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1 Introduction
Hilbert’s inequality is one of the most significant weighted inequalities in mathematical
analysis and its applications. Through the years, Hilbert-type inequalities were discussed
by numerous authors, who either reproved them using various techniques, or applied and
generalized them in many different ways. For more details as regards Hilbert’s inequality
the reader is referred to [] or [].
Although classical, Hilbert’s inequality and its generalizations andmodifications are still

of a great interest. Xin and Yang in [] proved Hilbert-type inequalities with the homoge-
neous kernel of degree –.
If p > , /p+ /q = , |λ| < ,  < α < α < π , f , g ≥ , satisfying  <

∫ ∞
–∞ |x|–pλ–f p(x)dx <

∞ and  <
∫ ∞
–∞ |y|qλ–gq(y)dy < ∞, then we have∫ ∞

–∞

∫ ∞

–∞
min
i∈{,}

{


x + xy cosαi + y

}
f (x)g(y)dxdy

< k(λ)
(∫ ∞

–∞
|x|–pλ–f p(x)dx

)/p(∫ ∞

–∞
|y|qλ–gq(y)dy

)/q

, (.)∫ ∞

–∞
|y|p(–λ)–

(∫ ∞

–∞
min
i∈{,}

{


x + xy cosαi + y

}
f (x)dx

)p

dy

< kp(λ)
∫ ∞

–∞
|x|–pλ–f p(x)dx, (.)

where the constant factors

k(λ) =
π

sinλπ

[
sinλα

sinα
+
sinλ(π – α)

sinα

] (
 < |λ| < 

)
and kp(λ) are the best possible. Inequalities (.) and (.) are equivalent.
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Our main objective is to emphasize the previous result. Our generalization will include
a multidimensional version of the Hilbert-type inequality in the whole plane.
Some of the recent results concerning Hilbert’s inequality include extension to multidi-

mensional case, equipped with conjugate exponents pi, that is,
∑n

i= /pi = , pi > , n ≥ 
(see [–]). Here we refer to [], which provides a unified treatment of the multidimen-
sional Hilbert-type inequality in the setting with conjugate exponents. Suppose (�i,�i,μi)
are σ -finite measure spaces and K :

∏n
i= �i → R, φij :�j → R, fi : �i → R, i, j = , , . . . ,n,

are non-negative measurable functions. If
∏n

i,j= φij(xj) = , then the following inequalities
hold and are equivalent:

∫
�

K (x)
n∏
i=

fi(xi)dμ(x) ≤
n∏
i=

‖φiiωifi‖pi (.)

and [∫
�n

h(xn)

(∫
�̂
n
K (x)

n–∏
i=

fi(xi)dμ̂n(x)

)q

dμ(xn)

]/q

≤
n–∏
i=

‖φiiωifi‖pi , (.)

where

ωi(xi) =

[∫
�̂
i
K (x)

n∏
j=,j �=i

φ
pi
ij (xj)dμ̂i(x)

]/pi

(.)

and

/q =
n–∑
i=

(/pi), � =
n∏
i=

�i, �̂
i
=

n∏
j=,j �=i

�j, x = (x,x, . . . ,xn),

h = φ–q
nnω–q

n , dμ(x) =
n∏
i=

dμi(xi), dμ̂i(x) =
n∏

j=,j �=i
dμj(xj).

(.)

The abbreviations as in (.) will be used throughout the whole paper. Also note that ‖ ·‖pi
denotes the usual norm in Lpi (�i), that is,

‖φiiωifi‖pi =
[∫

�i

(φiiωifi)pi (xi)dμi(xi)
]/pi

, i = , , . . . ,n.

Our results will be based on thementioned results of Yang et al. In what follows, without
further explanation, we assume that all integrals exist on the respective domains of their
definitions.

2 Main results
In this section we develop an unified treatment of the Hilbert and Hardy-Hilbert-type
inequalities with general homogeneous kernel. Further, regarding the notations from the
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Vuković Journal of Inequalities and Applications 2014, 2014:272 Page 3 of 9
http://www.journalofinequalitiesandapplications.com/content/2014/1/272

previous section, we assume that�i =R+, equipped with the non-negative Lebesguemea-
sures dμi(xi) = dxi, i = , , . . . ,n. In addition, we have � =R

n
+ and dx = dx dx · · · dxn.

