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Abstract

In this paper, we investigate the existence of solution for two systems of fractional
differential inclusions via some integral boundary value conditions. For this purpose,
we use an endpoint result for multifunctions which has been proved in 2010 by
Amini-Harandi (Nonlinear Anal. 72:132-134, 2010). Finally, we give an example for
illustrating one of our results.
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1 Introduction
As we know, diverse classes of fractional differential equations have been studied by re-
searchers (see for example, [1-15] and the references therein). Much attention has been
devoted to the fractional differential inclusions (see for example, [16—32] and the refer-
ences therein). Also, there have been provided many applications of this field (see for ex-
ample, [33, 34] and [35]).

It is the aim of this paper to investigate the existence of solutions for two systems of
fractional differential inclusions, subject to some integral boundary value conditions. In
this respect, we use an endpoint result for multifunctions due to Amini-Harandi, [36]. We

provide an example for illustrating one of our results.

2 Preliminaries
As is well known, the Riemann-Liouville fractional integral of order « > 0 of a function
f:(0,00) = Ris given by I*f(¢t) = ﬁ fot(t —5)%7f(s) ds, provided the right side is point-
wise defined on (0, 00) (see [10, 13] and [14]). The Caputo fractional derivative of order o
for a continuous function f is defined by *D“f(¢) = ]"(nl—a) fot (:{ s(:;(_s,),ﬂ
(see [10, 13] and [14]).

Recall that a multifunction G: ] — P, (R) is said to be measurable whenever the function
t — d(y, G(¢)) is measurable for all y € R, where J = [0,1] [37].

Let (X,d) be a metric space. We have the well-known Pompeiu-Hausdorff metric (see
(38])

ds, where n = [a] +1

Hy: 2% x2X 5 [0,00), Hy(A,B) = max{supd(a,B),supd(A,b)},
acA beB
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where d(A, b) = inf,c4 d(a, b). Then (CB(X), H;) is a metric space and (C(X), H,) is a gen-
eralized metric space, where CB(X) is the set of closed and bounded subsets of X and C(X)
is the set of closed subsets of X (see [27]).

Let T: X — 2% be a multifunction. An element x € X is called an endpoint of T when-
ever Tx = {x} [36]. Also, we say that T has the approximate endpoint property whenever
infyex sup ez, d(x,7) = 0 [36]. A function g: R — R is called upper semi-continuous when-
ever limsup,,_, ., g(%,) < g(A) for all sequences {A,,},>1 with A, — A [36].

In 2010, Amini-Harandi proved the next result [36].

Lemma 2.1 Let y: [0,00) — [0,00) be an upper semi-continuous function such that
Y (t) < t and liminf,_, o (t — V¥ (¢)) > 0, for all t > 0, (X,d) a complete metric space and
T: X — CB(X) a multifunction such that Hy(Tx, Ty) < ¥ (d(x,y)) for all x,y € X. Then
T has a unique endpoint if and only if T has approximate end point property.

In 2011, Ahmad et al. investigated the fractional inclusion problem ‘D*x(t) € F(¢,x(t)),
via the integral boundary conditions /(0) — ijf(T) = W folg,»(s,x(s)) dsforj=0,1,2, where
F is a multifunction (see for more details [20]).

In this paper, we are going to extend the problem in a sense. In this respect, we first

investigate the existence of solution for the fractional differential inclusion problem
‘Dx(t) € F(t,x(1), %' (1), x"(t)), 1)
via integral boundary value conditions

x(0) + x(n) +x(1) = fol go(s,x(s)) ds,
DB x(0) + “DPx(n) + DPx(1) = [, gi(s,%(s)) ds, )
D" x(0) + D" x(n) + °D’x(1) = [} ga(s, %(s)) ds,

wherete/,2<a<3,0<n,B<l,1<y<2,and F: ] x R x R x R — P, (R) is a multi-
function, g1,2,,83: /] x R — R are continuous functions and D7 is the standard Caputo
differentiation. Here, P, (R) is the set of all compact subsets of R.

Also, we investigate the existence of solution for the fractional differential inclusion

problem
‘Dx(t) € F(t,x(£), D" x(2), ..., “D"x(t)), (3)
via integral boundary value conditions

%'(0) + bx'(1) = >, “DYix(n),

PR (4)
x2(0) + ax(1) =Y, I"ix(n),
where t€/=[0,1], 1< <2,0<ny<La-y=1forall<i<ma>Yl o,

1-y; . . .
b>y", 1]22—;_), n>1,and F: J x R"! — P(R) is a multifunction.

