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Abstract

The main objective of this paper is a study of some new multidimensional
Hilbert-type inequalities with a general homogeneous kernel in the whole plane. We
derive a pair of equivalent inequalities, and we also establish the conditions under
which the constant factors included in the obtained inequalities are the best possible.
Some applications in particular settings are also considered.
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1 Introduction

Hilbert’s inequality is one of the most significant weighted inequalities in mathematical
analysis and its applications. Through the years, Hilbert-type inequalities were discussed
by numerous authors, who either reproved them using various techniques, or applied and
generalized them in many different ways. For more details as regards Hilbert’s inequality
the reader is referred to [1] or [2].

Although classical, Hilbert’s inequality and its generalizations and modifications are still
of a great interest. Xin and Yang in [3] proved Hilbert-type inequalities with the homoge-
neous kernel of degree —2.
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where the constant factors

k(X)) =
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+
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sin g sin oy
and k” (1) are the best possible. Inequalities (1.1) and (1.2) are equivalent.
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Our main objective is to emphasize the previous result. Our generalization will include
a multidimensional version of the Hilbert-type inequality in the whole plane.

Some of the recent results concerning Hilbert’s inequality include extension to multidi-
mensional case, equipped with conjugate exponents p;, thatis, Y -, 1/p;=1,p;>1,n>2
(see [4—6]). Here we refer to [7], which provides a unified treatment of the multidimen-
sional Hilbert-type inequality in the setting with conjugate exponents. Suppose (£2;, X;, ;)
are o -finite measure spacesand K: [, @ > R, ¢;: Q@ > R, fi: Q; > R, i,j=1,2,...,n,
are non-negative measurable functions. If ]_[Zj=1 ¢iji(x;) = 1, then the following inequalities

hold and are equivalent:
| ke[ L duto) <[ Tisoril, (13)
@ i=1 i=1

and

n-1 q 1/q
[ | n h(xn)( | Kw [ Lo (x)) du(xn)}
n-1
<[ 11wl (1.4)
i=1
where
n 1/p;
w;(x;) = [ / K(x) ]_[ ¢ (%) dﬁ"(X)} (L5)
& j=1ji
and
n-1 . n
1/g = Z(l/p,»), Q= HQi, Q - ]_[ Qi X = (X1,%2,...,%4),
i=1

i=1 Jj=lj#i

(1.6)
h=d,lw 1, du(x) = l_[d,ui(xi); dp'(x) = l_[ dp;(x)).

i=1 Jj=l,j#i

The abbreviations as in (1.6) will be used throughout the whole paper. Also note that || - || ,,
denotes the usual norm in L?i(£2;), that is,

1/p;
liicwifilly; = |:/Q‘(¢z’z’w(ﬁ)pi(xi) d,ui(xi)] , i=12,...,n

Our results will be based on the mentioned results of Yang et al. In what follows, without
further explanation, we assume that all integrals exist on the respective domains of their

definitions.

2 Main results
In this section we develop an unified treatment of the Hilbert and Hardy-Hilbert-type
inequalities with general homogeneous kernel. Further, regarding the notations from the
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previous section, we assume that ©; = R,, equipped with the non-negative Lebesgue mea-
sures du;(x;) = dx;, i =1,2,...,n. In addition, we have & = R” and dx = dx; dx; - - - dx,,.

Recall that the function K : R” — R is said to be homogeneous of degree —s, s > 0, if
K(tx) = t°K(x) for all ¢ > 0. Furthermore, for a = (a1, 45, ...,a,) € R”, we define

ki(a) = /]RH K(ﬁi) l_[ ujjdiu, i=12,...,n, (2.1)

j1ji

where & = (uy,..., i1, 1, Uists ..., ), di0 = dty -+ du;y duiyy - - - duy, and provided that
the above integral converges. Note that the constant factor k;(a) does not depend on the
component «;. Thus, the component a; can be replaced with an arbitrary real number.
This fact will sometimes be used in the sequel, for reasons of simpler notation. Further, by
using the substitutions ¢; = —u;, i #1, we obtain the following identity:

n
/ 1I<(_u1;—~~;_ui—1;1;_ui+1:~~:_un) ]_[ || d'u = ki(a) (2.2)
w jLi

fori=1,2,...,n, where we assume that the above integral converges.
Utilizing inequalities (1.3) and (1.4) we obtain the following theorem.

Theorem 2.1 Let p; >1,i=1,2,...,n, be conjugate exponents and let Ay, i,j =1,2,...,n,
be the real parameters such that y ., A; =0, j=12,...,n. If K :R" — R is a non-
negative measurable homogeneous function of degree —x, > =2m, m € N, and f; : R — R,
i=1,2,...,n, are non-negative measurable functions, then the following inequalities hold
and are equivalent:

/ K [ [ At dx < [ T&" i) [ Tl " 2eveas]| (2.3)
R i=1 i=1 i=1 l
and
n-1 q lq
| (A=) (n-1-2)~qen K (x)d"™x | dx,
[/Rlxl (/Rl (X)];[f(x) X> x}
n n-1
< [T&" @an ][l 2reeey| o (2.4)

i=1 i=1

where 1/ = Y !5 (Upy), e = Y1 Ay Ai = (A Ay, Ai), i = 1,2,...,m, and k() i =
1,2,...,n, is defined by (2.1).

