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1 Introduction
Recently, many scholars have paid attention to the study of the integrable Novikov equa-
tion [1]

Vi — Vigx + 4%y, = 3VVaVax + V:Virs (1)

which has a matrix Lax pair [1, 2] and is shown to be related to a negative flow in the
Sawada-Kotera hierarchy. Several conservation quantities and a bi-Hamiltonian structure
were found in [2]. Himonas and Holliman [3] applied the Galerkin-type approximation
method to prove the well-posedness of strong solutions for Eq. (1) in the Sobolev space
H*(R) with s > % on both the line and the circle. Its Holder continuity properties were stud-
ied in Himonas and Holmes [4]. The abstract Kato theorem was employed in Ni and Zhou
[5] to show the existence and uniqueness of local strong solutions in the Sobolev space
H*(R) with s > % The persistence properties of the strong solution were found. The local
well-posedness for the periodic Cauchy problem of the Novikov equation in the Sobolev
space H*(R) with s > % is done in Tiglay [6]. If the initial data are analytic, the existence and
uniqueness of analytic solutions for Eq. (1) are obtained in [6]. It is worthy to mention that
if the Sobolev index s > 3 and sign conditions hold, the orbit invariants are applied to show
the existence of periodic global strong solution. The scattering theory is used by Hone et
al. [7] to search for non-smooth explicit soliton solutions with multiple peaks for Eq. (1).
This multiple peak property is common with the Camassa-Holm and Degasperis-Procesi
equations (see [8—13]).
In this work, we study the following generalized dissipative Novikov equation:

Ve = Vi + 40205 = B0V 00y + VPVpy — V"L 4 ﬂ&x(viN_l), (2)
where #n > 0 and N > 1 are nature numbers, constants & > 0 and 8 > 0. The expression
B0,(v2N71) is a nonlinearly dissipative term. If @ = 8 = 0, Eq. (2) becomes Eq. (1).
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Here, we address that all the generalized versions of the Novikov equation in previous
works do not involve the nonlinearly dissipative terms 9,(v?¥~1). This is the motivation of
our work to investigate Eq. (2). We establish the existence of local weak solutions for Eq. (2)
in the lower order Sobolev space H*(R) with 1 <s < % Several estimates of solutions for
the associated regularized equation for Eq. (2) are derived to prove the existence.

This paper is organized as follows. The main results are given in Section 2. In Section 3,
we prove the local existence and uniqueness of solutions for the associated regularized
Novikov equation (2) by using a contraction argument. In Section 4, we derive that Eq. (2)

subject to the initial value vy (x) has a weak solution in the sense of a distribution.

2 Main result

The space of all infinitely differentiable functions ¢ (¢, x) with compact support in [0, +00) x
R is denoted by C3°. We let L” = L?(R) (1 < p < +00) be the space of all measurable func-
tions f(¢,x) such that |[f||’£p = ||f(z, ~)||’Zp = fR [f(t,x)|P dx < co. We define L™ = L*°(R) with
the standard norm ||flzec = |[f (¢, )|z = infyue)=0 SUP,er\( [f (£, %)]. For any real number s,
we let H* = H*(R) denote the Sobolev space with the norm defined by

Wtz = [ (5]

e ( / 1+ |s|2)smt,s>yzds)2 <00,
R

where f(t,&) = Jre ™ f(t,%) dx. Let C([0, T]; H*(R)) denote the class of continuous func-
tions from [0, T'] to H*(R) where T > 0. We set A = (1 - 8%)%. For simplicity, throughout
this article, we let ¢ denote any positive constant which is independent of parameter ¢.

For the generalized Novikov equation (2), we consider the Cauchy problem of its asso-
ciated regularized equation

Ve = Vigw + EVigmn = =4V Vg + 3VVxVpy + VViiy — V2 4 ﬂax(vch‘l)
4 1
= —30,(7) + 302(7°) — 20,(w?)
+ VWV — av?t L 4 B9, (VANTL),

3)

v(0,%) = vo(x).

Before giving the main result of this work, we give two lemmas which are related to the
regularized problem (3).