3 Main results
Now, we are ready to state and prove our main results. First, we give the following one.
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Lemma 3.1 Let ve C(,R), a € (2,3], B € (0,1), y € (1,2) and go,g1,82: ] x R > R be
continuous functions. The unique solution of the fractional differential problem

‘Dx(t) = v(t) (5)
via the boundary value conditions (2) is given by

1

t 1 1
x(t) = m /O (£ — ) Vy(s)ds + g/(; 20 (S,x(s)) ds

1 ' a-1 K _ae-l
_m[/o 1-ys) V(s)ds+/0(n s) V(S)dsi|

3r2-B)t-m+)Hr2-p) (*
3(nf +1) /0 (s, x(s)) ds

(n+1)r2-p)-3r2-p)f (! a-—p-1 U a-p-1
+ 3(n** + 1)« - B) [fo (1-3) v(s)ds + fo (n-s) v(s) ds]

. <2(n + )PP + DFG = y)T2 = B) - (i + DIG - y)(nF + DI(3 - p)
6(nf +1)(n*r +1)I'(3-B)
—6(72F + D3 - )T(2 - B)t + 3(F + I3 — y)I'(3 - B)E2
¥ 6(1F + 1) (27 + )L (3 - B) )

1
x/(; gz(s,x(s))ds

. <(772 + DB -y)' + YrB - p) =2+ Y + YL B - y)L(2 - )
6(n'~# +1)(n>7 + I3 - )T (a — ¥)

6(n° + DI (3 — )T (2~ B)t - 303 — )T G - B + 1)
* 6( " + D> + DTG - B)T(a— y) )

X [/01(1 — )% () ds/on(n —5)27 y(s) ds].

Proof It is known that the general solution of (5) is

x(t) = I°V(t) + co + a1t + cat?,
that is
1 t
x(t) = —— / (£ — )% u(s)ds + co + 1t + a2, (6)
') Jo

where co, ¢, ¢, are real arbitrary constants (see [10, 13] and [14]). Thus,

1 t at'P 2,827 P
°DPx(t) = / (£ =) P () ds + +
[ —B) Jo re-g r@-pg
and DY x(t) = I‘(al—y) fot(t —8)* " ly(s)ds + 215(2;:: . Hence,

x(0) +x(n) +x(1) = 3co + (L + n)er + (L+1*)ca

L ' _ o)l n el ]
+F(oe)[/o (1-5) V(s)ds+/0 (n = 5)*u(s) ds |,
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°DPx(0) + “DPx(n) + °DPx(1)
nf+1 2% +1)
+ Cy
r'E-p)

1
+ F(al_ 5 |:/0 A= 5P lu(s)ds + /0”(” _s)“ﬁ1V(s)ds:|

“Te-p)

and

°D”x(0) + D" x(n) + D" x(1)

2(;72*V+1)+ 1 [
ré-y) Tla-vy)

1 0
=cy / (1-8)*7"y(s)ds + / (n—8)*7i(s) ds].
0 0
By using the boundary conditions, we obtain

3co + (L +n)er + (1+10%)c

1 1
= /0 go(s,%(s)) ds - ﬁ [fo (1 -8)*tu(s)ds + fon(n —5)*i(s) ds:|,

' f+1 2> +1)
%)

“T2-p TP TE-B)
1 1 1 n
= /0 g (s,x(s)) ds — T —f) |:/o (1-5)*Py(s)ds + /o (n- $)% P 1y(s) ds:|
and
i 2(n*7 +1)
*TB-y)

n

(n = 5)* P u(s) ds].

' 1 ! oa—-y-1
=/0g2(s,x(s))ds—m[/o (1-s)*7 v(s)ds+/0

This is a linear system of equations of triangular form, having ¢y, ¢, and ¢, as unknowns.

We solve by back substitution and find

1 1
co= % /(; 20 (s,x(s)) ds — 3%(05) [fo (1-95)*"Yu(s)ds + /On(n —8)%71y(s) ds]

_ re-pg)mn+1)
3P +1)

! W+ DL@=B) [ (') apa
X/o ai(s x(s)) ds + 3P + D@ - B) [/o 1-95)*""v(s)ds

+ /On(n —8)* P 1y(s) ds:|

, 2+ D* P+ YL@ -y)L2-p) -m*+ YL@ -y)n'’ + YrE - p)
6(n' +1)(n*r + DI (3 - B)

1
X/o g2(s,x(s)) ds

N ((rl2 + DB -y)n"?+1)ria-p) -2+ H(n** + Yr@ - y)r - ﬁ))
6P +1)(n*7 +1YI'G - ) (e -y)
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1
X |:/0 (1-8)*7"u(s)ds + An(n —5)¥7 () ds:|,

T@-8) (! r'Q-p) 1 o
o= 1) J, ai(s x(s)) ds — TSN [/0 (1-ys) v(s) ds

7 _g_ m*P+)r3-y)re-p) [*
_g)a-B-1 _
+/0 (n—s) V(S)ds] DR s DrG=B) J,

>+ L@ -y)r2-p)
' +1)(n*>7 + I3 - )T (a - ¥)

1 n
_ o-y-1 _oa—y-1
X |:/o (1-5) v(s) a,’s+‘/o (n-s) v(s) ds:|,

o (S, x(s)) ds

and

_Ire-y) [ r@-y)
202 + 1) /o o) ds = 5 D =)

1
X |:/0 (1-8)*7"u(s)ds + [On(n —5)* 7" y(s) ds:|.

Now, we replace ¢y, c1, and ¢; in (6) and find the solution x(¢) as we stated. This completes
the proof. d

2

Let X = C2([0,1]) endowed with the norm ||x|| = Sup;¢; [x(£)| +sup,c; %' (£)] +sup,e; [x” ()]
Then (X, || - ||) is a Banach space. For x € X, define

Sk = {V e L'0,1]: v(t) € F(t,x(t),x’(t),x”(t)) for almost all ¢ € [0,1] }

For the study of problem (1) and (2), we shall consider the following conditions.