Proof Rewrite inequality (1.3) for the functions ¢;;(x;) = |x,|Aif ,i5,j=12,...,n. Clearly, the
set of the above defined power functions satisfies the condition

n n n n
[Tt =TT [»" =] [x==% =1,
j=1

ij=1 j=1 i=1

since ) ;'  A; = 0.
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Obviously, it is enough to calculate the functions w;(x;), i = 1,2,...,n. Without loss of
generality, we will take into account the function w; (x;).

Now, when we express the function w; (x1) in terms of the integral formula (2.1), we will
use the following identity:

0

/ (o) () dx = / [P0 o (P (o) ey

o0

. /0 A ()P () . (25)

In the case when x; <0, A = 2m, m € N, it follows that xl”\ = |y |7 By using the substitu-
tions x; = |x1|u;, i # 1, the identity (2.2) and definition (2.1), we obtain the expression

o (x1) = /Rn_l K(x)g |oj P14 d'x

n
e [ @) [T it
Rr-1 .
j=2
= |x1|n_l_Mpl(al_Au)kl(PlAll (2.6)

Now, from (2.5) and (2.6) we get

oo

Ipnovilly, = k(o1 / PR P () .

Similarly to the first part of the proof we obtain the identity

Ibicnfill, = o) [l ) vy = 1,eon
Finally, inequality (1.3) yields inequality (2.3). In the same way inequality (2.4) follows di-
rectly from (1.4). g

The main idea in obtaining the best possible constant factor in inequalities (2.3) and (2.4)
is a reduction of the constant in the form without exponents, by an appropriate choice of

the parameters A;, i = 1,..., n. For that reason, we assume

k1(191A1) = kz(PzAz) == kn(pnAn)' (2.7)

If we use the change of variables uy = 1/ty,u3 = t3/ty, us = talts, ..., u, = t,/t;, which pro-
vides the Jacobian of the transformation

‘8(”1,”3,...,1/{”) -n
= t2 y

8(t2: £3,..., tn)

we have

n

ky(p2Ay) = / K(fl)tg_"_pZ(az_A”) tszzj d't

n-1
RY j=3

=k (PIAH; A —=n—py(ay —An),prAas,... :P2A2n)~
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According to (2.7), we have p1A1y = A —n — pa(ay — Ap), prA1z = paAss, ..., prAw = prAy,.
In a similar manner we express k;(p;A;), i = 3,...,n, in terms of ki(-). To obtain a case of
the best inequality it is natural to impose the following conditions on the parameters A;:
ijﬂ Z)\—I’l—pl‘(dl‘—Ail’), ]#l, i,jE {1,2,...,n}. (28)
In that case the constant factor from Theorem 2.1 is simplified to the following form:
1* =k (&), 29)
where A = (}L,Zz, . ..,Z,,) and

A;=piA; fori#1 and A, =puAn. (2.10)

Further, by using (2.8) and (2.9), inequalities (2.3) and (2.4) with the parameters A, satis-

fying (2.8), become
n n -
| k@[ Tswodx < [Jlmi 7], 1)
R i=1 i=1 '
and

n-1 q l/q
[ [ ot ( [ xw l_[ﬁ(x,-)a?t"x) dxn}
R Rr-1 .

i=1

(2.12)

n-1 -
<L [ [l ],
i=1

To prove the main result we need the next lemma.

Lemma2.2 LetK :R”? — R bea non-negative measurable homogeneous function of degree
-\, A =2m, m € N, such that for every i =2,3,...,n,

I((l,tz,...,t,‘,...,t,,)SCI((I,tQ,...,O,...,tV,), -1<t;<1, (213)

where C is a positive constant. Let the parameters A,i=1,...,n be defined by (2.10) and
0 <& <min<i<,{p; +pizi}. Then we have

/ e (5 / K [ Igl¥ % d'x | do,
e i=2 D; j=2
E / a1 (Z / 1<(X)H|x/|zi_8/p’alx> dz < 0(), (2.14)
e1=1 i-2 /Df j=2

where

D; = {(xz,,..,x,,):—lfxi<0,x,'€R,j7’i},
(2.15)
Df = {(xz,...,xn):0<xi fl,x,-eR,j#i}, i=2,...,n
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Proof First, we define the integral Ii(x,), j = 2,...,#, by the formulas

n

5= [ K[,

fi i=2

where D} is defined by (2.15). Without loss of generality we only estimate the integral
I(x1). By using homogeneity of the function K, the substitutions ¢; = x;/|x1|, { #1, and the

condition (2.13), we obtain

n

Vpal -
/ K@) [ et d't
0 i=2

I(x) = |x1|2?:2(‘zf—8/pi)+n—1_)\/
R7-2

< C|x1|2;‘:2(/\i7&‘/pi)+n717)\ /

R#—2
1/]x1 | Aoe]
x f 6> P dt,
0

= C(l-¢/py +712)*1|x1|”1’2’22’1k1(A71 —elp1,As —elps, ..., Ay —&lpy)

n
K(1,0,t5,...,t0) [ [ 16147 dts --- dt,
i=3

x |x1 |Zl"':2 (Z,’—S/pl‘)-#n—l—)u'

Hence, we have
,_Nv_ n N._ . —]—
L) < o |2 g [ e 01)

for e — 0%, € {2,...,n}, and consequently

[y g dn < o, 216)
lx1[=1 P
j=2

In a similar manner we obtain inequality (2.16) when in the definition of the integral J;(x;)
the space is D; replaced by D;. Finally, from (2.16) we get (2.15). O

Now, we are ready to state and prove the main result, concerning the best possible con-

stant factor in inequalities (2.11) and (2.12).