Recall that the function K : Rn
+ → R is said to be homogeneous of degree –s, s > , if

K (tx) = t–sK (x) for all t > . Furthermore, for a = (a,a, . . . ,an) ∈R
n, we define

ki(a) =
∫
Rn–

K
(
ûi) n∏

j=,j �=i
uajj d̂iu, i = , , . . . ,n, (.)

where ûi = (u, . . . ,ui–, ,ui+, . . . ,un), d̂iu = du · · · dui– dui+ · · · dun, and provided that
the above integral converges. Note that the constant factor ki(a) does not depend on the
component ai. Thus, the component ai can be replaced with an arbitrary real number.
This fact will sometimes be used in the sequel, for reasons of simpler notation. Further, by
using the substitutions ti = –ui, i �= , we obtain the following identity:

∫
Rn–

K (–u, . . . , –ui–, , –ui+, . . . , –un)
n∏

j=,j �=i
|uj|aj d̂iu = ki(a) (.)

for i = , , . . . ,n, where we assume that the above integral converges.
Utilizing inequalities (.) and (.) we obtain the following theorem.

Theorem . Let pi > , i = , , . . . ,n, be conjugate exponents and let Aij, i, j = , , . . . ,n,
be the real parameters such that

∑n
i=Aij = , j = , , . . . ,n. If K : Rn → R is a non-

negative measurable homogeneous function of degree –λ, λ = m, m ∈ N, and fi : R → R,
i = , , . . . ,n, are non-negative measurable functions, then the following inequalities hold
and are equivalent:

∫
Rn

K (x)
n∏
i=

fi(xi)dx ≤
n∏
i=

k/pii (piAi)
n∏
i=

∥∥|xi|(n––λ)/pi+αi fi
∥∥
pi

(.)

and [∫
R

|xn|(–q)(n––λ)–qαn

(∫
Rn–

K (x)
n–∏
i=

fi(xi) d̂nx

)q

dxn

]/q

≤
n∏
i=

k/pii (piAi)
n–∏
i=

∥∥|xi|(n––λ)/pi+αi fi
∥∥
pi
, (.)

where /q =
∑n–

i= (/pi), αi =
∑n

j=Aij, Ai = (Ai,Ai, . . . ,Ain), i = , , . . . ,n, and ki(·), i =
, , . . . ,n, is defined by (.).

Proof Rewrite inequality (.) for the functions φij(xj) = |xj|Aij , i, j = , , . . . ,n. Clearly, the
set of the above defined power functions satisfies the condition

n∏
i,j=

φij(xj) =
n∏
j=

n∏
i=

xjAij =
n∏
j=

xj
∑n

i= Aij = ,

since
∑n

i=Aij = .
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Obviously, it is enough to calculate the functions ωi(xi), i = , , . . . ,n. Without loss of
generality, we will take into account the function ω(x).
Now, when we express the function ω(x) in terms of the integral formula (.), we will

use the following identity:∫ ∞

–∞
(φωf)p (x)dx =

∫ 

–∞
|x|pAω

p
 (x)f

p
 (x)dx

+
∫ ∞


xpA
 ω

p
 (x)f

p
 (x)dx. (.)

In the case when x ≤ , λ = m, m ∈ N, it follows that x–λ
 = |x|–λ. By using the substitu-

tions xi = |x|ui, i �= , the identity (.) and definition (.), we obtain the expression

ω
p
 (x) =

∫
Rn–

K (x)
n∏
j=

|xj|pAj d̂x

= |x|n––λ+p(α–A)
∫
Rn–

K
(
û) n∏

j=

|uj|pAj d̂u

= |x|n––λ+p(α–A)k(pA). (.)

Now, from (.) and (.) we get

‖φωf‖p = k(pA)
∫ ∞

–∞
|x|n––λ+pα f p (x)dx.

Similarly to the first part of the proof we obtain the identity

‖φiiωifi‖pi = ki(piAi)
∫ ∞

–∞
|xi|n––λ+piαi f pii (xi)dxi, i = , . . . ,n.

Finally, inequality (.) yields inequality (.). In the same way inequality (.) follows di-
rectly from (.). �

Themain idea in obtaining the best possible constant factor in inequalities (.) and (.)
is a reduction of the constant in the form without exponents, by an appropriate choice of
the parameters Ai, i = , . . . ,n. For that reason, we assume

k(pA) = k(pA) = · · · = kn(pnAn). (.)