(H1) F: J x R x R x R — Pg,(R) is an integrable bounded multifunction such that
F(.,%,9,2): [0,1] = P, (R) is measurable for all &, y, z € R;

(H2) g0,41,82: ] x R — R be continuous functions, ¥ : [0,00) — [0, 00) a nondecreasing
upper semi-continuous map such that liminf;_, ., (¢ — ¥ (¢)) > 0 and ¥ (¢) < ¢ for all £ > 0;

(H3) There exist m, mg, my, my € C(J,[0,00)) such that

1
H F tl ’ ’ 7F t: ’ ’ S . . t - - -
a(F(t,%1, %2, %3), F(£, 31,92, 3)) AT A m(e)y (1% — y1| + %2 — y2| + |3 — y3])

and |g/(t’x) _g}(t’y)| = A1+Al2+A3 m}(t)lp”x_y') for all t e]; %Y, %1, %2,%3, Y1, Y2, Y3 eR and
j=0,1,2, where

A _[ Mmoo lmollc 2lmllec 572 = B)millc  10T(2 - B)[Im]l
1= + + + +
IMNa +1) 3 3l (a +1) 3 3M(a—-pB+1)
s 102T2-p8)+TB -B)NTB - y)(Imall (@ —y +1) +2||m||oo)]
3rB3-B)l(oa—-y+1) ’
Ao |:||m||oo . 22 = B)lIm|l oo
27 T() Tla-p+1)

. @Qre-pg+r@-AHre-y)imlll-y+1)+ 2””””00)]
F@G-pl(a-y+1) ’

_ 1 lmll FB-y)lm2lloo T (@=y+1)+2[17 00)
and Az = [r(a_olc) + T(a—y+1)

], and finally
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(H4) N : X — 2% is given by
N(x) = {h € X : there exist v € Sg, such that (f) = w(¢) for all £ € ]},

where

w(t) = m/ (t —s)@ 1)v(s)ds+—/ 2o(s,x(s)) ds e )[/ 1 - )% (s)ds

[ s

(n+1r2-p)-3r2-p . o
T3P + ) - B) U (1-s) ﬂlV(S)d“/ (n-s) ’“V(s)ds]

<xn+nm2ﬂ+nre YL@ - B) - (n? + DIG - )P + DI(3 - B)
6(1—F + )27 + )L (3 - )

—6(n>* + I3 - y)T(2 - B)t +3(71F + DI(3 - )0 (3 - B)E2

" 6(1 P + (> + DT (3 - p) )

g1 (s,x(s)) ds

1

x/ & (s,x(s)) ds

((77 + DB -y)n P + DI B -B) -2+ (> + YT (3 - y)T' (2 - B)
6(n'~f +1)(n*7 + I3 - B)T'(a - y)

6(n** +1)r(B-y)r'(2-B)t-3rB-y)FB-pL)n""* +1)
6(n'f +1)(n?>7 + 1)@ - (e —y) )

1
X [/0 (1-9)*7"Yu(s)ds + /On(n —8)* 7 Ly(s) ds].

Theorem 3.1 Assume that (H1)-(H4) are satisfied. If the multifunction N has the approx-
imate endpoint property, then the boundary value inclusion problem (1) and (2) has a so-

lution.

Proof We show that the multifunction N : X — P(X) has a endpoint which is a solution
of the problem (1) and (2).

Note that the multivalued map ¢ - F(¢,x(¢), x'(¢), " (¢)) is measurable and has closed val-
ues for all x € X. Hence, it has measurable selection and so Sg,, is nonempty for all x € X.
First, we show that N(x) is closed subset of X for all x € X.

Let x € X and {u,},>1 be a sequence in N(x) with u, — u. For each n € N, choose v, €
Sk such that

1
u,(t) = e )/ (t—s)@ 1v,,(s)a,’s+l/ go(sxs) ds——[ (1=38)*v,(s)ds
a-1 3r2-pe-m+1r !
[« FELEZOEEEED [ ) as

(1 + )02 B) - 302 - Pt s,
R T o Py [/(1 nls) ds

n
_ a-p-1
+A(n@ wwm}
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<2(n + D>+ DLE-yF2-p) - > + DTG -y)n** + YL 3 - p)
+
6(n'~# +1)(n*>7 + YI'(3 - B)

—6(72 + OB - y)TQ2 - B)t + 3(71F + DI(3 - y)T'(3 - B)2
* 6(1— + (1> + )L (3 - p) )

1
X /0 o (s,x(s)) ds

.\ <(n2 +DIFB-y)n'?+ I3 -p)-2(n+H(n** + YL@ -y)r2 - A)
6(n'f +1)(n?>7 + 1)@ - ) -y)

6P + DIG - )T - f)t 3T (3 — )T (B - B)(n* + 1)
* 61 + (> + LG - )@ — 1) )

1
X [/o (1-9)*" Yy, (s)ds + /On(r] —8)* 7y, (s) ds]

forallt €].