Theorem 2.3 Let the kernel K and the parameters Ay, i,j = 1,...,n, be defined as in The-
orem 2.1. If the kernel K and the parameters A; satisfy the conditions (2.13) and (2.8),
respectively, then the constant L* is the best possible in inequalities (2.11) and (2.12).

Proof Let us suppose that the constant factor L* given by (2.9) is not the best possible in
inequality (2.11). Then there exists a positive constant L; < L*, such that (2.11) is still valid
when we replace L* by L;.

We define the real functions ﬁ»,s :R" > R by the formulas

7 0; |xi | < 1’

e(xi) = ~ i=1,...,n
Juela o[ Ae P g] > 1, e
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where 0 < & < minj<;<,{p; + pizi}. Now, we shall put these functions in inequality (2.11).
Then the right-hand side of inequality (2.11) becomes

n 1pi e8] 2L1
L ]_[[ / || 71 dxi] =2, / it dt = — (2.17)
i=1 ;| >1 1

Further, let / denotes the left-hand side of inequality (2.11), for the above choice of the
functions ﬁg Now, it is easy to see that the following inequality holds:

n
1= [ ([ k@[T ax) an
1|1 R7-1 io
j=
- / o [rE e (S / K[ [ 117 d'x | day
e |=1 i=2 D; j=2
_/ |x1|A1—s/p1 Z/ I((x)nlxilAj—s/p/ d'x dxi,
ke =1 i YD} j=2

where D}, D}, i=2,...,n, are defined by (2.15). By using the substitutions u; = x;/|x1,i #1,
and Lemma 2.2 we obtain

J= / e f K@) [T 1wt @u | dx, - 0()
[x1]>1 Rr-1 j=2
2 o~
= gkl(A—sl/p) -0(1), (2.18)

where A — el/p = (Zl - s/pl,zg —&lpy,... ,Z,, —¢&/py). From (2.11), (2.17), and (2.18) we get
k(A - 1/p) — o(1) < L;.

Now, by letting ¢ — 0* we obtain L* < L; which contradicts with the assumption L; < L*.
Thus, the constant L* is the best possible.

Finally, the equivalence of inequalities (2.11) and (2.12) means that the constant L* is also
the best possible in inequality (2.12). That completes the proof. d

It is easy to see that the parameters A, i,j = 1,...,n, defined by

- pj »—p)(1 - p;
A;=278 igj and A, = &opMLZR), (2.19)
pipj pi

satisfy the conditions (2.8).
Setting n = 3 and the parameters Zl = (A —p1)lp1, Zg = (A = p2)/p2, Zg = (A —p3)/ps3 in
inequalities (2.11) and (2.12) we obtain the following result.

Corollary 2.4 Let p1, p2, ps be conjugate parameters such that p; > 1, i =1,2,3, and let

1/q = 1/py + 1/p,. Let K : R® — R be non-negative measurable homogeneous function of
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degree —)\, A = 2m, m € N, satisfying condition (2.13). If f; : R — R, i = 1,2,3, are non-
negative measurable functions, then the following inequalities hold and are equivalent:

3 3
/ K(xy, 200, 3) [ [ i) doey doy does < M || o) @D, I, (2.20)
R3 i=1 i=1 l

and

q l/q
[/ o3| M/ P31 (/21((961;962,963) 1(x01)f2 (o02) dxy dx2> dxs]
R R

2
<M [l P>2rip (2.21)
i=1

where the constant

A= A= A—
M:k( pokop 193)
b b2 p3

is the best possible in inequalities (2.20) and (2.21).

Remark 2.5 Note that K(x1,%9,%3) = (|%1] + |%| + |x3])™*, A = 2m, m € N, is a homogeneous
function of degree —A. In this case using Corollary 2.4 and the formula (see [8])

r;>0,i=1,...,n,

-1 _ri-1
/ H?:l M: dlftl .o du 1= 1_[7=1 F(ri)
n n—1 — ’
001 (L+ Y0 )X N0

we obtain the best possible constant M = 4/T"(A) l_[i3=1 T'(Alp)).

Remark 2.6 The kernel Kj(x,y) = minie{l,z}{l/(x2 +2xycosa; + 92)}, 0 <y <oy < 7T, S
homogeneous function of degree —2. By putting the kernel K;j(x,y) and the parameters
A; = —A/q and A, = A/p in inequalities (2.11) and (2.12) we obtain the result of Xin et al.
(see also [3]).
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