Lemma 2.1 Assumevy(x) € H*(R) withs > % Then there exists a unique solution to Cauchy
problem (3) in the space C([0,T]; H*(R)) where T > 0 depends on ||vollpsw). If s > 2, the
solution v € C([0, +00); H*(R)).

For a real number s with s > 0, suppose that the function vy (x) € H*(R), and let vy be the
convolution v.o = ¢, * vy of the function @, (x) = 8_%(,0(8_%36) and v such that the Fourier
transform ¢ of ¢ satisfies ¢ € C5°, (/J/(E) >0, and (ﬂg) =1for any & € (-1,1). Then we have
veo(x) € C*. It follows from Lemma 2.1 that for each ¢ satisfying 0 < ¢ < %, the Cauchy

problem

Vi = Vixx t EVixxxx = _%ax(vg) + %a;(vii) - 23x(vv§)
+ VWV — av?t L 4 B9, (V2NTL), (4)

V(O,x) = V&‘O(x)

has a unique solution v,(t,x) € C*([0, 00); H*(R)).


http://www.journalofinequalitiesandapplications.com/content/2014/1/230

Lai Journal of Inequalities and Applications 2014, 2014:230
http://www_.journalofinequalitiesandapplications.com/content/2014/1/230

Lemma 2.2 Ifvy(x) € H(R) with s € [1, %] such that ||vox||z < 00. Let veg = @ * vo. Then
there exist two constants T > 0 and c independent of € such that the solution v, of problem
(4) satisfies ||Vex|lzoc < c foranyt € [0,T).

We write the Cauchy problem for Eq. (2)
Vit = Vixx = _%ax(vg) + %33(1/3) - zax(vvi)
+ Wyl — a1+ B0, (2N, (5)
v(0,x) = vo(x), x€R.

Now we state the main result of this work.

Theorem 2.1 Assume vo(x) € H® with1l <s < % and ||Vox|lzee < 00. Then there exists a
T > 0 such that problem (5) has at least one weak solution v(t,x) € L*([0, T], H*(R)) in the
sense of distribution and v, € L*°([0, T] X R).

3 Proof of Lemma 2.1
Lemma 3.1 Let r and q be real numbers such that —r < q <r, then

. 1
Ivivallwe < clvillarllvalle, — ifr > >
. 1
||V1V2||H,+q_% <clvillarllvallga, ifr< 5
This lemma can be found in [11] or [12].

Proofof Lemma 2.1 Defining the operator D = (1-92 +£9)71, we know that D : H® — H***
is a bounded linear operator. Using the operator D to both sides of the first equation of
problem (3) and then integrating the resultant equation over the interval (0, ¢) give rise to

t 4 1
W(6,2) = volx) + f D[ax (—§v3 - 2vv§) +39%(7)
0

+ VWiV — V™ 4 B, (vﬁN’l)] dt. (6)
We choose that vand g belong to the closed ball Bg, (0) of radius R about the zero function
in C([0, T]; H*(R)) and T is the operator on the right-hand side of Eq. (6). For fixed ¢ €
[0, T, we obtain

t 4 1
/0 D[Bx <—§V3 — 2VV32C) + ga;:) (VS) + VWyVix — aV2n+1 + /Sax (Vych_l)j| dt

¢ 4 1
_ /0 D|:8x (—§g3 - Zggi) + 583? (gs) + 88T — g ﬂax(ngl)] dt‘

H.Y
< C1T< sup Hv3 —g3 ”Hs + sup ||V2n+1 _ g2l ”HS
0<t<T 0<t=T
+ sup ”Dax(vvi —gg,%)‘,_,s + sup ”D(VVxVxx_ggxgxx)‘ HS
0<t<T 0<t<T
+ sup Do (2% =g )] ), 7

0<t<T
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where C; may depend on ¢. Applying the algebraic property of the space H*(R) with s > %,
we will give estimates for the right-hand side of inequality (7). In fact, we have

2n

2n+1 2n+1 j 2n—j
|2t = @ e < cllv—glis D Iviths gl
j=0

<CRY'|lv-glus (8)

2N-2
Dax[wx e Y N}

j=1

|Da (2 - &)