Since F has compact values, {v,},>1 has a subsequence which converges to some v €

L'0,1]. We denote this subsequence again by {v,},>1.
It is easy to check that v € Sg,, and

u, (t) — u(t)

1

t 1 1
_ _ q\(@-1) —
= F(a)/o (t—s)""v(s)ds + 3/0 go(s,x(s)) ds

1 ! a-1 " a—1
- T(“)[/o 1-59) v(s)ds+/0 (n-s) V(s)ds]

3r-pe-m+1re-ap) (!
3(n'f +1) /0 & (s,x(s)) ds

(n+Hr2-p)-3r2-ptf (! a-p-1 n a-p-1
+ 38 + 1)« - B) I:/() 1-s) v(s)ds + /0 (n—s) w(s) ds:|

(2(77 + )PP+ LB - y)L2-p) - >+ VLB -y)n'* + I3 - B)
+
6(n'* +1)(n*7 + I (3 - B)

—6(n*F + I3 - y)[(Q2 - B)t +3(y1F + DI(3 - y)[ (3 - B)E2
* 6P + (> + )L (3 - p) )

1
X A gz(s,x(s)) ds

. ((n2 + DB -y)n"?+)rEe-p) -2+ H(n** + DrE - y)re - L)
6(n=F +1)(n*7 +1)I'G - ) (e —y)

6(>F + DIB3 - )T (2 f)t —3T(3 — )T G - B)('F + )£
’ 6(7—* + D> + DIG - B)T (- y) )

1
X |:/0 (1-8)*7"u(s)ds + /On(r] —5)¥7 Ly(s) dsi|

for all ¢ € J. This implies that u € N(x) and so N has closed values.

Since F is a compact multivalued map, it is easy to check that N(x) is a bounded set for

allx € X.
Now, we show that H;(N(x), N(y)) < ¥ (|lx - y|).

Page 7 of 20
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Letx,y € X and /1; € N(y). Choose v; € S, such that

1 [t 1! 1 1
() = m‘/o (£ —$) Vi (s)ds + 5/0 go(s,y(s)) ds — F(Ol)[/o (1=5) vy (s) ds
7 o 3r2-Bt-m+1re-p) (!
+ /0 (1 —5)* v, (s) ds:| + 3P+ 1) \ ai(s,y(s)) ds

n+)r2-=p)-3r2-ptl * i
T B0+ Dl - ) [/0 L-5)"""wi(s)ds

n
_ a-p-1 d
+ /0 (n-s) vi(s) S]
s <2(n + )P+ DF@-y)r2-B)-m*+Hria-y)n* +1HrE - p)

6(n' +1)(n*>7 + Yr'(3 - B)

—6(* P +)r@-y)L2 =Pt +3(n'* + YL@ - y)r @G- p)r*
6(n'? +1)(n>7 + Y3 - B) )

+

1
X/o gg(s,y(s)) ds

s ((n2 + DB -y)n" P +1)rEe-p) -2+ H(n** + Yr@ - y)r2 - p)
6P +1)(n>7 +1)I'G - ) (a-y)

6(n># + DI (3 - y)T(2 - B)t — 3T (3 — )T (B - B)(7F + 1)
* 6(7— + (1> + )IG - ) — y) )

1 n
X [/0 (1-98)*7"y(s)ds + /(; (=) n(s) ds:|

for almostall £ € /.

Since

Hy(F(t,%(2), % (6),x"(2)), F (£, y(2),5 (£),5" (1))
1
<——m
- Al + A2 + A3

OV (|x@) —y@)| + |¥ @) -y @)| + |x" @) -y @)])
for all ¢ € J, there exists w € F(¢,x(£),x'(¢),x”(t)) such that

1 ! / " 1/
i) —w| < mm(t)w(lx(ﬂ —yO] +[«'@ =y O] + 2" ®) -y ©)|)

forallte].
Consider the multivalued map U: ] — P(R) defined by

U(t) = {WER: |v1(t) —w|

= mm(t)w(lx(t) —y(t)| + |x/(t) —y/(t)| + |x”(t) —J’N(t)|)}'

Since v; and ¢ = my(Jx —y| + |x —y'| + [x” —y”l)(m) are measurable, the multi-

function U(-) N F(-,x(-),x'(-),x”(-)) is measurable.

Page 8 of 20
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Choose v,(t) € F(t,x(t),x'(¢),x”(t)) such that

‘Vl(t)_V2(t)’
1
<—  m
- A1 + A2 + A3

OV (|x&) = y@)| + |¥ (&) =y )| + |¥" @) -y (©)])

forallze].
Now, consider the element /1, € N(x), which is defined by

1 [t 1! 1 1
o (t) = m/(; (t—s)("_l)VQ(S)dS+ 5/0 go(s,x(s))ds— 31"—(05)[/0 (1 = 9)*vy(s) ds

" - 3r2-pg)—-m+1)re-a) (!
+/0 (n —9)*"als) ds} + 30F 1 1) ) gi(s,x(s)) ds

m+1)T(2-B)-3T2-B)t[ [ o
"B P+ DM@ - ) [/0 (L =5)""als)ds

+ /On(n — )% P yy(s) ds]

X (2(n + )PP+ DLE - )T Q2= B) - (P2 + DG - y) (' + DI(E - B)
6(1 % + (1> + UL (3 - p)
—6(n2* + (3 - y)[(2 - B)t +3(n"F + )I'(3 - y)T'(3 - )E2
¥ 6(1F + 1)(n27 + DL (3 - B) )

