=>0,

b
x+y)—ZS(x)(y),,_,( ) and S,(x+y) = Z )(y),,_j<;l).
j=0

j=0

3 Recurrence relations

Note that if a,,(x) ~ (g(£),f(2)), then f(¢)a,(x) = na,_1(x), Thus, by (1.11) and (1.12), we have
that S, (x +1) = S, (%) = (¢ =1)S,(x) = nS,_1(x) and S, (x +1) = §,,(x) = (¢ =1)S,,(x) = nS,,1 (%),
which give the following recurrences.

Proposition1 Foralln>1,
Sy +1) = S,(x) = 1S, 1(x) and S,(x+1) = S,(x) = nS,_1(x).

Note that for a,(x) ~ (g(£),f(£)), we have that a,,1(x) = (x — g (t)/g(t)) a,,(x) In the
case (1.11), we obtain S,,,1(x) = xS,,(x — 1) — e‘t‘z((t))S (x) with g(¢) = [T, 1 + e4*) . Since
£o _ g kit 4 nd by (2.3), we get

F0) i=1 4ot
F40)  hikie Aifkie
S x — 1 L _ l l
o Zl o S(0) = Zl 5 1+e“,q()
r . n r :
)\iuie}‘l‘ 2 = 2 Y m
=Z< 2 1+e*i’f2 . ’ZSl(n,m)l_[ 1+ et x
i=1 m=0 ]:1

r

" r et K
Sy )"ll'Lle 2 2
Y s (AT ()
m=0 i=1 j=1

1+eY

S e AL
=275 TS m) Y B+ A e+ ),

r
m=0 i=1
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where e; = (0,...,0,1,0,...,0) is a vector with 1 in the ith coordinate. Thus,

St () = %81 (x) = 2772 N N S (m, )bty Epn (e + i = LA b + €0). (3.1)

m=0 =1

On the other hand, by Theorem 2, we have

140 hifkie — A€t 2
0 Snlx )_ZWS (x)=z 5 msn(x)

i-1

Tt 2 " (I (n ) .

=Z 5 mz Z ¢ S1(€,1)Sn—¢ |¥
l=j

11“
S
5

=)
(2

lpc, 2

1+ ehit

S1(€,)Su-t Z

>
2

)
S1(¢,)) MZZ ki Hip Ej(1+x/);)

)Sl(zr])sn KZ ll/Ll kéEj(x/ki
!

)
)
)

(note that E,(x) = —x" = (E+x)" = Z ( )E x" = AéEi(x/Ai)), which implies

1+e

)\1+1

n+1(x) XS x 1) ZZZ

(’Z) 16 N)SnoE(1+ (x —1)/1s).
j=0 (= i=1
Thus, by (3.1), we can state the following result.

Theorem 4 Foralln >0,

Su1(@) = xSyx 1) =277 Y N Sy, m)hiptiE(x+ ki = 11As g+ ),

m=0 i=1

St () = 65, (¢ ~ 1) - ZZZ

j=0 ¢=j i=1

}+1

('Z) S1EN)SntE(1+ (x —1)/1s).

As a corollary, we get the following identity.

Corollary 2 Foralln >0,

n

.
27X N N S, m) it E(x + 2~ 1A L+ €y),

m=0 i=1

Z Z Z i ( ) 6))Sn-cEj(1+ (x = 1)/%;).

j=0 t=j i=1



http://www.journalofinequalitiesandapplications.com/content/2014/1/324

Kim et al. Journal of Inequalities and Applications 2014, 2014:324 Page 8 of 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/324

In the case (1.12), we obtain S,,,;(x) = x5, (x — 1) — e‘t‘g((f))gn(x) with g(#) = [ 1(“2; V.
ot
Since g(( )) Y A{i’;it — > Aip; and by (2.4), we get

g/(t) _ )\zﬂz A
g(t)sm)-;m Su(x) = 1S, (%),

where Ap =37 A and

r

A€t
> Sux)

1+ ekt
i=1

U T I
=) TS

X
p= 2 14kt "

r . n r :
et 2y S it 2 \Y
e 27 Zj=1 K Si(n, j=1"1j m

;:( 2 1+ ekit Z 1(}’1 m)e l_[ x

Mt
J
o ) l1+e

j=1

h3 - (i i 2 - 2 Y

o Yhak i it Yt m

=27 21 ,,;Sl(n,m)zl: oe 1+e*it1:[<1 x,.t> x
= i=

=Nk D Simm) > hiptiEn (e + A+ e)|As p + €7)
m=0 i=1

So
S (@) = (¢ + Ap)S,(x - 1)

n r
~ 27 ST S (m,m) Y hiptiEn(x+ A+ ) — 1A e+ €). (3.2)
m=0 i=1

On the other hand, by Theorem 2, we have

( )& _ )HIM r )‘i,uie)" t o9 A
FTRICE Z M8 ) A ) = P A
r }\.iMie)Lit 2 n n " o ’ )