If we use the change of variables u = /t,u = t/t,u = t/t, . . . ,un = tn/t, which pro-
vides the Jacobian of the transformation∣∣∣∣∂(u,u, . . . ,un)∂(t, t, . . . , tn)

∣∣∣∣ = t–n ,

we have

k(pA) =
∫
R
n–
+

K
(
t̂

)
tλ–n–p(α–A)


n∏
j=

tpAj
j d̂t

= k
(
pA,λ – n – p(α –A),pA, . . . ,pAn

)
.
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According to (.), we have pA = λ – n – p(α –A),pA = pA, . . . ,pAn = pAn.
In a similar manner we express ki(piAi), i = , . . . ,n, in terms of k(·). To obtain a case of
the best inequality it is natural to impose the following conditions on the parameters Aij:

pjAji = λ – n – pi(αi –Aii), j �= i, i, j ∈ {, , . . . ,n}. (.)

In that case the constant factor from Theorem . is simplified to the following form:

L∗ = k(Ã), (.)

where Ã = (Ã, Ã, . . . , Ãn) and

Ãi = pAi for i �=  and Ã = pnAn. (.)

Further, by using (.) and (.), inequalities (.) and (.) with the parameters Aij, satis-
fying (.), become

∫
Rn

K (x)
n∏
i=

fi(xi)dx ≤ L∗
n∏
i=

∥∥|xi|–Ãi–/pi fi
∥∥
pi

(.)

and [∫
R

|xn|(–q)(––pnÃn)

(∫
Rn–

K (x)
n–∏
i=

fi(xi) d̂nx

)q

dxn

]/q

≤ L∗
n–∏
i=

∥∥|xi|–Ãi–/pi fi
∥∥
pi
. (.)

To prove the main result we need the next lemma.

Lemma. Let K :Rn
+ →R be a non-negativemeasurable homogeneous function of degree

–λ, λ = m,m ∈ N, such that for every i = , , . . . ,n,

K (, t, . . . , ti, . . . , tn) ≤ CK (, t, . . . , , . . . , tn), – ≤ ti ≤ , (.)

where C is a positive constant. Let the parameters Ãi, i = , . . . ,n, be defined by (.) and
 < ε <min≤i≤n{pi + piÃi}. Then we have

∫
|x|≥

|x|Ã–ε/p

( n∑
i=

∫
D–
i

K (x)
n∏
j=

|xj|Ãj–ε/pj d̂x

)
dx

+
∫

|x|≥
|x|Ã–ε/p

( n∑
i=

∫
D+
i

K (x)
n∏
j=

|xj|Ãj–ε/pj d̂x

)
dx ≤O(), (.)

where

D–
i =

{
(x, . . . ,xn) : – ≤ xi < ,xj ∈ R, j �= i

}
,

D+
i =

{
(x, . . . ,xn) :  < xi ≤ ,xj ∈ R, j �= i

}
, i = , . . . ,n.

(.)
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Proof First, we define the integral Ij(x), j = , . . . ,n, by the formulas

Ij(x) =
∫
D–
j

K (x)
n∏
i=

|xi|Ãi–ε/pi d̂x,

where D–
j is defined by (.). Without loss of generality we only estimate the integral

I(x). By using homogeneity of the function K , the substitutions ti = xi/|x|, i �= , and the
condition (.), we obtain

I(x) = |x|
∑n

i=(Ãi–ε/pi)+n––λ

∫
Rn–

∫ /|x|


K

(
t̂

) n∏
i=

|ti|Ãi–ε/pi d̂t

≤ C|x|
∑n

i=(Ãi–ε/pi)+n––λ

∫
Rn–

K (, , t, . . . , tn)
n∏
i=

|ti|Ãi–ε/pi dt · · · dtn

×
∫ /|x|


tÃ–ε/p
 dt

= C( – ε/p + Ã)–|x|ε/p–Ã–k(Ã – ε/p, Ã – ε/p, . . . , Ãn – ε/pn)

× |x|
∑n

i=(Ãi–ε/pi)+n––λ.

Hence, we have

Ij(x) ≤ |x|ε/pj–Ãj–|x|
∑n

i=(Ãi–ε/pi)+n––λOj()

for ε → +, j ∈ {, . . . ,n}, and consequently

∫
|x|≥

|x|Ã–ε/p
n∑
j=

Ij(x)dx ≤O(). (.)

In a similar manner we obtain inequality (.) when in the definition of the integral Ij(x)
the space is D–

j replaced by D+
j . Finally, from (.) we get (.). �

Now, we are ready to state and prove the main result, concerning the best possible con-
stant factor in inequalities (.) and (.).

Theorem . Let the kernel K and the parameters Aij, i, j = , . . . ,n, be defined as in The-
orem .. If the kernel K and the parameters Aij satisfy the conditions (.) and (.),
respectively, then the constant L∗ is the best possible in inequalities (.) and (.).