1
, d
X /0 gz(s x(s)) s
. ((772 +DLB-y)n P + DI -B) -2+ (> P + YT (3 - y)T' (2 - B)
6(n'~f +1)(n*7 + I3 - )T (a - )

6(n* P +1)r3-y)r2-p)-3r@-y)raé-p)n'* + 1
6~ +1)(n*7 +I'3 - ) (e —y) )

X [/()1(1 —8)* 7 Ly (s)ds + /n(n —5)*7 Lyy(s) ds]

0

forall t € J. Thus,

|7 (£) = ha ()|

IR S SN TN
EF(oz)/(;(t s) |v1(s) Vz(S)|dS

1 ! -1
o [ [ a9 - ds

3re-pit-m+1re-p) ‘
3(nA +1)

(n +1)F(2—ﬁ)—31“(2—,3)t‘
3 + DI (a - B)

1
+ % /0 g0 (5, 7(5)) — go (s, () | ds +

e [C=9 e —Vz(s)]ds} : ‘

1
X / g1 (s, () — g1 (s,%(s)) | ds +
0

1
X |:/0 (l—s)“_ﬂ‘1|v1(s) —vz(s)|ds+ /On(n —s)“‘ﬁ‘1|v1(s) —vz(s)|ds]
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’ (Z(rl + )PP+ DLE-y)L2-p) - > + YL@ -y)(n'” + I 3 - B)
+
6(n'# +1)(n* + YI'(3 - B)
—6(* P + YL@ - y)L2- Pt +3(n'* + YL (B - y)L (B3 - )
6(n'? +1)(n*>7 + N3 - B) )

+

1
x/ |g2(s,y(s)) —gz(s,x(s))|ds
0
N ’ ((772 +DIFB-y)n'?+)r@E-p) -2+ H(n** + YrE - y)rE - A)
6(n'f +1)(n%>7 + @G - (e -y)

6(n>F + )03 - )T (2 - Bt —3T(3 - )T (B - B)('F + 1)1
* 61— + 1)(n>7 + LG - B)T (@ — ) >

1
X |:/0 1- s)“_y_1|v1(s) - V2(S)| ds + /On(n - S)“_y_1|vl(s) - V2(S)| ds:|

Mmoo lmolle  2lmlle  5T(2 = B)lImlloo
5Al+A2+A3w(”x_y”)[f‘(oc+l)+ 3 3l(a+l) 3
10T (2 - B)llml oo
3T (@—B+1)

N 102I'2-B)+TB-BNIB - y)Imalll (@ -y +1) + 2||m||<>o)}
3ar3-B)r(@-—y +1)
— Al
- A1 + A2 + A3
AGEYAG]
1
INa-1)

,__re-p
7P + D@~ )

ﬂ[m—wﬂwmw—mmm}

¥ (llx = 11),

=<

/t(t —5)@? |v1 (s) - vz(s)| ds
0

1
[/ﬂ—ﬂ”ﬂw@—mmﬁ
0

‘(#*+nre—wra—m+r6—yx¢*+nre—m1
’ ( (P + )7 + DTG = p)

1
X / |22 (s, () — g2(s, %(5)) | s
0

N ‘ M P+)r@E-y)re-p) -rE-y)rEe-pm-*+ 1)t>‘
M+ D> + DI @G- p)r (o -y)

1 n
1- a-y-1 _ d _ oa-y-1 _ d
x[ﬂ( 97 |n(s) WBHS+A(nS) Ii(s) w@|4
Imllee 202 B)lImllso
= A1+A2+A31/f(”x_y”)[ T@ = Ta-g+1)

s 2r2-p)+@E-rG-y)(Imlel(@-y +1)+ 2||Yﬂ||oo)]
F@-prla-y+1)

Ay

= m‘ﬁ(”x—y”),
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and
| (8) - 15 (2)|
< I‘(%—Z)/ (t—s)(“_3)|vl(s)—Vz(s)’ds
I'(
m/ |g2 (s,7(s)) - gg(s,x(s))|ds
1—‘(3_7/) ! a—y-1
L, 0 o -
- 1= 97 ns) = wals)| ds}
0
Imlloe TG -y)lmallT (e =y +1) +2|Imllo0)
SA1+Az+1\3w(||’c_y||)[1“(a—1)+ Tla—y+1) }
As
= m‘//(||x—y||)~
Hence,

111 = By || = sup| /i (£) = ha(£)| + supl /4 (¢) — Hy(8)| + supl| i (2) — 5 (2)]
te] te] te]

< - A1+ Ay + As3) = =71)-
< ararr (DA A+ A5) = v (e =)
Thus, it is easy to get Hy(N(x), N(y)) < ¢ (|lx —y||) for all x,y € X.

Since the multifunction N has approximate endpoint property, by using Lemma 2.1 there
exists x* € X such that N(x*) = {x*}. Hence by using Lemma 3.1, x* is a solution of the
problem (1) and (2). O

Now, we investigate the existence of solution for the fractional differential inclusion
problem

‘D*x(t) € F(t,%(¢), D" x(t), ..., D" x(t)),

via integral boundary value conditions

n

x'(0) +bx'(1) = Z ‘DYix(n), x(0) + ax(1 Zlylx

i=1

r]Vt

wheret €] =[0,1],1<a<2,n>2,0<n,y,<l,a—y;>1foralll <i<n, a>211]"(yl+2)’

b>Y", r?;;_yyl,) and F: J x R*! — P(R) is a multifunction.