B Z 2 14ekt Z(Z (Z)Sﬂ&])sn()x/ —AuS,(x)
=1 j=0 \ =)

n

n r /+1
= Z(Z ( )51(&1)5;4 ¢ Z Ei(1+x/ )) —AnS, ().
j=0 \ t=j

Therefore, by (3.2), we have the following result
Theorem 5 Foralln> 0,
Sun@) = (6 + Ap)S,(x 1)

n r
TN S, m) Y At + A+ €) = 1A o+ €1)
m=0 i=1
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n n r j+1
)\l

Spa®) = x+ A8y -1) =Y "y "N

j=0 (= i=1

<Z)51 ()8 e Ej(1+ (= 1)/3).

As a corollary, we get the following identity.

Corollary 3 Foralln> 0,

YL ZSl(n, m) ZA;M,E,, (x +A(m+e)-1Ap+ e,»),

m=0 i=1

DRI

j=0 (=j i=1

)\’]+1

( >51 0,/)S,- Ej(L+ (x=1)/2).

Recall that for a,(x) ~ (g(£),f(2)), we have %an(x) = ?;é (’Z) (f(®)|x""Ya,(x). Hence, in
the case (1.11), namely a,(x) = S,(x), we have

(f(t)|x"‘z> = <10g(1 + t)|x”_£>

(_l)m—l m
_ <Z o

m>1

x”> = (-1)"“m-e-1),

which implies d/dxS, (x) = n!y ;- é %S{ (x). In the same way, we obtain the case Su(x),

which leads to the following result.

Theorem 6 Foralln>1,

d n-1 (_ )n—é—l ( )n —(-1
- Sa) =n1§msg(x) and s (%) = n! Z sl( ).

Now we find another recurrence relation by using the derivative operator. For n > 1, by

(1.11) we have
x">

Su(y) = <Z S,v(y)% x”> = <]_[(1 () 1+ 2y
i>0 j=1

xn1>
xn1>
xn1>

x”‘1> +9S,.(y - 1).

4 (]_[(1 +A+)Y) A+ t)y>

Jj=1

di [Ja+a+ey) " a+ey

j-1

+ <1_[(1 +(1+ t)'\/)_“/%(l +t)

= <% H(l +(L+0)) (L 4ty

Jj=1

Page9of 16
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Observe that 4 [T, (1+ (1+£)%) 7 = =[], (1 + @+ £)%)" Y7 A Wt Ty,

ilki 1+(1+2)i
1>

r

=- Z x,-m<(1 +(1+ t)M‘)’1 1+@+0)%) @+ eprhit

i=1

d ,
— (1 +(1+ t)’\/')”’ Q+e) |«
<dt ;

i1

xn1>

Jj=1

,
= =D hiSua(+ A =1k g+ e).

i=1

Hence,

Su(x) = xS, (x - 1) - Z AitkiSu_1(x + A = 1A + €;). (3.3)
i-1

Also, for n > 1, by (1.12) we have

o-(Tso)
(1) ool
e o)
(85 e

fd G @y Y
-<a (feaves) e

j=1

+

x”1> +98,.4(y - 1).

)L
A+)7 \p; r (1+t i —ri—1 (1+t)
Observe that i T (M)]) j = ]_[]. 1(1+ 1+t* Y93 AL+ £) M R . So

d PL+)y M .
<%1'_1[<1+(1+t)*f) e 1>
i

N Wy Lo Qe \Y
_Zkiui<1+(1+t)l\i!:[<1+(1+t),\j) 1+ey

xn—l>

i=1

.
= Z)»illign-l(y —-di—1Ap +ep).

i=1
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Thus,

Su(x) = 68,1 (x — 1) + Z AiliSu1 (=2 = 1A 1+ €). (3.4)

i=1
Hence, by (3.3) and (3.4), we obtain the following result.

Theorem 7 Forn>1,

Sux) =xS,1(x - 1) — Z it S (x + X — 1As o+ €;),

i=1

Su@) =x8u1 (=1 + > AipiSua (6 = A = 1A p + €).
i=1

Another result that can be obtained is the following.