X

HS

HS
2N-2

(Ve — &) Z Vicga%N727/
j=1

=

Hs-1

2N-2

> v

j=1

S e = el

Hs-1

< CRN?||lv - gllmswy 9)

and

| D3 [ - ge:]|

ws = 1D [v(v =€) ]| s + [ DO:[g2 (v - 9]
= C(v(v -g) 1 + & -2 111)
< CR3|lv—glims. (10)

HS

The first inequality of Lemma 3.1 yields

1
”D(VVxVxx _ggxgxx) ||Hs = “ ED[V(Vazc)x _g( a%)x]

HX
1

= S (Il = &) + [1PL(€2) v = )] 1)

< C([v(ve - &) ol sz + 1 (82) v = ) 1-2)

< C(IVlas V2 = €2 o + €2 gt IV —gll1s)

< CR2||v — gllpss. (11)

From Egs. (7)-(11), we have

ITv = T'gllys < TC, max(CRy, CRE", CRN ) [lv = gl s, (12)

where C, isindependent of 0 < ¢ < T. Choosing T sufficiently small such that TC,max(CR2,
CR%", CR3N-2) < 1, we know that T" is a contracted mapping and ||T'v||ys < TCoymax(CR3,
CR%", CR?N72)||v|lus < Ro. This means that I' maps Bg,(0) to itself. By the contraction-
mapping principle, we see that the mapping I" has a unique fixed point v in Bg, (0).

For s > 2, using the first equation of system (3) gives rise to

d t
— / (1/2 +V2 eV + 2/ [av?*% + pv2N] dl’) dx =0, (13)
dt Jr 0
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which derives the conservation law

t
/<V2 +V2 eV + 2/ [av?+* + pv2N] dr) dx
R 0

_ 2 2 2
= /R (Vo + Voy + EVoyy) d%.

The global existence result follows a routine argument by using the integral (14).

4 Proofs of Lemma 2.2 and Theorem 2.1

Lemma 4.1 (Kato and Ponce [14]) Ifr > 0, then H" N L™ is an algebra. Moreover,

Ivgllar < c(Ivlizee liglr + Ivliarligllize),

where c is a constant depending only on r.

(14)

O

Lemma 4.2 (Kato and Ponce [14]) Letr>0.Ifve H N WY and g € H 1 N L>, then

I[A"vIel 2 < clliomviliee A 2 + [ A™V] 2 gllz=).

Lemma 4.3 Let s > 2 and the function v(t,x) is a solution of problem (3) and the initial

data vy(x) € H*(R). Then

t
Ivii?, < C/ (v2 +V2 eV + 2/ [ + By2N] dr) dx
R 0
= c/(v%) + V%x + 8v(2)xx) dx.
R

If q € [0,s — 1], there is a constant c independent of ¢ such that

/[(Aq+1V)2 +e(Alv,,) ] dx
R
= ./[(Aq+lvo)2 +6(AT0) "] dx
R
t
+ C/ V17 g (Ve lloe IVlloo + Ivellfoo + IVI7% + Ivall7572) de.
0
If q € [0,s — 1], there is a constant c independent of € such that

(1= 2&)vellma < clvllggan (IVIlzoe 1Vl g + [[VI|zoe vl
2 2 IN-2

+ IVIZ% + vellzee + Ivel7572).

Proof By the identity ||v||?, =
Using 82 = —A? + 1 and the Parseval equality, we have

/ ATVATH (V) dx =3 / (AT AT(Pv,) dx -3 / (AT19) AT (12,) dx.
R R

R

Jx(V* + v2) dx and Eq. (14) one derives Eq. (15).

(15)

(16)

17)

(18)
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If g € (0,s — 1], using (A7v) A7 to multiply both sides of the first equation of system (3)
and combining with Eq. (18), we get

1d
24t J;

= —S/R(Aqv)Aq(vzvx) dx - ‘/I;(Aq*lv)Aq*l(vzvx) dx

+2/(Aqvx)Aq(vvi) dx+/(Aqv)Aq(vvxvxx) dx
R R

((Aqv)2 + (A”va)2 + S(Aqvxx)z) dx

-« / AN (V") dx + B / ATyATY, (Vi) da. (19)
R R

We will estimate every term on the right-hand side of Eq. (19), separately. By using Cauchy-