Lemma 3.2 Letve C(J,R), « € (1,2], n € (0,1), n > 2 and B; € (0,1) fori =1,...,n. The
unique solution of the fractional differential problem °D* x(t) = v(t) via the boundary value
conditions

n

)+ ax(1) = Z[’Slx x'(0) +bx'(1) = ZcDﬁfx(n),

i=1
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B+l 1-B;
Pt n nFi .
witha>Y 1, T D> 2 gy S

x(t) = /1 G(t,s)v(s)ds,
0

where G(t,s) is the Green function given by

— S)O“*'/St

B 1 Q) l__ _ - ﬂ
G(t,S)— F( ) Z F(Ol+ﬂl AF( )( 9 AB <ﬂ ;F(ﬂl"'g))

i=1
bt

_ 7(1 _ S)ot—2
Bl'(x —1)
whenever 0 <s<n<t<l,

~ (£—s)*1 a vl
Gt,s) = '(«) _AF(oc)(l_S)

b n Bi+2 1—g)e2 bt
—a- Z n ( S) _ (1 —S)a72
AB = rg;+3)) 'la—-1) Bl'(x-1)
whenever 0 <n<s<t<l,

___4 w1 b P2\ (1-s)7 bt v
Glt,s) = - Y (“ T LT+ 3)) ra-1D Bra@-nt "

whenever 0 <n<s<t<1,

(t—s)" (-9 a w1 _ L '
G = —F ™ * 7 Z Tasg) ~are® _E<“_§m)

i=1

—~ (-5 P b ~ P\ (-9
"2 T p) _E<"_;F(ﬁi+3)> Ma-1)

i=1

t (- )@ Pt bt w2
’ E; Foa—p)  Br@-1n" Y

whenever 0 <s<t<n<1,

1 n (n — s)@+hirL a o1 - nfir?
=32 gy~ ar@ Y _E<a_i=l m>

~(p—s) b S N (A=) s (-
XXI: - ) _E<"_;F(ﬁi+3)> Ma-1) +E; - )

bt

a2
“Br@- Y

(-9 b D pfir (l—S)°‘2 (n—S)“ Az
“ LT B 'E(“'iﬂ r(ﬂi+3)) Fa-1) Z
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whenever 0<t<s=<ng <1land
1-s =2 bt
( ) (1 S)a_g

i nhit?
( _;F(ﬂi+3)) Me-1) BM(a-1)
lﬂl

zlr(,3+2) andB=1+b-) lrz 5

a a-1
yTe D

65 =~ @)

whenever 0 <t <n<s<1,whereA=1+a-)

Proof Tt is known that the general solution of the equation *D*x(t) = v(¢) is

t
x(t) = IV(E) + co + 1t = T / (£ - ) Vy(s)ds + co + 1t

where ¢y, c; € R are arbitrary constants (see [10, 13] and [14]). Thus,

Dhia(t) = — f (= 5@ BVys)ds ¢ S5
Cla-B) Jo r@-p)
0t1+ﬁl‘ Clt2+/3i

IPix(t) ﬁ / (t - )P Vy(s)ds + TCTE) + TGTE)

and x'(t) = fo (¢t — )@ Dy(s)ds + ¢;. Hence,

x(0) + ax(1) = (a + 1)cg + acy + ﬁ /(; (1-2s)“Dy(s)ds
and
1
/ (1 —5)@2y(s) ds.
0

x'(0) +bx'(1) =1 + b)ey + I

By using the boundary conditions, we obtain

b n e
c°(1+” 2T 2)) C<a_;r(ﬂi+3))

a+Bi-1
/(" 9 V()ds——/ 1-5)*\u(s)ds

and
" nlfﬂi - i " (n - s)xpi-t 1 w2
c1<1 +h- ;7“2_&)) = 21:/0 T 5 "% Ty /0 (1 -5)*2w(s) ds.
Thus,

n [/ _ atBi- 1
UL (s~ s f (1= 9)*Yv(s)ds
0

1
« ZZ/O Cla+f)
1 ” nPit2
__<“_; r(ﬁi+3))

AB
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_Saﬂz

Sy

n

b 7’]}31 a-2
_M(“‘Zw)f (1-5)*"%v(s)ds,
! (77 —S)a pi-1 b 1 s
Z/ T(a-p) (S)ds‘m/o A —9)**v(s) ds.