Theorem 8 Forn—-1>m>1,

3 <Z>Sl(n—6,m)5g: Z(n£l>51 n=1-t,m=-1)S,(-1)

2 £=0

n-1-m
n-1-4£,m) AiiSe(hi = 1A e+ e;
(6) ;M i+ e,

n-m n—

3 <">S1 n—t,m)S, =
£=0

N (n-1
¢ S1(m—1-,m-1)8,(-1)
£=0

n-l1-m

n-1 : A
+ Z < ¢ >Sl(n—1—£,lfl’l)2)uiﬂi$g(—)ni—1|)~;[L+€,').

£=0 i=1

Proof Because of the similarity in the two cases S,(x) and Su(x), we only give the proof

of the first identity. In order to prove the first identity, we compute the following in two
different ways:

A= <]_[(1 +(1+8)%) " (log(L +1))" |x

j-1

On the one hand, it is equal to

A= <1_[(1 + (L)

Jj=1

(log(1 + t))mx”>

i <H(1 +(L+))7"

Jj=1

tL’
m! Z SI(Z, m)Ex”>

{>m
xn—[>

=m! ZSl(Z,m)<Z)<1_[(1 +(1+ t)/\/)—/tl

t=m j=1

Page 11 of 16
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1 n
=m! LZ”; Sy(€, m) <£)Sn_g

=m!i$1(n—ﬂ,m)<z>55. (35)
£=0

xn1>
xn—1>
x”‘1>.

On the other hand,

A= <% |:1_[(1 +(L+2)%) " (log(1 + t))m:|

j-1

) <% [T@+ @eeyr)™ (togt + )"

j-1

+ <l_[(1 +(1+ t)*/)_“/%(log(l +1)"

j=1
xn—l>

(log(1 + t))mlx”_1>

£
t_xn—l
2!

=m! Z (” ; 1)Sl(n —-1-4,m- 1)<l_[(1 +(1+ t)’\/)fu"(l +0)7t
-0

j-1

Here,

<1_[(1 +(1+ t)xf)”"%(logu +1))"

j-1

n-1 r
=m! Z Si(t,m— 1)<1_[(1 +(@+)7) @)

t=m-1 j=1

y

— (n-1
=m! ( )Sl(n—l—E,m—l)Sg(—l)
=0

o )

- Z)Liui<(1 +(1+ t)*l‘)_l 1_[(1 +(L+)M) L+ )kt

i=1

and

(1+@+0)%) " (log(1 + )"

S

(log(1 + t))mx"_1>

Jj=1

= Z}Liui<(1 + 1+ t)*l')_1 1_[(1 +(L+)M) L+ )kt

£
m! Z S, m)Ex"_1>

i=1 j=1 >m
r n-1 n-1
_mzzm( ) )Sl(e,m)
i=1 ¢=m

x <(1 +(1+ t))\i)_1 1+ @+%) @+

j=1

xn—l—ﬁ>
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r n-l-m

-1
:_m!Z )\.iﬂl‘<n€ )Sl(n—l—é,m)
i=1 0

L=

r

x <(1 @t T+ @+ e2) @+ o)

y

j=1
r n-l-m n—1

= —m! Z Z liﬂt( ¢ >S1(ﬂ -1-4,m)S (A - 1A +e).
-1 =0

Altogether, we have, forn —-1>m > 1,

m! <Z)Sl(n —L,m)S,

n

o
= m! (”e )Sﬁn—l—@Jﬂ—lﬁA—D
=0

r n-1-m

-1
_M!Z Z Aiui<n£ )Sl(n—l—é,m)Sg()»,'—lu;/L+e,<).

i=1 ¢=0

By dividing by m!, we complete the proof. O

4 Identities
Let S, (x) = > _o Cnm(%)m and Su(x) = Y =0 Cnm (%) . By (1.9), (1.10) and (1.11), we obtain

t”‘x”>
xnm>
j=1
n
= ( )Sn—m:
m

and by (1.9), (1.10) and (1.12), we obtain
L/ @+o)y \M
En,m:_ 1_[( ( +t) /)L_> t"x"
m! i1 1+ (1 +2)Y

(m\ [ AT N
_(M)<H(1+(l+t)kf) ¥ >

j=1
Hence, we have the following identities.

j=1

Com = $<H(l +(1+))"

: (”“)<H(1 # (e 2p) ™

Theorem 9 Foralln >0,

Sulx) = snm<”>(x>m and  S,(x) = Snm<”>(x)m.
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Now, let S,(x) =>"7 o cn,mHi,i)(xm) and S, (x) = o ﬁy,,mHﬁ,i)(xm), where HY (x]a) ~
((£=2)s, 1), with & # 1. Then, by (1.9), (1.10) and (1.11), we obtain

l-a

m!