Schwarz inequality and Lemmas 4.1 and 4.2, we have

ﬁ(Aqv)Aq(vzvx) dx

/ Aqv[Aq(vzvx) - vaqvx] dx + /(Aqv)vaqvx dx
R R

2
< clvllma IVl vellzoe 1vlza + VIl vl | A7V

2
=< clvligallviizee [[vall Lo (20)
and

2
= cllVliggallviizee vellze. (21)

/(A‘FIV)Aqul (VPvy) dx
R

For the third term, using ||vv,|lge < cl|(v?)xllga < 2¢||v]lzo V]| a+1, the Cauchy-Schwarz

inequality and Lemma 4.1, we obtain

fR (AT,) A7 (2 dx

= [ A% 2 [ A7) 2

< clVllgzart (Ivvallzoe Vallza + [Vellzoe Vvl )

< VI g Vsllzos VIl os. (22)
For the fourth term, writing v(v2), = (vv2), — v,v2, we get

= +

f AvA?(v,v?) dx
R

< c(IVllFgnllvellzoe Ivilzee + 1VIiaa | V2] o)

/(A"V)Aq(vvxvxx) dx
R

/ Aty A (vv7) dx
R

2 2
< clVilzgn (Ivellzoe IVllzoe + [[VallZec ), (23)

in which we have used

[v2ll o = Qs [ V2l o + vslaas | 2] )

2
= cllVll pge Vel oo (24)

Page 6 of 12
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Using Lemma 4.1 repeatedly results in

/ ATyA1 (V2”+1) dx
R

241 2 2
< Wllaa [V o < Vg VI

For the last term in Eq. (19), using Lemma 4.1 yields

< clvellaa | AT (VN |

/R (ATv,) AT(2N) dix

L>®

2 IN-2
= clVllzga llvallzes™. (25)

It follows from Egs. (20)-(25) that there exists a constant ¢ such that

1|d 2 2 2
o= fR [(A)? + (A%,)” + £(ATvy) ] ds
< el o (vl IVl + vl + V2% + vl 27%). (26)

Integrating Eq. (26) with respect to ¢ results in inequality (16).
Using the operator (1 - 92)™ to both sides of the first equation of system (3), we obtain

Q=& —eViy = (1 - 83%)71 |:—8V, - Bx(§v3 + 2VV,2€>
+ %83(1/3) F VWV — VP 4 ﬁax(viN_l):|. (27)

X

Applying (A7v;) A1 to both sides of Eq. (27) for g € (0,s — 1] gives rise to

1-¢) /(A‘i’vt)2 dx + ¢ /(Aqvm)2 dx
R R
-2 4 4 2 Lloos
= (Aqvt)Aq7 =V — O V7 + 20V + 0 V7 | + Vg,
R 3 3
—av?™t g ,Bax(viN_l)] dx. (28)

In fact, we have

<elvila (29)

/(Aqvt)Aq’z(—evt) dx
R

and

/R(Ath) (1-02)" A%, (—%vs - 2vv§) dx
1

2 2
< clvelns ( /R (1+£2)" [ /R [—%Ws _ n)(n) — 26 n)f/x(n)} dn] )

< clvellualVll g vl g IVl Lo (30)
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We know the identity
/(Aqvt) (1-02) " A%92(vPv,) dax
=_ / (A%v,) A1(VPv,) dx + /(Aqvt) (1- Bi)_lAq(vzvx) dx. (31)

Using the Cauchy-Schwarz inequality, Lemma 4.1, [|[V?vy [ e < cl[V]|2s||V]| a1 and [|v]| oo <
IVl yields

2
< clvellma||v*ve|

‘ [mason) as

< cllvellaallvilzoe VI VI g (32)
Furthermore, we have
‘/(Aqvt) (1-02) " AT(Pv.) dax| < cllvelsa VIl (VI V] o (33)
and
| f (A%v,)(1- aﬁ)‘lAq(VZ"“) dx| < c|lvellua VI 2% 1V s - (34)
For the last term in Eq. (28), we get
/R (A%,) (1= 02) " A%, (PN ) dx| < cllvela Va2 1Vl gaon. (35)