Hence,

n _ a+Bi-1
0= s [ - 1v<s)ds+—2 [ s

/ (1-35)*v(s)ds
0

T Al(e)
_ ﬁ(“;%) Zlfon %V(S)ds
[oorn 5 s
B ﬁb—l) /01(1 —5)*?v(s) ds

1
= / G(t,s)v(s) ds.
0

This completes the proof. d

Suppose that X = {x: x,°D¥ix € C(J,R) for alli = 1,...,n} endowed with the norm |x|| =
sup,¢s [x(£)] + Yo sup,¢; [°D¥ix(¢)|. Then (X, || - ||) is a Banach space [15]. For x € X, define

Sk = {v e L'0,1]:v(¢t) € F(t,x(t), ‘D" x(t),...,°D"x(t)) for almost all £ € [0,1] }

)

Now, put

ny,'+2
= T(y;+3)

1 1 < a+yi 1
L= 1 4 _<

Tla+]) A%T(+y+1) ATl@+l)  AB

L

n

na—}/i b n nyi+2
) ZI: Ta—y+1)  AB(a) (‘“ Z} T(y:+3)

1 e b
"B Z Fa—y+1)  Bh(@)

j 1 1 n n*vi b .
and L, = = FamyD T B > Moo + BFET@ foralll <j<n.
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Theorem 3.2 Let v : [0,00) — [0,00) a nondecreasing upper semi-continuous map such
thatliminf;_, o (t— ¥ (2)) > 0 and ¥ (t) < tforallt >0, F: ] x R"! — P, (R) a multifunction
such that F(-,x1,%2,...,%,41): [0,1] = P, (R) is measurable and integrable bounded for all
X1,%2, ..., %41 € R. Assume that there exists m € C(J, [0, 00)) such that

Hd(F(t;xl»xZ; oo yxn+l) - F(t)ylxyZ; .. ~yyn+1))

1
=< Wl(t)W(VCl =yl 4 [ =2l + -+ X1 _yn+1|)( PR )
1772]] 0 (L1 +Zj:1L12)

Define Q: X — 2% by
1
Q(x) = {h € X : there exist v € Sp, such that h(t) = / G(t,s)v(s)ds forall t € ]}.
0

If the multifunction Q has the approximate endpoint property, then the boundary value

inclusion problem (3) and (4) has a solution.

Proof We show that the multifunction Q2: X — P(X) has a endpoint which is a solution
of the problem (3) and (4).

First, we show that Q(x) is closed subset of X for all x € X.

Letx € X and {u, },>1 be asequence in Q(x) with u,, — u.Foreachn € N, choose v, € Sg,
such that u,(¢) = fol G(t,s)v,(s)ds for all ¢ € ]. Since F has compact values, {v,},>1 has a
subsequence which converges to some v € L'[0,1]. We denote this subsequence again by
{vitnz1-

Itis easy to check that v € Sp, and u,(t) — u(¢) = fol G(¢,s)v(s)dsforall t € J. This implies
that # € Q(x) and so 2 has closed values. Since F is a compact multivalued map, it is easy
to check that ©(x) is a bounded set for all x € X.

Now, we show that for all x,y € X, H;(2(x), Q%)) < ¥ (||lx — yI])-

Let x,y € X and /1, € Q(y). Choose v; € Sg,, such that /1 () = fol G(t, s)vi(s) ds for almost
all £ €J. Since

Hy(F(£,%(2),“ D" x(8), ..., D" x(t)), F (£, (2), D" y(2), ..., ‘D" y(1)) )

< m(@)y (|x() = y(®)| + |°D"x(t) = “D"y(8)| + - - - + "D x(t) - D" y(1)|)

1
( )
[l oo (Ly + ijle)
for all ¢ € ], there exists w € F(¢t,x(t),“D"x(t), ..., D" x(t)) such that

’Vl(t) - w! < m(t)w(|x(t) —y(t)| + |CD”x(t) - ”Dyly(t)’ e

1
DVx(t) — D" y(t) ( . )
e[ YOty
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for all ¢ € J. Consider the multivalued map U: ] — P(R) defined by the rule

Ut) = {w eR: |v1(t) - w‘ < m(t)w(|x(t) —y(t)| + |CD7’1x(t) - ”Dyly(t)’ +

1
+ D7 x(8) - DYy (1) ( — )}
‘ ‘) Il oo (L1 + Z/:1 le)

Since v; and

1
p=my(lx—y|l+|°D'x—D"y| + .-+ |°D""x - D'y ( : )
( | | | ) Il oo Ly + 371 L)

are measurable, the multifunction
ue)n F(t,x(~),CDV1x(-), ...,CDV"x(~))

is measurable.
Choose v,(t) € F(t,x(t),°D"x(¢),...,° D" x(t)) such that

[1(6) = va(8)| < m@)Y (|x(2) - y(8)] + |°D"'x(2) = D" y(2)| +

+|CDan(t)_chny(t)’)<”mH (L11+Z” L’))
00 j=142

for all £ € J. Now, consider the element /s, € Q(x) which is defined by /,(t) = f G(t,s) x
va(s)ds forall t €.
Thus,
|7 (£) = ha ()|

1 1
G(t,s)vi(s) ds — / G(t,8)va(s) ds
0 0

1 t
—/ (¢ —8)* i(s) ds
o)

(-5t el
—Z/ Tt 7) vi(s)ds — e )/ 1 -95)*"vi(s)ds

" (-5t b it
XZ/ Me—7) (S)ds_ABr(a—1)<“_ F(yl+3)>
1
1-5)""2v(s)d.
xfo( 8)*“v1(s)ds

th ! .
—Zf vl(s)ds—mfo (1-38)*2vi(s)ds

F( )/(t $)% Ty (s) ds

_SO‘ Yi—
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0(+}/l

——Z/
1 i nYit?
Uﬁ(""g F(m+3))
" (-5 b N
Xi:/m Ml —7) Vﬂ”ds+A3rm-4)<“_;;roq+a>
1
X / (1-5)*2vy(s)ds