log(1+2) _ s r
Cnm = i<(eg14a> l_[(l +(1+ t)ll) el (log(l + t))

= - a)5<1_[ 1+ 1+1) )‘1) Mi(lOg(1+t))m(l—a+t)s
j=1

x">
) 1- a)t’x”>

X" >,
and by Theorem 8, we have

n-m n—j—-m
Com = s C) 1-a)f /(n), (m' ( )Sl(n -j-4¢, I’I’I)S[)
0 =0

j=

n—m n—m ]
= <’)( )(1 o) ’(n) S1(n—j—€,m)S,.
j=0 =0

By (1.9), (1.10) and (1.12), we obtain

L Lot g\ L (L) \ m| n
Cn,m_%<< l-«a ) !:1[<1+(1+t)’\1‘) (log(1+ )" | >
r pe 1
(1 = a)s< (1 a Ij-)t)’\ ) (log(1 + t))m‘(l —a+ t)sx">
j=1

” s TT( =07 )" m
i a)s C)l o) <H(1+(I+tw> (log(1 + 1))
j=1

j=0

in{s,n

= 1+ @+0%)" (log +8)"
S
m!(1l - a) </

j=0

e a)sz S,)(l—a)s‘j(n)j<1_[(l+(1+t)}‘/)_“f(log(1+t))m

j=0 j=1

%" >,
and by Theorem 8, we have

n-m —j—-m
éy,,mz s a)SZ()l o) (n < ‘ZO( )Sln j- (im)S)
n—m n— ] ) .
(I) ( )(1 - )7 (n);S1(n—j—€,m)S,.

Therefore, we can state the following result.

n

§

j=0 ¢

I
(=]

Theorem 10 Foralln> 0,

n [n—mn—m—j .
Sul) = Z( (j) (”;’) (L) (n)Si(n—j— £, m)&)Hi;)(xm),

j=0 =0
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n n—, nt ]
( <’) ( ) - a)’j(n)jSl(n -j—4, m)§g>H,(f,)(x|a).
m=0 \j £=0

Finally, we express our polynomials S,(x) and :S',,(x) in terms of Bernoulli polynomi-
als of order s. Let S,(x) =Y _, CumBY (x) and S, (x) = Yoo SumBY) (x), where BY (x) ~
((etT‘l)S, t). Then, by (1.9), (1.10) and (1.11), we obtain

x”>

_i - ALY m ¢ ’ n
_m!<i1(1+(1+t) )" (log(1 + 1)) ‘<log(1+t)>x >,

and by the fact that (IOg ) =2

kind of order s, we derive

n—

é/))
I
e §

log (1+t) r
) m
<( log(1+t>> (L+ @+ 0)%) " (loglt + 1)

c¥ %, where CY is the Cauchy number of the first

xn—i>,
and by Theorem 8, we obtain

1 n-m n ® n—i-m n—i ’
Cn,m:%;):(i)ci (m! Z < P )Sﬂn—z—(,m)&;)

£=0

n—-m n—i—-m i
()( . )Cfs)Sl(n—i—Z,m)Sg.
i=0 0

n>0

Cum = 1 y <n) Cz(s}<l_[(1 +(1+ t)k/)_“j (log(1 + t))m
i=0

m! i
— i1

Also, by (1.9), (1.10) and (1.12), we obtain
1 el(’g(lﬂ) —1\* < (1 + t))»j i .
Anm = I 1+t "
" ’"<< e+ 9) L_l[(u(utw) (log1+))" =
1y @+05 \" - t\
= — —_— log(1+¢ — | X"
m'< (1+(1+t)*> (og( +9) log(1 +¢) *
1 - n (s) ! (1 + t)}"/' Hj m -
=— G ———— | (log(1+t "),
e <l> l <£[(1+(1+t)*f (log(1+ )"«
and by Theorem 8, we obtain
1 - n (s) nm n—i . A
Com = — . Ci m! Z Sl(}’l—l—e,m)Sg
m! 4 i L
i=0 =0
= (n) <n; l) CES)Sl(n —i—€,m)S,.
i0 =0 N

Hence, we have the following identities.

:l

Page 150f 16


http://www.journalofinequalitiesandapplications.com/content/2014/1/324

Kim et al. Journal of Inequalities and Applications 2014, 2014:324 Page 16 of 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/324

Theorem 11 Foralln> 0,

n [n—-mn—m—j .
Sn(x):Z Z Z < )( ) >C;S)Sl(l’l —j—f,m)Se BSI)(QC),
j=0 £=0

m=0
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