Applying the Cauchy-Schwarz inequality and Lemmas 4.1 and 4.2 gives rise to

/(Aqvt) (1- 83)_1Aq(vvxvxx) dx
R

< cllVella [ VWVl a2

< cllvelma | v(v2), | a2

<clvellus [ (w2), = veV2 | 1y0-2

< clvella ([v2] s + Va2 ] o)

< clvella ([vv2l o + [v2vil o)

< cllVella VIl gan (V100 1Vllzoe + [vill3ec). (36)

Applying Egs. (29)-(36) to Eq. (28) yields the inequality (17). The proof of Lemma 4.3 is
completed. d

Lemma 4.4 The following estimates hold for any ¢ with 0 < ¢ < i and s >0

IVeollue <¢, ifq=<s, (37)

=9
4

IVeollna <ce®, ifg>s, (38)

Page 8 of 12
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Iveo —vollwa <ce ©, ifq<s, (39)
[Veo = vollms = o(1), (40)

where c is a constant independent of ¢.

The proof of Lemma 4.4 can be found in [13].

Remark For s > 1, using [[vell < cllvell 1, < cllvellzn, IVell7n < ¢ [x2 + v2,)dx,
Egs. (15), (37), and (38), we know
2 2 .2 2
[lve ”Loo <cllvellpp < C/ (Vgo tVeox t SVsOxx) dx
R
2 2
< C(”VE()”HI +&llveoll2)
-2
§c(c+csxe57)§co, (41)

where ¢ is independent of ¢.

Proof of Lemma 2.2 For simplicity, we use notation v = v, and differentiate Eq. (27) with
respect to x to obtain

1 3
(1= &)Vis — EVirx + gaf (v3) - EW’ZC

3 1
=17 - BN A2 |:svm +17 4 EW’% + iax(vi) +ody (V") - ,BVECNI]. (42)

Letting p > 0 be an integer and multiplying the above equation by (v,)%**! and then inte-
grating the resulting equation with respect to x yield

l1-¢ d -1
5 £ 2 /(Vx)2p+2 dx—¢ /(vx)ZP*lvtxxx dx + p /(vx)zf’”vdx
p+2dt Jp R 2p+2 Jp

— /(Vx)2p+1(v3 _ﬁViN_l) dx
R

3 1
- /(Vx)ZPHA_Z |:8Vtx +1° 4 Evvfc + Eax(vi) +od (V) - ﬂvﬁN‘1:| dx. (43)
R

Since
-B / v,zf’”N dx <0,
R

applying the Holder inequality yields

(e ( fR (1) dx) e

1 1
P72 —_— sl bl
< e(/ Vx| 22 dx) + (/|v3| o dx) + </ |K|%+2 dx)
R R R

1

p-1 w2
e P e vl / 2 dx ) (44)
2p + 2 R

Page 9 of 12
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where

3 1
K=A" |:8Vtx +V°7 4+ Evvﬁ + Eax(vi) +ade (V") - ﬂvch‘I:|.

Since ||f|lzz — ||f|lz= as p — oo for any f € L™ N L2, we integrate both sides of the in-
equality (44) with respect to ¢ and take the limit as p — oo to obtain

A =&)llvilize = A= &)lvoxllre

t 1
+/ |:‘9”Vtxxx||L°° + eIVl + 1Kl ) + §||V||L°°||Vx”%00:| dr. (45)
0
Using the inequality (41) yields
S P N N 46)

Using Eq. (46), Lemma 4.1, and Lemma 4.3 gives rise to

[Kllzee < ¢ +c

1

H2'

3 1
A2 I:wa + EW’Z‘ + Eax(vi) - ,BviN‘11|

IA

c(laveel g+ 1A O3+ 1A700R) g + [V o) + €

2.