T (n—s)* V- th 1 s
__Z/ C(a - v) Vz(S)ds+m/(; (1 —=8)**vy(s) ds

/(t—s)“ 1|v1(s —vz(s)|ds

2(S)ds-'—141'*( )/ _S)a ]VZ(S)dS

| /\

T'(a)
_Z/ﬂ(n_;):: 1(5) = )| ds

) fo (L =3)"wi(s) = vals)| ds

*ﬁ(‘“‘zl r;?;fg) )Zl on %lw@)-wm
el L)

i1
/(1 5)*" 2|vl(s)—vz(s)|ds+—2/ F(a " \Vl(s) s)|ds

th
" Br@-1) / (L-5)*2[ni(s) = va(s)| ds
= (#)W(le =1,

L+ ijl le

and

DY (t) - DV (2)]
£

1 ' a-y;-1
Sm/o(t—s) V) |V1(S)—V2(S)|dS+BF(2——yj)

XZ [ F;;)a " [(5) ~ valo) ds

bt s
’ Br(2-y)l(a-1) /0 (1= |n(s) - va(s)| ds

= (#)w(ux—yn)

L+ A,
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for all 1 <;j < n. Hence,

I = ha|l = suplhl(t) hy(8)| + sup ZICDV%(t) DY hy(t)|
teJ i=1

n

fw(nx—yn)( L ) =

1
4 e

n j n ]
Ly + Z/=1 Ly T hi+ Z,'=1 L

Analogously, interchanging the roles of x, y, we obtain H;(2(x), 2(y)) < ¥ (|lx — y||). Since
the multifunction Q2 has the approximate endpoint property, by using Lemma 3.2 there
exists x* € X such that Q(x*) = {x*}. a

4 Example

Here, we give an example to illustrate our first main result.

Example 4.1 Consider the fractional differential inclusion problem via the integral

boundary conditions

cosx'(t) + — W (1) 1,

5
‘D2x(t) € [0, 1000 sinx(z) + 1000 1000 T+ O]

x(0)+x( )+x(1) fo 505 Sinx(s) ds,
D3 x(0) + CD2x( ) + D3 x(1) fol%sinx(s)ds,

1
*D3x(0) + Csz(g) Dix(1) = [} 2L sinx(s) ds,

where ¢ € [0,1]. Define the maps

t 1 1
F:[0,1] x R® - P(R), F(t,x,9,2) = |0, sinx + cosy + 1 ,
1,000 1,000 1,000 1 + |z|

t
2:[0,1]] xR—> R, golt,x)= 300 sinx,

t—1

g:[0,1]] xR—>R, g(tx)= 300 sinx,

+1

2:[0,1] xR—->R, g&tx)= sinx,

and N: C%([0,1]) — 2€°(°1) by the rule
N(x) = {h € Cz([O,l]) : there exist v € Sg,, such that /() = w(¢) for all £ € [O,l]},

where

1 ‘ 3 1t s
w(t)=@A (t-s) v(s)ds+§/0 %smx(s)ds

1 1 3 br1o\?
__SF(5)|:fo 1-ys) v(s)ds+/0 (E—s> V(s)ds]

3F( )t-3T (G )/ sT(3)-3r(3)e
: 3(3

(1 % 1)

—— sinx(s) ds +
300
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1

X [/01(1—s)v(s)ds+/(;7<% —s)v(s)ds:|

3
2

. (3(% SDFE)Y - 3TE)E2 + D)
6(17 4 1221(3)

1
2

3

61} |
+ sinx(s) ds

F PGP +330 4 1)r(§)r(g)t2> /1 25+1
0

1
6(%2 +1)2F(%) 286

t—1
Put m(2) = 1555, mo(t) = 15, m(t) = o5, ma(8) = 5, W) = 5, @ =3, =5, v =3,
n= % Then we have A; = 0.135, A, = 0.037,and A3z = 0.017.
It is easy to check that
Ha(F(t ) E(t ) — (00 (151 - 11 + > =3 + 13— y31)
»X1,%2,%3), 2y J1r )2 ———m X1 — + (X9 — + (X3 —
d 1, X2, X3 Y1,Y2,)3 S ALt A+ As 1= N 2—Y2 3—Y3

and |gi(t,%) = g(t.9)| < gayra; MOV (Ix = yD) for all ¢ € [0,1], x, 7,51, %2,%3,71,72,3 € R
and j = 0,1,2. Note that sup,x 1]l = 0 and so inf,cc2(0,17) SUPyen(y I¥ — ¥1l = 0. Hence,
N has the approximate endpoint property. Now by using Theorem 3.1, the system of frac-
tional differential inclusions has at least one solution.

5 Concluding remarks

This work contains our dedicated study to develop and improve methods for studying two
fractional differential inclusions via integral boundary value conditions. We introduced
our result by using an endpoint result for multifunctions, due to Amini-Harandi [36]. This
study is motivated by relevant applications for solving many real-world problems which

give rise to mathematical models in the sphere of boundary value problems.
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