Proof Let us suppose that the constant factor L∗ given by (.) is not the best possible in
inequality (.). Then there exists a positive constant L < L∗, such that (.) is still valid
when we replace L∗ by L.
We define the real functions f̃i,ε :Rn 
→R by the formulas

f̃i,ε(xi) =

{
, |xi| < ,
|xi|Ãi–ε/pi , |xi| ≥ ,

i = , . . . ,n,

http://www.journalofinequalitiesandapplications.com/content/2014/1/272
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where  < ε < min≤i≤n{pi + piÃi}. Now, we shall put these functions in inequality (.).
Then the right-hand side of inequality (.) becomes

L
n∏
i=

[∫
|xi|≥

|xi|––ε dxi
]/pi

= L
∫ ∞


t––ε dt =

L
ε

. (.)

Further, let J denotes the left-hand side of inequality (.), for the above choice of the
functions f̃i,ε . Now, it is easy to see that the following inequality holds:

J ≥
∫

|x|≥
|x|Ã–ε/p

(∫
Rn–

K (x)
n∏
j=

|xj|Ãj–ε/pj d̂x

)
dx

–
∫

|x|≥
|x|Ã–ε/p

( n∑
i=

∫
D–
i

K (x)
n∏
j=

|xj|Ãj–ε/pj d̂x

)
dx

–
∫

|x|≥
|x|Ã–ε/p

( n∑
i=

∫
D+
i

K (x)
n∏
j=

|xj|Ãj–ε/pj d̂x

)
dx,

whereD–
i ,D+

i , i = , . . . ,n, are defined by (.). By using the substitutions ui = xi/|x|, i �= ,
and Lemma . we obtain

J ≥
∫

|x|≥
|x|Ã–ε/p

(∫
Rn–

K
(
û) n∏

j=

|uj|Ãj–ε/pj d̂u

)
dx –O()

=

ε
k(Ã – ε/p) –O(), (.)

where Ã– ε/p = (Ã – ε/p, Ã – ε/p, . . . , Ãn – ε/pn). From (.), (.), and (.) we get

k(Ã – ε/p) – o() ≤ L.

Now, by letting ε → + we obtain L∗ ≤ L which contradicts with the assumption L < L∗.
Thus, the constant L∗ is the best possible.
Finally, the equivalence of inequalities (.) and (.)means that the constant L∗ is also

the best possible in inequality (.). That completes the proof. �

It is easy to see that the parameters Aij, i, j = , . . . ,n, defined by

Aij =
λ – pj
pipj

, i �= j and Aii =
(λ – pi)( – pi)

pi
, (.)

satisfy the conditions (.).
Setting n =  and the parameters Ã = (λ – p)/p, Ã = (λ – p)/p, Ã = (λ – p)/p in

inequalities (.) and (.) we obtain the following result.

Corollary . Let p, p, p be conjugate parameters such that pi > , i = , , , and let
/q = /p + /p. Let K : R → R be non-negative measurable homogeneous function of

http://www.journalofinequalitiesandapplications.com/content/2014/1/272
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degree –λ, λ = m, m ∈ N, satisfying condition (.). If fi : R → R, i = , , , are non-
negative measurable functions, then the following inequalities hold and are equivalent:

∫
R

K (x,x,x)
∏
i=

fi(xi)dx dx dx ≤M
∏
i=

∥∥|xi|(pi–λ–)/pi fi
∥∥
pi

(.)

and [∫
R

|x|λ/(p–)–
(∫

R
K (x,x,x)f(x)f(x)dx dx

)q

dx
]/q

≤M
∏
i=

∥∥|xi|(pi–λ–)/pi fi
∥∥
pi
, (.)

where the constant

M = k
(

λ – p
p

,
λ – p
p

,
λ – p
p

)
is the best possible in inequalities (.) and (.).

Remark . Note thatK (x,x,x) = (|x|+ |x|+ |x|)–λ, λ = m,m ∈ N, is a homogeneous
function of degree –λ. In this case using Corollary . and the formula (see [])

∫
(,∞)n–

∏n–
i= u

ri–
i

( +
∑n–

i= ui)
∑n

i= ri
du · · · dun– =

∏n
i= �(ri)

�(
∑n

i= ri)
, ri > , i = , . . . ,n,

we obtain the best possible constantM = /�(λ)
∏

i= �(λ/pi).

Remark . The kernel K(x, y) = mini∈{,}{/(x + xy cosαi + y)},  < α < α < π , is
homogeneous function of degree –. By putting the kernel K(x, y) and the parameters
A = –λ/q and A = λ/p in inequalities (.) and (.) we obtain the result of Xin et al.
(see also []).
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