< c(llvellzz + 2] o + [Vl o + 12X 10) +¢
< c(llvellgz + vellzoe + vallzoo + V2 lI757%) + ¢, (47)

where ¢ is a constant independent of ¢. Using Eqs. (17) and (47), we have

t t
/ K]z dT < C/ L+ vallo + vxllZe + Ilvell75572) do, (48)
0 0

where c is a constant independent of €. Moreover, for any fixed r € (%,1), there exists a
constant ¢, such that ||V llzoo < ¢ |Vt | r < ¢ l|Vell gr+3. Using Egs. (17) and (41) yields

2 2N-2
IWeraxlloe < cllvllgres (1+ Ivallzoe + [Vallzoe + Ivelizoe ). (49)

Making use of the Gronwall inequality in Eq. (16) with g =  + 3, v = v, and Eq. (41) gives

rise to

V12, < [(A"u0)? + (A3 v0e)?]

t
X exp[c/ (1 +[[Vellzoe + Vel 2o + ||vx||%€\[o_2) dr]. (50)
0

From Egs. (37), (38), (49), and (50), one has

sr4 2 IN-2
IVeraallzoe < ce™ T (14 [Vellzoo + [Vallfoo + [V2lI757)

t
X exp[c/ (L + llvallzoe + lvellZoo + lvallZX72) dtj|. (51)
0

Page 10 of 12
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For ¢ < i and s > r, it follows from Egs. (45), (48), and (51) that
t S=r
Vel < llttoxllzo +c / [84 L+ valloo + vl + Vel 2572)
0
T
x exp(e / (1 + lvallzoe + vallZoo + ||vx||%éé-2)dg)
0
+ 14 [|vallzse + [[VxllFoo + ||vx||%2£2} dr. (52)

It follows from the contraction-mapping principle that there isa 7' > 0 such that the equa-
tion

t
WillLeo = l[ttoxllLoo + C/ [(1 + W lzee + IWlZe + IWIFK?)
0
T
x exp(c / (L+1IW Iz + Wi Zoo + ||W||i2éz)ds)
0
+ 1+ | Wil + | WlZee + ||W||%€’o‘2] dv (53)
has a unique solution W € C[0, T]. Using the theorem at p.51 in [12] shows that there

are constants 7' > 0 and ¢ > 0 independent of ¢ such that [|u,||;c < W(¢) for arbitrary
t € [0, T, which leads to the conclusion of Lemma 2.2. O

Using the conclusion of Lemmas 2.2 and 4.3, Eq. (41), g € [0,s — 1], the notation v, = v,
and the Gronwall inequality results in the inequalities

t
2 IN-2
Vel < Vellgan < CeXp[C/ (L4 vellzoe + IvallZos + vl 25 )df} <c (54)
0
and
2 IN-2
et llrr < c(L+ vellzoe + Vel oo + Vel FN2) vell g <, (55)

where r € (0,s — 1] and any ¢ € [0,T). It follows from Aubin’s compactness theorem
that there is a subsequence of {v.}, denoted by {v,,}, such that {v,,} and their tem-
poral derivatives {v,,} are weakly convergent to a function v(¢,x) and its derivative v,
in L2([0, T], H*(R)) and L2([0, T], H*"}(R)), respectively. Moreover, for any real number
R; >0, {v;,} is convergent to the function v strongly in the space L*([0, T], H%'(-Ry, R;))
for q; € [0,s) and {v,,,} converges to v, strongly in the space L*([0, T], H"(-Ry, R,)) for
r € [0,s —1]. Now, we can prove the existence of a weak solution to Eq. (2).

Proof of Theorem 2.1 From Lemma 2.2, we know that {v,, .} (¢, — 0) is bounded in the
space L®. Thus, the sequences {v,} and {V.,} (j = 1,2,2N — 2) are weakly convergent to
vand v, in L%([0, T], H"(-R, R)) for any r € [0, s — 1), respectively. Therefore, v satisfies the

equation

_/ / V(gt _gtxx) dxdt = / /|:<_V3 + 2VV92c>gx - _Vggxxx
o Jr o JrL\3 3
1 1

- Evig— 3 g, + av? g - ﬁvﬁN‘lgx} dxdt
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with v(0,x) = vo(x) and g € C°. Since X = L'([0, T] x R) is a separable Banach space and
{ve,x} is @ bounded sequence in the dual space X* = L*([0, T] x R) of X, there exists a
subsequence of {v,,}, still denoted by {v;, .}, weakly star convergent to a function u in
L>([0, T] x R). One derives from the {v,,,} being weakly convergent to v, in L*([0, T] x R)
that v, = u almost everywhere. Thus, we obtain v, € L>([0, T] x R). O
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